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PREFACE 


This book contains about 750 problems on classical electro- 
dynamics and its more important applications, including over 150 
problems on the special theory of relativity, and about 70 prob- 
lems on vector and tensor analysis. 

In addition to problems illustrating fundamental concepts and 
laws of electrodynamics, which can be solved by purely mathe- 
matical methods, the collection includes a large number of more 
complicated problems (these are indicated by asterisks). Some 
of the solutions involve a considerable amount of effort, while 
others are purely theoretical in nature and follow from a lecture 
course on electrodynamics (propagation of waves in anisotropic 
and gyrotropic media, motion of charged particles in the electro- 
magnetic field, representation of the electromagnetic field by a 
set of oscillators, and so on). Finally, there are problems which 
are concerned with topics which are not well covered by existing 
texts, for example, interaction of charged particles with matter 
(Chapter XIII), applications of conservation laws to the analysis of 
collision processes and particle disintegration (Chapter XI), ferro- 
magnetic resonance (Chapter VI), and so on. 

The second part of the book gives answers and solutions to a 
large number of these problems. 

Each section is prefaced by a short theoretical introduction 
in which the necessary formulae are given. These short intro- 
ductions do not pretend to be complete; more extensive treat- 
ments will be found in the books listed in the bibliography. 

The mathematical appendices review the basic properties of 
the 6-function and the cylindrical and spherical functions, which 
are necessary for the solution of the problems. 

The present collection is based on lectures given in the 
Departments of Electronics and Physics and Mechanics of the 
Leningrad Polytechnical Institute. A large number of the prob- 
lems were set to third and fourth year students. 


iv PREFACE 


In compiling this collection we have made frequent use of the 
well-known texts of L. D. Landau and E.M. Lifshits, I. E. Tamm, 
Ya. I. Frenkel', M.Abraham and R. Becker, W.R.Smythe, 

J.A. Stratton, and others. A large number of monographs, review 
papers, and original papers were also consulted. 


V.Batygin and I. Toptygin 


Problems 


Chapter 
I 


VECTOR AND TENSOR CALCULUS 


1. Vector and tensor algebra. Transformations 
of vectors and tensors 


A vector in three-dimensional space is defined as a set of 
three quantities which transform in accordance with the rule 


Ai = 2 2:pAp (1.1) 


- 


when the system of coordinates is rotated. Here A; are the 
components of the vector along the axes of the original system of 
coordinates, A’ are the components along the axes of the rotated 
system, and aj}, are the transformation coefficients which are 
equa! to the cosines of the angles between the k-th axis of the 
original system and the i-th axis of the rotated system. 

We shall use the following summation rule: the summation 
sign will be omitted and the summation process will be indicated 
by a repeated subscript. In accordance with this convention 
Eqn. (I.1) may be re-written in the form 


4 
Aj = 3p Ag.- 


A tensor of rank 2 in three-dimensional space is defined as 
the nine-component quantity T;, (@, k = 1, 2, 3) which transforms 
in accordance with the rule 


Tit = 2ittemTim (1.2) 


where the summation is to be taken over/ andm. Similarly, a 
tensor of rank s in three-dimensional space is defined by the 
following transformation rule: 


Tint... = Ui ee oe Oe Tier iets (I.3) 


In this expression the quantities T have s indices each. 
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Quantities which transform as vectors when the coordinate 
system is rotated may behave in two distinct ways when the sys- 
tem of coordinates is inverted, i.e. it is subjected to the trans- 
formation x’ = -x, y’ = -y, z' = -z. Vectors whose components 
change sign on inversion of the coordinate system are known as 
polar vectors, or simply vectors. Vectors whose components 
do not change sign on inversion of the coordinate system are 
called pseudovectors or axial vectors. We shall not distinguish 
between covariant and contravariant components of vectors and 
tensors because this distinction is unimportant for the problems 
considered in this book. The vector product of two polar vectors 
is an example of an axial vector. Similarly, a tensor of rank s 
is referred to simply as a tensor if its components transform on 
inversion as the products of s coordinates, i.e. when the result 
of the transformation is to multiply them by (-1)®. When the re- 
sult of the inversion is to multiply the components by (-1)5** then 
the tensor is referred to as a pseudotensor. 

The quantity 


; Oy FQ %Hg 
A=| O, Ay Oa (1.4) 
Oy qq a3, 


is called the transformation matrix. The determinant whose 
elements are equal to the elements of a given matrix is called the 
determinant of that matrix. Thus, the determinant of the matrix 
given by Egn. (1.4) is 
. Oy, %qQ 3 
Ja] ==] Gy qq pg | « (1.5) 
G3, Hq ag 
The sum @ + § of two matrices is defined as the matrix y 


whose elements are equal to the sums of the corresponding 
elements in the component matrices. Thus 


Tin = int Bir: (1.6) 


The product af of two matrices is defined as the matrix y whose 
elements are obtained by multiplying the components a;;, and B;; 
in accordance with the rule 


Tin = uP ie (I.7) 


where the summation is to be carried out over 1. The matrix 7 
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represents the transformation which results after the successive 
application of the transformations B and a. 
The unit matrix is defined by 


10 0 
i=(o 1 0], (1.8) 
00 1 


and describes the transformation yielding A} = A;. The elements 
of the unit matrix may be represented by the symbol 6;) which is 


such that 
3 Ve ae 1.9) 
ik~| 0 ixk. a 
"A matrix of the form 
a 0 0 
a=|0 a 0 (1.10) 
0 0 ay 


is called a diagonal matrix. A matrix whose elements satisfy the 
condition 
Oj p%jq = 5B 44 (1.11) 


is called an orthogonal matrix. 
The reciprocal (or inverse) matrix a-' is defined by 
aa-l=-a-lg =], (1.12) 
and describes the reciprocal transformation, i.e. if A} = a;},A, 
then A, = a, A’. Finally, the transposed matrix @, is obtained 
from @ by interchanging the columns and the rows, so that 


& =| ayy Oy gn J. yp = Ay (1.13) 
3 43 Mg 
----000---- 


1. Find the cosine of the angle 6 between two directions n 
and n’ which are defined in a spherical system of coordinates by 
the angles a, B and a’, B’ respectively. 
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2. Prove the identities 


(A X B)- (CX D) =(A- C)(B- D)—(A- D)(B- C); 
(A X B) X (C X D)=[A- (B X D)] C—[A- (BX C)JD= 
=[A-(C X D)]B—[B-(C X DJA. 


3. A set of three quantities a; (i= 1, 2, 3) is given in all 
cartesian systems of coordinates and it is known that a;b; is 
invariant with respect to rotations and reflections. Show that if 
b; is a vector (pseudovector) then a; is also a vector (pseudo- 
vector). 

4, Show that if a; = T;;,5;, in every system of coordinates, 
where 7 ;}; is a tensor of rank 2 while b; is a vector, then a; is 
also a vector. 


8a ; 
5. Show that =— is a tensor of rank 2. 
Kk 


6. Show that if T;;, is a tensor of rank 2 and P;; is a 
pseudotensor of rank 2, then T;;F;}; is a pseudoscalar. 

7. Show that the symmetry of a tensor is a property which 
is invariant with respect to rotations, i.e. a tensor which is sym- 
metric (skew-symmetric) in a given coordinate system remains 
symmetric (skew-symmetric) in all other systems which are 
rotated with respect to the original system. 

8. Show that if the tensor S;;, is symmetric while the 
tensor A;, is skew-symmetric. then A;i,S;, = 0. 

9. Show that the sum of the diagonal components of a 
tensor of rank 2 is an invariant quantity. 

10*. In some cases it is convenient to use the cyclic com- 
ponents defined by a4; = ¥(ax + iay)/V2, ay = az instead of the 
cartesian components ay, ay, az of a vector. Express the 
scalar and vector products of two vectors in terms of their 
cyclic components. Find also the cyclic components of the posi- 
tion vector in terms of the spherical Legendre functionsf. 

11*. Find the components of the tensor ¢ ik which is 
reciprocal to e€;,. Consider in particular the case where £;, is 
a symmetric tensor defined along the principal axes. 

12. Suppose that in all coordinate systems the components 
of the vector a are linear functions of the components of another 
vector b so that a; = €;;,5,. Show that the quantity ¢;, is a 


t Spherical functions are defined in Appendix II. 
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tensor of rank 2. (More precisely, c;, is a tensor if a andb 
are both polar vectors or pseudovectors, while c;}; is a pseudo- 
tensor if one of the vectors is polar and the other is axial.) 

13. Show that the set of quantities A;,,B;,, where A;}) is 
a tensor of rank 3 and B;; is a tensor of rank 2, is a vector. 

14. Find the transformation law for the set of volume 
integrals T;, = {x;x,dV, which describes space rotations and 
reflections (x; and x, are the cartesian coordinates). 

15. Set up the transformation matrices for the basic unit 
vectors which represent the transformation from cartesian co- 
ordinates to spherical coordinates and vice versa, and also the 
transformation from cartesian coordinates to cylindrical co- 
ordinates and vice versa. 

16. Write down the transformation matrices for the com- 
ponents of a vector which describe the reflection of the three 
coordinate axes and the rotation of the 
cartesian system of coordinates about 
the z-axis through an angle a. 

17. Find the transformation mat- 
rix for the components of a vector, 
which describes the rotation of the 
coordinate axes defined by the Euler 
angles a1, 6, Q@ (Fig. 1), by multiplying 
together the matrices corresponding 
to rotations about the z-axis through 
angle a;, about the line ON through an 
angle 9, and about the z’-axis through 
an angle ao. 

18. Find the matrix D(a, 8, a) for the transformation of 
the cyclic coordinates of a vector (cf. Problem 10) when the co- 
ordinate system is rotated through the Euler angles a;, @, and a2 
(Fig. 1). 

19*. Show that the matrix representing an infinitesimal 
rotation of a system of coordinates may be written in the form 
@ = 1+ © wheree is a skew-symmetric matrix (cj, = -¢,7). 
Elucidate the geometrical meaning of €;,. 

20. Show that if a is an orthogonal transformation matrix 
then the corresponding transposed matrix represents the 
reciprocal transformation. 

21. Show that the matrix representing the reflection or 
rotation of the three basic unit vectors of a coordinate system 





Fig. 1. 
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is identical to the matrix describing the transformation of the 
components of a vector. 

22*. Show that when an even number of coordinate axes are 
reflected or rotated, the transformation determinant is equal to 
+1, while the corresponding result for an odd number of co- 
ordinate axes is -1l. 

23. Show that if the components of two vectors in a given 
system of coordinates are respectively proportional to each other, 
then they are also proportional in any other system of coordinates 
(such vectors are called parallel). 

24*, The set of quantities e;,; is given in all cartesian sys- 
tems of coordinates and has the following property: transposition 
of any two subscripts of e;,7 gives rise to a change of sign, and 
€493 = 1. Show that e;;, is a pseudotensor of rank 3. 

25. Show that the components of a skew-symmetric tensor 
of rank 2 transform on rotation as the components of a vector. 

26. Write down expressions for the components of the vector 
product of two vectors and for the curl of a vector in terms of the 
tensor é€;;,,- Determine how these quantities transform on rota- 
tion and reflection. 

27. Prove the following equations 


€1p1€1mn = im>en — Pindemi Ciet€ kim = 291m 


28. Re-write the following expressions in an invariant 
vector form: 
e, €, €, a4 b,b'c.c’. 


Cnt’ trs’tmp? stp ene rm’ 4! eral krs imp stp ro nk i‘t°m 


29. Showthat T;,a;b,- Tj,a};,0; = 2w-(a Xb) where T;;, is 
an arbitrary tensor of rank 2, a andb are vectors, andw isa 
vector equivalent to the skew-symmetric part of T;,. 

30. Express the product [a:(b xc)] [a’: (b’ x c’)] in the form 
of a sum of terms containing only scalar products of vectors. 

Hint: Use the theorem on the multiplication of deter- 
minants, or the pseudotensor e;,), of rank 3 (cf. Problem 24). 

31*. Show that: (1) the only vector whose components are 
identical in all systems of coordinates is the zero vector, (2) any 
tensor of rank 2 whose components are identical in all systems of 
coordinates is proportional to 6;;, (3) €;,, is a tensor of rank 3, 
and (4) (6;~ 61m + Sim5xl + 671 54m) is a tensor of rank 4. 

32*. Suppose that n is a unit vector which is such that it is 
equally likely to lie along any direction in space. Find the 
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average values of its components and of the products n;, njnp, 
NiNKN]|, Ayn} nn, bY using their transformation properties rather 
than by the direct evaluation of the corresponding integrals. 

33. Find the averages over all directions of the following 
expressions: (a-n)*, (a-n)(b-n), (a-n)n, (a Xn)*, (a Xn)-(b Xn), 
(a-n)(b-n)(c-n)(d-n) where n is a unit vector which is such that it 
is equally likely to lie along any direction anda, b, c, and dare 
constant vectors. 

Hint: Use the results of the preceding problem. 

34. Obtain all the possible independent invariant forms 
involving the polar vectors n, n’, and the pseudovector 1. 

35. Find the independent pseudoscalars which can be con- 
structed from (1) two polar vectors n, n’ and one pseudovector I, 
and (2) three polar vectors ny, Dy, D3. 


2. Vector analysis 


In an arbitrary orthogonal system of coordinates qj, qo, q3 
the square of an element of length is given by 


dl’ = hi dgi + hydq2+ h3dqi (1.14) 
and an element of volume is given by 
dV = hyhoh, dq, dq, 4q3, (1.15) 
where 
ea (OLY OF) 02, 1.16) 
a (sa) we (sa) + (5%) ( 


are functions of the coordinates. The various differential opera- 
tions may then be written down as follows: 


1 09, 
(grad 9); = hy 041° 


a ~_(hyhyAs) |; 
div A=rrlip aq, (hgh) 5 (hyh3A2) + 9g, (") 2] 
e Oty 08s 
high, Tihs fyhy 
curlA=| 90 0 0 |; (1.17) 


OG, (0G, «(99s 
AA, MtyAy fgAg 


0 hyhy OY 
A 0 [hyhy os) (“es ot) (4 oe) 
=k A wilde (“ Ay 0q, +n hy 042 +34, hy 043 |: 
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In the formula for curl A the differential operators 8/8q; operate 
on the elements of the last row of the determinant. 
In spherical polar coordinates we have 


x==rsindcosa, y=rsindsina, z—rcos8; 
A,=1, yr, hy=rsind; 


09 oe 
grado =e, = 2 oe s+; sina se 





0A, 


div A= zr gp (F A+ oy (Ag sin Noahs “Oa } 
OA 
(curl \,=r4[4 > (A, sin y— 2]; (1.18) 
1 oA, 1 O(rA,) . 
(cul Aly =—oae Ge For 
1 O(rA 1 OA 
(curl Ae =F GY — 7 | 


(7) l (7) 0% 1 o? 
De OF. (cing &@ Fisk Siewert 
as r? or (- 5) ta sin 3 08 (sin 3 3) a r? sin? § da?” | 
In the cylindrical system of coordinates we have 


x=rcosa, y=rsina, z=2Z; 
A,=t, A,=r, A,=1,; 








0 e, 99 09 , 
grad g =e, of + oF +e, 5 
lo 1 0A, , Ag. 
divA=— 5 (A) +> or+ 5: 1.19) 
LA, OA,. 0A, OA,. 
hurl A), =p ag ag SCE Ae Ge: or 
1 oO 1 OA, 
(curl A), = 7 Or (rAJ— >>; ! 
1 @ ie) 1 9 eo 
be= ra (rae) +a as + oat: j 


The following identities hold for any A and wy 
curl grady =0, diveurlA=0, div grado = Ap. (I.20) 


The following integral theorems may be used to transform volume, 


surface, and contour integrals. 
Gauss—Ostrogradskii theorem: 


f div AdV= pa . dS, (1.21) 
V Ss 


where V is a given volume andS is a closed surface bounding V. 
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Stokes! theorem: 


ga. dl= feurlA . dS, (1.22) 
i Ss 


where / is a closed contour and S is an arbitrary surface drawn 
through this contour. 

In Eqns. (1.21) and (1.22) the vector A should be a differen- 
tiable function of coordinates. 


====gU0G=>== 


36. Write down the cyclic components of the gradient in 
spherical coordinates (cf. Problem 10). 

37. Use cartesian, spherical, and cylindrical coordinates 
to obtain expressions for divr, curlr, grad (lr), and (1-V)r 
where r is the position vector and 1 a constant vector. 

38. Use only spherical (or cylindrical) coordinates to find 
curl (w Xr) where w is a constant vector parallel to the z-axis. 

39. Prove the following identities: 

grad (yp) = ~ grady + grad g; 

div (pA) = gy divA+ A-grad ¢; 

curl (pA) = gy curl A - A X grad 9; 

div (A XB) = B-curl A - A-curl B; 

curl (A XB) = AdivB - B divA+ (B-V)A - (A-V)B; 

grad (A-B) = A XcurlB+ B xcurlA+ (B-V)A+ (A-V)B. 

Hint: Use the operator V and the differentiation and 

multiplication rules for vectors and not the components along the 
coordinate axes. 

40. Prove the identities 

C-grad (A-B) = A-(C-V)B + B-(C-V)A; 

(C-V)(A XB) = A X (C-V)B - B x (C-V)A; 

(V-A)B = (A-V)B + B div A; 

(A X B)-curl C = B-(A-Y)C - A-(B-V)C; 

(A xV) XB= (A‘V)B + A Xcurl B - A div B; 

(VxA)xXB= A div B - (A-V)B-A XcurlB-B XcurlA. 

41. Write down expressions for grad g(r), div g(y)r, 
curl g(v)r, and (1-V)p (r)r. 

42, Find the function g(r) which satisfies the condition 


div y(v)r = 9. 
43. Find the divergence and curl of the following vectors: 
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(a-r)b, (a-r)r, a Xr, p(v)(a Xr), r X (a Xr), where a andb are 
constant vectors. 

44. Evaluate grad A(r)-r, grad A(v)-B(y), div g(y)A(r), 
curl yp(*y)A(7), (1:V)o (A). 

45. Evaluate grad (p-r/7*) and curl (p x r/r) where p is a 
constant vector, by using the expressions for the gradient and the 
curl in terms of spherical coordinates. Give a geometrical inter- 
pretation of these vectors. 

46. Show that (A-V)A= -A x curl A when A? = const. 

47. Write down the components of the vector SA along the 
axes of the spherical system of coordinates. 

Hint: Use the identity AA = -curl curl A+ grad div A. 

48. Write down the components of the vector AA along the 
axes of the cylindrical system of coordinates. 

49. Transform the volume integral f(grad g-curl A)dV into 
a surface integral. 

50. Evaluate the integrals $r(a-nyds, $(a-r)n.as where ais a 
constant vector and n is a unit normal. 

51. Transform the surface integrals fnods, pin x a)dS, 
$(n-b)ads into volume integrals, where b is a constant vector and 
na unit normal. 

52. Use one of the identities established in the preceding 
problem to derive the law of Archimedes by summing all the 
forces on the surface elements of a body immersed in a liquid. 

53*, Let f(a, r) satisfy the condition ; 


ff (€,;a,; + C98, r) =e, (a) Tr) + eof (ay 1), 


where c, and cg are arbitrary constants, and suppose further that 
f(a, r) is a differentiable function of r. Show that if V is an 
arbitrary volume, S§ is its bounding surface, and nis a unit 
normal to this surface then 


p fin, r)aS= f sf(V, r)aV, 


which is the generalised Gauss—Ostrogradskii theorem. The 
operator V in the integrand f(V, r) operates on r and lies on the 
left of all the variables. 

Hint: Express nin terms of the unit vectors of a 
cartesian system of coordinates and use the Gauss—Ostrogradskii 


theorem 
0 
af ae av = b on, dS. 
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54. Solve Problems 50 and 51 with the aid of the generalised 
Gauss—Ostrogradskii theorem proved in the preceding problem. 

55. Transform the closed line integral foal into a surface 
integral. 

56. Transform the closed line integral guaf into a surface 
integral, where uw and f are scalar functions of coordinates. 

57. Prove the identity 


f (A -curlcurl B— B - curl curl A) av => [(B X curlA) — (A X curlB)} - dS. 


58. The vector A satisfies the condition div A = 0 within the 
volume YV, while on the surface S which bounds this volume A, = 0. 
Show that [Adv = 0. 

V 


59*. Show that dive A(r)dV _ 0 where A(r) is a vector 
IR-r| 


satisfying the conditions of Problem 58. 
60. Prove the Gauss—Ostrogradskii theorem 


Sav = $ T,, aS; 


for a three-dimensional tensor of rank 2. 
Hint: Start with the Gauss—Ostrogradskii theorem for 
a vector A; = T;,a, where ais an arbitrary constant vector. 

61. Find the general form of the solution of Laplace's equa- 
tion for the scalar functions f(r), f($), and f(v@) where ry, $, and a 
are the spherical polar coordinates. 

62. Repeat Problem 61 for the cylindrical polar coordinates 
r, @, and z. 

63. Show that if the scalar function y is a solution of the 
equation Ay + Ry = 0 and a is a constant vector, then the vector 
functions L = grad y, M = curl (aj), N = curl M satisfy the equation 
AA + k*A= 0. 

64*. The equation (x/a)* + (y/b)? + (z/c)=1@>b>c) 
represents an ellipsoid with semi-axes a, b, andc. The equations 


BE as oe Lee Sn i> —c? 
a?+e bee ce +te , al ’ 


2 2 2 
fa tree teal —?’212—2P’, 
x? y? z oy b> l> 2 
aa a a ee 


represent respectively an ellipsoid, a hyperboloid of one sheet, 
and a hyperboloid of two sheets which are confocal with the above 
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ellipsoid. One of these surfaces, characterised by the numbers 
£, 7, £, passes through each point in space. The numbers 
£, 7, € are called the ellipsoidal coordinates of a point x, y, z. 
Find the transformation formulae relating &, n, £ and x, y, z. 
Prove the orthogonality of the ellipsoidal system of coordinates 
and find the coefficients 4; of Eqn. (1.16) and the Laplace operator 
in ellipsoidal coordinates. 

65*. Whena= 5>c, the ellipsoidal system of coordinates 
(cf. preceding problem) degenerates into the so-called oblate 
spheroidal system. The coordinate ¢ thus becomes a constant 
equal to -a? and should be replaced by another coordinate. 

The azimuthal angle @ in the xy-plane is chosen as the latter 
coordinate. The coordinates & 7 are then defined by 


r? 2? r? 2? 

Pee eat wea el Se ee 

where é = -c’, -c? > n= -a*. The surfaces &€ = const represent 
oblate ellipsoids of revolution with the z-axis as the axis of rota- 
tion, and the surfaces 7 = const are hyperboloids of one sheet of 

revolution which are confocal with them (Fig. 2). 





¢ =lLONSL 
¢ 





Fig. 2. Fig. 3. 


Find expressions for vy and z in terms of the oblate spher oidal 
coordinates. Find also the coefficients 4; of Eqn. (I.16) and the 
Laplace operator in terms of these coordinates. 

66*. The prolate spheroidal system of coordinates is ob- 
taincd from the cllipsoidal system (cf. Problem 64) whena > b= c. 
The coordinate n then degenerates into a constant, and should be 
replaced by the azimuthal angle a@ measured from the y-axis in 
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the yz-plane. The coordinates §, ¢ are defined by 


where = -p?, -p? > te -a*. 

The surfaces representing constant values of —& and ¢ are 
prolate ellipsoids and hyperboloids of two sheets of revolution 
(Fig. 3). Express x and y in terms of  and¢. Find the coef- 
ficients h; of Eqn. (I.16) and the Laplace operator in terms of the 
variables &, £, a@. 

67. Bispherical coordinates é, n, @ are related to the 
cartesian coordinates by the expression 


a sin7) cosa asin7) sina a sinh & 


= 
cosh £~ cos 7 cosh €— cos 7 cosh ¢ — cos 7n 


where a is a constant parameter and -- <i<o, 0<7n<rT, 

0<a< 27m. Show that the coordinate surfaces § = const repre- 
sent the spheres x? + y? + (z - a cotanh £)? = (a/sinh E)?, the 
surfaces 7 = const represent spindle-shaped surfaces of revolution 
about the z-axis, whose equation is Vx" + y? - a cotan n 24 22 = 
= (a/sin ny’, and the surfaces @ = const are semi-infinite planes 






ne E=const 
xb i) rs 


BRS 
CDS 











Fig. 4. 


diverging from the z-axis (Fig.4). | Show that these coordinate 
surfaces are orthogonal to each other and find the coefficients 
h; of Eqn. (1.16) and the Laplace operator in terms of these 
coordinates. 
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68. The toroidal coordinates p, —£, @ form an orthogonal 


system and are related to the cartesian coordinates by the 
formulae 


a sinh p cosa asinhp sina a sin € 
ee ee Vee ee be op ee 
cosh p—cos¢ cosh p—cos¢ cosh p-cos ¢ 


’ 


where a is a constant parameter, -° <p <o, -7<& <a, andais 
an azimuthal angle lying between 0 and7. 





Fig. 5. 


Show that p = In(7;/72) (cf. Fig. 5 showing the planes a = 
= const, a@ + m7 = const) and that é represents the angle between 
vy, and 72 (> 0 when z>0; €<0Owhenz<0). What is the form 


of the coordinate surfaces for Pp and&? Find the coefficients h; 
of Eqn. (I.16). 


Chapter 
2 


ELECTROSTATICS IN VACUUM 


This chapter contains problems which are concerned with the 
determination of the potential y(r) and field strength E(r) from 
given volume, surface, and linear distributions of charges. The 
distribution of point charges may be described by avolume density 
p(r) = y 4: 6(r - r;) where gq; is the magnitude of the 7-th charge, 


Ut 
r; is the position vector of the z-th charge, and 6(r - r;) is the 
delta-function (cf. Appendix I). For a static distribution the 
electric field satisfies the Maxwell equations 


divE= 4p, curlE =0. (II. 1) 


The integral form of the first of these equations is 
§ E,dS = 4x9, (11.2) 
KY 


where S is a closed surface and gq is the total charge enclosed by 
this surface. The potential and the electric field strength are 
related by the expressions 


tT, 
E=—gradg, 9(r)= fear, @ (t,) =0. (II.3) 
r 
The potential gy satisfies the Poisson equation 


The potential is continuous and finite at all points at which there 
are no point charges. Ona charged surface separating regions 
1 and 2 (Fig.6), @~,;= @ 2. The normal derivatives of ¢ are dis- 
continuous across a charged surface so that 


C7) 0 
Eng —Ey,=4no or = th Rt = dea, (II.5) 


where the normal n is directed from region 1 into region 2. 
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The change in the potential on passing through an electric 
double layer of thickness 7 is given by 


09 = OF» 
on” On’ 





G9 — 9, == 4nt (II.6) 


where the normal n is directed from the negative to the positive 
side of the layer. 
If the potentials corresponding to charge distributions /; and 
Po are gy, and ¢, then the potential corresponding to the charge 
distribution Pp = Py + Pg is p= 1+ mg. This is the so-called 
superposition principle. An analogous 
(2) result holds for the electric field E. In 
particular, the superposition principle may 
be used to determine the potential due toa 
complicated charge distribution by inte- 
grating over elementary charges: 


Fig. 6. 
i g(a f aay 1.7) 


r—r'|~- 


(7) 


In the case of surface or line charge distributions, the volume 
integral in Eqn. (II.7) must be replaced by the corresponding sur- 
face or line integrals, while in the case of a set of point charges 
it must be replaced by the appropriate summation. The latter 
remark applies also to all the formulae given below which con- 
tain volume integrals over charge distributions. 

In the majority of cases, direct evaluation of the integral 
given by Eqn. (II.7) is difficult. It is, therefore, frequently con- 
venient to expand the integrand into a series in powers of x/r or 
x'/y, and then integrate term by term. This expansion may be 
obtained either in terms of cartesian or spherical polar co- 
ordinates. 

Cartesian coordinates (Fig.7). Whenyvy>a (a is 
the maximum distance of the charges from the origin O) we have 


4g 0 : Qua? 1 
p(x, y, ey ap Ee ae ry Ox,0%, Tr 





Bl Ox, 0x,0x, 67°" (II. 8) 


The multipole moments gq, pg, @ op .... are given by the following 
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volume integrals 


qI= ii p(r’) dV’ — total charge, 
= f p(r’) xi dV! — dipole moment components, (11.8’) 
Qug = f p(r’) xi, dV’ — quadrupole moment components, 


When the coordinate system is rotated, the quantities gq, Pas 
@og --.. transform respectively as scalars, vectors, tensors of 
rank 2, and soon. The second and 
third terms in the potential given by 
Eqn. (II.8) may be written in the form 


pl?) = Py, (II. 9) 


where p= (fy, by pz) is the dipole 
moment of the system; 
GQ = she (8x91) Q,-+ 


+ (3y? — 1) Qyy + (3827-17) Q,, + Fig. 7. 
+ 6xyQ,, + 6xzQ,,-+ 6yzQ,,]. (II.9’) 
Spherical polars. We shall use the expansion for 
|r - r’|~! which is given in Appendix II [Eqn. (15)}. Substituting 
this expansion into Eqn. (II.7) we have for v > r’ 


mY im O, « 
oo=y y V wt Tat Sint 2 (r>r’), (II.10) 


1=0 m=-l 








where Q77, is the multipole moment of order J, m and is given by 


Qin = wor f 06 rVin a’) dV’, (11.11) 


If vy’ > y then y and 7’ ohenee places in Eqn. (15) of Appendix II and 


w2s y V a ET 7 QimY im &, a) (r <F) (II.12) 


i=0 m=-l 


where 





/ p(t’) ae 
Qm=V sa ret Vi OQ, a’) dV’. (II.13) 


If the point defined by the position vector r lies inside the 
charge distribution (cf. Fig. 7), then the region of integration in 
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Eqn. (II.7) must be divided into two parts by a sphere of radius r, 
centred on the originO. The expansion given by Eqn. (15) of 
Appendix II is then used inside the sphere and the reciprocal 
expansion is used outside the sphere. 

The structure of the electrostatic field can be conveniently 
represented by lines of force and equipotential surfaces. The 
lines of force can be defined by the following set of differential 
equations involving the arbitrary orthogonal coordinates q,, gq, ¢3: 


h,d had hyd 
a en ene a (II.14) 
where h; are the coefficients given by Eqn. (1.16). The equi- 
potential surfaces are defined by g(r) = const. 
Neutral points are defined as those points at which E = 0 at 
finite distances from systems of charges. 
The energy of an electrostatic field may be computed from 
one of the following two formulae: 


1 1 
wat / E2av, w=t fav. (11.15) 


These formulae are equivalent if the charges are localised ina 
finite region of space and the integration extends over all space. 

The energy of interaction between two systems of charges 1 
and 2 is given by = 


v=famaina=f aedntdaiays 7.16) 
17 Fe 
The generalised pondermotive forces may be obtained by dif- 
fercntiating U or W with respect to the corresponding generalised 
coordinates a;: 


aU 


C= 0a; 


or F,=——. (II.17) 


The generalised force is positive if it tends to increase the cor- 
responding coordinate. 


----000---- 
69. An infinite plane plate of thickness a is uniformly 


charged to a volume density p. Find the potential g and the elec- 
tric field strength E. 
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70. Anelectric charge is distributed throughout space in such 
away that its volume density is givenby p = Py cos ax cosBy cosyz, 
forming an infinite periodic lattice. Find the potential due to this 
distribution. 

71. The plane z = 0 is charged to a density which varies in 
accordance with the periodic law o = oy sinax sinBy, where og, a, 
and B are constants. Find the potential due to this charge distri- 
bution. 

72. An infinitely longcylinder of radius R carries a uniform 
charge density x per unit length. Find the potential and the elec- 
tric field strength for this system. 

(73: Find the potential and the electric field strength for a 
uniformly charged infinitely long straight filament. 

74, Find the potential and the electric field strength for a 
uniformly charged line segment of length 2a, lying between -a and 
+a along the z-axis, when its total charge is q. 

75. Find the form of the equipotential surfaces for the uni- 
formly charged line segment considered in the preceding problem. 

76. Find the potential and the electric field strength for a 
sphere carrying a uniform volume charge distribution. « 

77.’ Find the potential and the electric field strength for a 
sphere of radius A, carrying a uniform surface charge distribution. 

Gs A sphere of radius & is uniformly charged to a den- 
sity Pp. The sphere contains an uncharged spherical cavity of 
radius R,;. The centres of the two spheres are separated by a 
distance a, wherea+R,< R. Find the electric field strength 
inside the cavity. 

79. The space between two concentric spheres of radii Ry, 
and Ry (R;,< R») is charged to a volume density given by p = 
- a/r*. Find the total charge, the potential, and the electric 
field strength. Consider the limiting case Ry — Rj. 

80. Find the energy W of the electrostatic field for the 
charge distributions considered in Problems 76, 77, and 79. 
(Use two methods of computing the energy [cf. Eqn. (I.15)]}.) 

81. Consider a spherically symmetric charge distribution 
p= p(r). By dividing the charge distribution into spherical 
shells, find the potential and the electric field strength in terms 
of p(7) (write down the potential and the field in the form of an 
integral with respect to 7). 

82. Use the results of Problem 81 to solve Problems 76 
and 79. 
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aa 
/ 83. In the ground state of a hydrogen atom, the electron 

charge is distributed with a density given by p(r) = -(e9/na*) x 

x exp(-2v/a) where a = 0.529 x 10-8 cm (Bohr radius) and é@9 = 

- 4.80 x 107! e.s.u. (the charge of the electron). Find the 

potential g, and the field strength E., due to the electron charge 

distribution, and also the total potential gy and the field strength E 

in the atom, assuming that the nucleus (proton) is localised at the 

origin. Give a rough sketch of the spatial variation of gy and E. 
Hint: It is convenient to use the method employed in the 

solution of Problem 81. 

84. Assume that the atomic nucleus may be looked upon as 
a uniformly charged sphere and find the maximum field strength 
due to this sphere. The radius of the nucleus is given by R = 
= 1.5 x 10'3 43 em and its total charge is Zé), where A is the 
atomic weight, Z is the atomic number, and é@g is the elementary 
charge. 

85. Usc the result of Problem 81 to solve Problem 77. 

(86. Two thin coaxial uniformly charged rings of equal radius 
RK lie’ in parallel planes which are at a distance a from each other. 
The work which must be done in order to bring a point charge q 
from infinity to the centres of the two rings is respectively equal 
to A; and A». Find the total charges q, and gq» carried by the 
rings. 

,87. Find the potential and the electric field strength along 
the axis of a thin uniformly charged circular disc of radius R 
and total charge g. Show that the normal component of the field 
changes by 470 on passing through the surface of the disc. Con- 
sider the field at large distances from the disc. 

88. A thin circular ring of radius R consists of two uni- 
formly charged semicireular sections carrying charges q and -q. 
I’'ind the potential and field strength along the axis of the ring and 
in its immediate neighbourhood. Discuss the form of the field at 
large distances from the ring. 

89. Express the potential due to a thin uniformly charged 
circular ring of radius R, carrying a total charge qg, in terms of 
the complete elliptical integral of the first kind 


n/2 


ia d3 
Ko=f V1l—# sin? a 


Hint: Use the substitution @’ = a - 28 when integrating 
with respect to the azimuth. 
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/90.'_ Use the general formula for the potential due to a thin 
éivcular ring (cf. Problem 89) to determine the field along the 
axis of the ring (a) at large distances from the ring, and (b) in the 
immediate neighbourhood of the ring. 

’ 91. A sphere of radius R carries a surface charge o = 
= oy cos §. Find the potential due to this charge distribution by 
using the multipole expansion in terms of spherical polars. 

92. The sources of an electric field are arranged in an 
axially symmetric distribution in such a way that there are no 
charges near the axis of symmetry. Express the potential and 
the electric field strength near the axis of symmetry in terms of 
the potential and its derivatives along this axis. 

93. Find the potential due to a thin uniformly charged cir- 
cular ring with the aid of the multipole expansion in terms of 
spherical polars. The total charge g and the radius R are 
given. 

94. Find the potential at large distances for the following 
systems of charges: 

(a) point charges q, -2q, qg lying along the z-axis ata 

distance a from each other (linear quadrupole); 

(b) point charges +q at the corners of a square of side a, 
arranged so that neighbouring charges have opposite 
signs, and a charge +q placed at the origin; the sides 
of the square are parallel to the x-and y-axes (planar 
quadrupole). 


L 





Fig. 8. 


95. Find the potential at large distances from the following 
systems of charges: 

(a) linear octupole (Fig. 8a), 

(b) three-dimensional octupole (Fig. 8b). 


22 PROBLEMS, CHAPTER If 


96. A point charge gq is placed at a point whose spherical 
coordinates are 7, Jg, @.- Find the multipole expansion for the 
potential due to this charge. 

97. An ellipsoid with semi-axes a, b, c is uniformly charged 
throughout its volume So that the total charge is gq. Find the 
potential at large distances from the ellipsoid (retain terms up to 
the quadrupole term inclusively). Discuss the special cases of an 
ellipsoid of revolution with semi-axes a = 5, c and of a sphere 
a=bz=c. (Atomic nuclei having finite quadrupole moments may: 
be approximately looked upon as ellipsoids of revolution.) 

Hint: In integrating inside the ellipsoid use the genera- 
lised spherical coordinates x = ay sin} cosa, y = by sind sina, 
z= cr cosh. 

98. Two thin coaxial uniformly charged rings with radii @ 
and b (a> b) and charges q and -q respectively, lie in a given 
plane. Find the potential at a large distance from this system. 
Compare the result with the potential due to a linear quadrupole 
(cf. Problem 94). 

99*. Show that the charge distribution p = ~(p’-V)é(r) repre- 
sents an elementary dipole of moment p’ at the origin. Discuss 
the result using the 6-function representation (Appendix I). 

Hint: Start with the multipole expansion in terms of 
cartcsian coordinates. 

100. Show that the charge distribution 


p=9 [Pa 98) 
gives rise to the potential 
= 1 
e(r=9 [[@- >: 
i=] 


101. Use the results of Problem 94, and the fact that the 
quadrupole moment is a tensor of rank 2, to determine the poten- 
tial at a large distance from a linear quadrupole whose orientation 
is defined by the polar angles y, 8. Indicate a second method of 
solving this problem. 

102. The three-dimensional octupole shown in Fig. 8b is 
turned through an angle 8 about the z-axis. Find the potential at 
a large distance from it by transforming the components of the 
octupole moment. Compare with other methods of solution. 

103. Find the potential at a large distance from a planar 
quadrupole which lies on a plane containing the z-axis (Fig. 9). 
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Find the components of the quadru- 
pole moment directly, and also by 
rotating the planar quadrupole dis- 
cussed in Problem 94(b). 

A04, A sphere of radius R is 
uniformly polarised to a dipole 
moment P per unit volume. Find 
the potential due to this sphere. 

105. A two-dimensional 
charge distribution is characterised 
by a charge density p(r) which is 
independent of the z-coordinate. If p(7v) #0 ina finite region S 
on the xy-plane, then the potential outside the charge distribution 
may be expanded into a multipole expansion (two-dimensional 
multipoles). Find this expansion. 

Hint: Use the result of Problem 73, the superposition 





2) 

principle, andthe expansion In (1+ u®- 2u cos y)= -2)' (cos ko/k)yu’ 
koi 

where |u| < 1. 

106. Expand the potential due to a linear charge x in terms 
of two-dimensional multipoles. The charged line is parallel to 
the z-axis and passes through the point (7, @) inthe xy-plane. 

107. Find the potential at a large distance from two parallel 
linear charges x and -x at a small distance a from each other 
(two-dimensional dipole). 

108. A disc of radius R carries an electric double layer of 
strength t= const. Find the potential and the field strength along 
the axis of symmetry perpendicular to the plane of the disc. 

109. Find the electric field E due to an electric double layer 
of strength t = const, lying on the semi-infinite plane y = 0, x > 0. 
Compare with the magnetic field due to an infinite line current 
flowing along the z-axis. Solve the problem by 


(a) direct integration of contributions due to double layer 
elements, and 
(b) by determining the electrostatic potential first. 
110. Find the equations of the lines of force due to the fol- 
lowing system of point charges: +q at z = a, +q at z= -a. 


Sketch out the lines of force. Are there any neutral points? 
Hint: Owing to the symmetry of the problem the lines of 
force lie in the planes a = const, and E, and E, are independent 
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of a (cylindrical coordinates). The variables in the differential 
equation for the lines of force [cf. Eqn. (II.14)] may be separated 
with the aid of the substitution 

z a z—a 


v= 
r r 





“= 





111. Use the results of the preceding problem to find the 
equation for the lines of force due to a point dipole at the origin. 

112. Find the equation for the lines of force due to a linear 
quadrupole [cf. Problem 94(a)} and sketch out the lines of force. 

113. Show that the flux through a surface S due to a point 
charge gq is equal to gQ where Q is the solid angle subtended by 
the surface at the point charge. 

114. A charge gq; lies on the axis of symmetry of a circular 
disc of radius A at a distance a from the plane of the disc. Find 
the charge g») which must be placed at a point located symmetrically 
relative to the disc in order that the flux through the disc in the 
direction towards the charge q,; should be ®. 

115*. Find the equation for the lines of force of a system of 
n colinear charges gj, gz, --+» Gn placedatthe points 2, Z2, ..., Zn 
on the z-axis without integrating the differential equations for the 
lines of force. Use the theorem of Problem 113 for a tube force 
generated by rotating a line of force about the axis of symmetry. 

116. Use the result of the preceding problem to find the 
equation for the lines of force due to a system of two point charges 
(cf. Problem 110) and a linear quadrupole (cf. Problem 112). 

117. Uniformly charged filaments carrying charges x, and 
-x9 per unit length are parallel and lie at a distance h from each 
other. Find the relation between x; and x2 for which the family of 
equipotential surfaces associated with this system will include 
cylinders of finite radius and determine the radii and the position 
of the axes of the cylinders. 

118. Point charges q; and -q» lie at a distance h from each 
other. Show that the equipotential surfaces associated with this 
systcm include a sphere of finite radius. Find the coordinates of the 
centre ofthe sphcre andits radius. Findanexpression for the poten- 
tial on the surface of the sphere if the potential at infinity is zero. 

119. Find the charge distribution giving rise to a potential 
of the form g(r) = gexp (-ar)/y where qa and g are constants. 

120. Find the charge distribution giving rise to the potential 


gir) = (¢)/a)(a/r + 1) exp (-2r/a) where éy anda are constants. 
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121. Find the energy of interaction U between the electron 
cloudand the nucleus in the hydrogen atom. Assunie that the 
electron charge density is given by P(r) = (€9/1a*) exp (-27/a) 
where ég is the charge of the electron and a is a constant (Bohr 
radius}. (cf. Problem 83.) 

1228 Under certain conditions it may be assumed that the 
electron clouds due to the two electrons in the helium atom are 
identical and may be described by the volume charge density 
p= -(829/na*) exp (-4r/a) where a is the Bohr radius and €9 is the 
charge of the electron. Find the energy of interaction U between 
the electrons in the helium atom using this approximation (which 
is in fact the zero-order approximation of perturbation theory). 

123. The centres of two spheres carrying charges gq; and 
q2 are at a distance a from each other. The charges form a 
spherically symmetric distribution. Find the energy of inter- 
action and the force F between the spheres. 

124. Asoap bubble hanging from the end of anopen tube con- 
tracts under the action of the surface tension. Assuming that the 
dielectric strength of air, i.e. the field strength at which break- 
down occurs, is Eg, investigate whether the contraction may be 
prevented by placing a large charge on the bubble. What is the 
minimum equilibrium radius R of the bubble? 

125*. Two thin parallel coaxial rings of radii a and 6 carry 
uniformly distributed charges q; and q2. The distance between 
the planes of the rings is c. Find the energy of interaction and 
the force between the rings. 

126. Find the force and the couple on an electric dipole of 
moment P due to a point charge gq. 

a A dipole with a moment P, is placed at the origin while 
another dipole with a moment P, is placed at a point whose posi- 
tion vector is r. Find the energy of interaction and the force 
between the two dipoles. For which orientation of the dipoles 
does the force become a maximum? 

128. A system of charges can be described by a volume 
density p(r) and occupies a finite region in the neighbourhood of a 
given point O. The system is placed in an external electric 
field, which in the neighbourhood of this point may be represented 


by the series 
4 
9, (tr) = > V GTI Gat Vie (3, a). 
i,m 
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Find the energy of interaction of the system with the external field 
by expressing it in terms of aj, and the multipole moments Q1,, of 
the system (cf. Problem 166). 


Chapter 
3 


ELECTROSTATICS OF CONDUCTORS AND DIELECTRICS 


1. Basic concepts and methods of electrostatics 


The electrostatic field in a dielectric is characterised by the 
electric field E and the induction vector D which satisfy the fol- 
lowing equations: 


D, dS = 4nq, 
div D = 4np, $ i 


a or cet (III. 1) 
f] 


where Pf is the density of free charges in the dielectric. The 
density of bound charges in a dielectric may be expressed in 
terms of the polarisation P (electric dipole moment per unit 
volume, which is produced by the bound charges): 


e}, =— div P. (III. 2) 
The polarisation P can be expressed in terms of E and D: 
D=E-+ 4nP. (III. 3) 
For isotropic dielectrics and sufficiently small fields 
=cE, (III. 4) 


where ec is the permittivity of the medium. In anisotropic dielec- 
trics, c is a tensor of rank 2, i.e. 


D, = ,E, " (III.5) 


The electric field vector may be derived from a scalar poten- 
tial gy: 


E=—gradg, o(r)=fE-dr, (III.6) 


where r is the position vector of the point of observation and 
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y(ro) = 0. The potential satisfies the equation 

div (e grad ¢) = — 4np. (III.7) 
In those regions where the dielectric is uniform, the latter equa- 
tion reduces to the Poisson equation 


hee (III.8) 


The boundary conditions at a boundary of separation between 
two different dielectrics are 


Ey. = Eo Doq — Diy == 400 (111.9) 
or 
t7) 0 
= % ey et — ey tt = Aes. (III.10) 


The boundary conditions given by Eqn. (III.9) hold both for isotropic 
and anisotropic media. The unit normal n is directed from the 
first medium into the second, the unit vector 7 is tangential to the 
surface, and o is the surface density of free charges. The sur- 
face density of bound charges op on the separation boundary is 
given by 


8, = Pig — Pon. (II.11) 


The basic problem of electrostatics is to find the electric 
potential g. It may be solved in various ways. The main 
method is to solve the differential equations given by (III.7) and 
(III.8) subject to the boundary conditions (III.9) or (III.10). It is 
sometimes possible to choose a set of fictitious point charges for 
which the potential in a particular region satisfies the same dif- 
ferential equation and the same boundary conditions as the given 
set of charges (method of images). In many cases it is a simple 
matter to find the image system (cf. Problems 142, 146, 153, and 
155). 

The field inside a conductor placed in a constant electric 
field is zero, and hence the boundary conditions on the surface of 
a conductor are of the form 


E.=0, ¢=const. (III.12) 


If a certain region of space is occupied by a dielectric with 
permittivity «, and the electrostatic field is known in all space, 
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then as € > © the field becomes identical with the field produced 
when the dielectric is replaced by a conductor of the same geo- 
metric form. 

The problem of the determination of the electric field due to 
a given bounded set of charged conductors placed in a dielectric 
has a unique solution if either the total charge or the potential of 
each conductor are known. In the first of these two cases, the 
boundary condition given by (III.12) must be supplemented by 

g=$oaS=— 4 $e Stas, (111.13) 
Ss S 

where q is the charge on the conductor and the integral is evaluated 
over the surface of the conductor. 

The capacitance C of a capacitor is defined as the ratio of the 
charge on one of its electrodes to the potential difference between 
the electrodes: 


=—2_, 14 
C= aa a 





The capacitance of an isolated conductor is defined as the ratio of 
the charge on the conductor to its potential (it may be assumed 
that the potential vanishes at infinity). 

The energy of an electrostatic field which is localised in a 
volume YV is given by the integral 


w= f wav, (1II.15) 


where w = (D-E)/8z is the energy density and the integral is 
evaluated in V. 

When a dielectric of volume V and permittivity €, is intro- 
duced into an isotropic dielectric with permittivity ¢,, then the 
energy of the electrostatic field is changed by an amount given by 


1 
U=e f (,—2)E,- Ea. (III.16) 
V 


where E, is the initial field and E, the final field (it is assumed 
that the sources of E; are maintained unaltered). The quantity U 
may be looked upon as the energy of interaction of the dielectric 
body with the external field Ej. 

The force per unit volume of an isotropic dielectric whose 
permittivity depends only on its mass density T is given by the 
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following equation: 
i= pE —l Fegrade + grad (ez). (111.17) 


The body forces acting on free and bound charges in a given 
volume V may be replaced by the equivalent system of surface 
stresses applied to the surface S of the volume VY and given by 


F= ftdv=$ Tyas, (IIT. 18) 
V Ss 


where T, is the surface force per unit area applied to an element 
having a unit outward normal n. 

The surface stresses are described by the stress tensor T;,, 
and the quantity T, in (IIJ.18) is the component of T;, along 
the outward normal n to the surface element dS, so that 


(Tn); = Tipny, 


T= Ge EE — ae B (e—<:+) Cie: (III.19) 
The terms containing (8e/8T)7 in (III.17) and (IJI.19) are not, 
in general, small and represent electrostriction. However, in 
calculating the resultant of the forces acting on a dielectric this 
term does not contribute to the final result and may be ignored 
(cf. Problems 140 and 141). The stress tensor (JII.19) may then 
be replaced by the simpler (Maxwell) tensor 





, __ € 1 2 
Ta = 4 (EnE — ne’). (IIT.20) 
The force per unit area on the surface of a conductor is given 
by 
, eF? oE 
f, =T»a=n 8x ae (TII.21) 


In a liquid dielectric which is in equilibrium in an electric 
field the electric stresses are balanced by the hydrostatic pres- 
sure. The equilibrium condition is then given by 


pn-+-T, = const, (III.22) 


where p(t) is the pressure in the liquid and tT is the density. In 
particular, near the boundary between a liquid and the atmosphere 
(¢ = 1) the pressure p(t) is greater than the atmospheric pressure 
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by an amount given by 


tE? de —] ; 
p(t) — Patm= ge ge — ee (8 + EY) (III.23) 


where E is the electric field strength in the liquid, and E, and E; 
are the normal and tangential components of E. Equation (III.23) 
describes the dependence of the pressure in a liquid near its sur- 
face on the electric field strength. The pressure inside the 
liquid (gas) is given by 


{#&=-#¢ (111.24) 


where pg is the pressure at the point where E = 0. For an 
incompressible liquid 


cE? Oe 


----000---- 


129. A bound charge gq is placed on the planar separation 
boundary between two homogeneous infinite dielectrics with per- 
mittivities c«; and €,. Find the potential y, the field strength E, 
and the induction D. 

130. <A point charge gq lies on a straight line which is the 
line of intersection of three planes, the angles between the planes 
being a1, Q2, andas (a4 + @2+ Q3= 27). The space between 
each pair of planes is filled with homogeneous dielectrics with 
permittivities c,, €2, and e3. Find the potential y, the electric 
field strength E, and the induction D. 

131. The centre of a conducting sphere carrying a charge q 
lies on the plane boundary between two infinite homogeneous di- 
electrics with permittivities c, and c2. Find the electric field 
and the charge distribution, o, on the sphere. 

132, The space between the electrodes of a spherical capa- 
citor is partly filled with a dielectric which occupies a region 
subtending a solid angle Q at the centre of the spheres. Find the 
capacitance C assuming that the radii of the electrodes are a and 
b, and the permittivity is ec. 

133. The permittivity of a medium filling the space between 
the electrodes of a spherical capacitor whose radii are a and b 
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is given by 

€, == const acre, 
== const c<cr<d, 


=| 


where a<c< 6. Findthe capacitance, C, of the capacitor, the 
distribution of bound charges, op, and the total bound charge in 
the dielectric. 

134. A spherical capacitor whose electrodes have radii a 
and 6 is filled with a dielectric whose permittivity is given by 
e(r) = €9a7/7* where r is the distance from the centre. Show 
that the capacitance of this capacitor is equal to the capacitance 
of a plane parallel capacitor filled with a homogeneous dielectric 
with permittivity e9, electrode area 4na*, and distance between 
the electrodes equal to b - a (neglect edge effects). 

135. A plane parallel capacitor is filled with a dielectric 
whose permittivity is given by « = e9(x + a)/a, where a is the dis- 
tance between the electrodes, S is the area of the plates, and the 
x-axis is perpendicular tothe plates. Neglecting edge effects, 
find the capacitance C and the distribution of bound charges when 
a potential difference V is applied between the planes. 

136. Find the force fp per unit area of the two electrodes of 
a plane parallel capacitor when the distance between the plates is 
a and the potential difference between them is V. Find the new 
value f of this force when the charged capacitor is separated from 
the battery and filled either with a liquid dielectric of permittivity 
e€, or when a plate of solid dielectric of the same permittivity and 
thickness just smaller than a is introduced between the plates so 
as not to touch the latter. Find the force of attraction f between 
the plates when the capacitor is first filled with the liquid dielec- 
tric, or when the solid dielectric plate is inserted into it, before 
the capacitor is charged from the battery. 

137. The electrodes of a plane parallel capacitor are at a 
distance h, from each other and have the form of rectangles with 
sides a and b. A plate of permittivity € is placed between the 
electrodes in such a way that it is parallel tothem. The plate is 
in the form of a parallelepiped of thickness h» and base area ab. 
The plate is not completely inserted into the capacitor so that a 
length a - x of it remains outside. Find the force F with which 
the plate is attracted by the capacitor in the following two cases: 

(a) a potential difference V is maintained across the 

capacitor, and 
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(b) each of the electrodes carries a constant charge q. 
Ignore edge effects. 

138*. <A plane parallel condenser is placed in an incompres- 
sible liquid of permittivity « and density 7 so that its plates are 
vertical. Find the distance h to which the liquid will rise in the 
capacitor when the distance between the plates is d and the poten- 
tial difference between them is V. 

Hint: Use Eqns. (IlI.23) and (I1I.25). 

139. Find the direction of the Maxwell stress Tj, which acts 
on an area dS whose normal n makes an angle # with the direction 
of the electric field E. Find also the magnitude of Tj, and the 
electrostrictional stress Tj. 

140. Two identical point charges g are placed in a homo- 
geneous liquid dielectric of permittivity « at a distance @ from 
each other. Use the Maxwell or the total stress tensor to find 
the force F acting on each of the charges. What are the com- 
ponents making up the force of interaction g’/a*e between the two 
charges? For comparison, calculate the forces on: (a) the plane 
of symmetry perpendicular to the line joining the charges, and 
(b) the surface of a small sphere centred on one of the charges. 

141. An uncharged conducting sphere of radius R and mass 
m floats in a liquid of permittivity « and density T, so that 
three-quarters of its volume are immersed. Find the potential 
¢@ at which the sphere has to be maintained in order to ensure 
that half of its volume will be immersed. Solve the problem by 
using (a) the Maxwell stress tensor and (b) the total stress tensor 
including the electrostriction term. 

142. A point charge q is 
placed at a point A which is at a 
distance a from the separation 
boundary of two semi-infinite 
homogeneous dielectrics whose 
permittivities are €, and £, 
(Fig.10). Find the potential g by 
the method of images. 

Hint: The solution 
should be sought in the form 

ne eae z>0, 


ery E12 
a 








— 4 
eo z<0, 
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where q’ and qg” are the required effective charges at the points B 
and A respectively. 

143. Find the density o, of bound surface charges on the 
plane separation boundary between two homogeneous dielectrics 
€, and €9, which is due to a point charge qg (cf. Problem 142). 
Investigate what happens when ce, tends to infinity and give a 
physical interpretation of the result. 

144. Find the force F onthe point charge of Problem 142 
(image force). Solve the problem by a number of methods, 
including the Maxwell stress-tensor method. Give a qualitative 
description of the motion of the charge if it is free to move through 
the dielectric. 

145*. Two semi-infinite homogeneous dielectrics with per- 
mittivities c, and €) are in contact along an infinite plane. Two 
charges gq; and qd; are placed at equal distances from this plane 
along a straight line perpendicular to it. Find the forces Fy; and 
F, acting on each of the charges. Why are the two forces not 
equal? 

146. A point charge g is placed in a homogeneous dielectric 
at a distance a from the plane boundary of a semi-infinite con- 
ductor. Find the potential g in the dielectric, the distribution o 
of charges induced in the metal, and the force F on the charge q. 

147. <A point charge qg is placed between two earthed inter- 
secting metal planes which are at an angle a to each other. Use 
the method of images to find the electric field and discuss the 
special cases dp) = 90°, 60°, and 45°. 

148. An electric dipole of moment p is placed in a homo- 
geneous dielectric near the plane boundary of a semi-infinite 
conductor. Find the potential energy of interaction of the 
dipole with the induced charges, and the force F and couple N on 
the dipole. 

149*. A homogeneous sphere of radius a and permittivity ec 
is placed in a homogeneous dielectric medium of permittivity e,. 
At a large distance from the sphere the electric field Eg in the 
dielectric is uniform. Find the potential gy in all space and sketch 
out the lines of force for the two cases €,> €2 ande,<e,. Find 
also the distribution of bound charges. 

150. An infinite dielectric was at first homogeneous and 
uniformly polarised (polarisation vector P = const). <A spherical 
cavity was then introduced into it. Determine the electric field 
E in the cavity in the following two cases: 
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(a) the introduction of the cavity does not affect the polari- 
sation in the surrounding dielectricf, 
(b) the change in the field gives rise to the change in the 





-1 
polarisation h == an R}. 


151. An uncharged metal sphere of radius R is introduced 
into a uniform electric field Ey. The permittivity of the sur- 
rounding medium is €) = const. Determine the resulting potential 
and density of surface charges on the sphere. 

152*. Two equal point charges gq; = gz = q are placed at a 
distance a from each other in a solid dielectric of permittivity ¢,. 
The charges lie at the centres of small spherical cavities of 
radius R. Find the forces acting on the charges and compare 
them with the electric stresses in the plane of symmetry perpen- 
dicular to the line joining the charges. 

153*. A conducting sphere of radius R is placed in the field 
of a point charge gq which is at a distance a from the centre of the 
sphere (a>R). The system is immersed in a homogeneous di- 
electric of permittivity ce. Find the potential y and the charge 
distribution o induced on the sphere in the following two cases: 

(a) the potential of the sphere is maintained at V and the 

potential at infinity is zero, and 

(b) the charge on the sphere is Q. 

Write down the potential in the form of the sum of the potentials 
due to a number of point-charge images. 

Hint: Use the expansion for the solution of Laplace's 
equation in terms of spherical harmonics (Appendix II) and the 
expansion for the field due to a point charge which was obtained 
in Problem 96. 

154. A conductor maintained at a potential V contains a 
spherical cavity of radius R which is filled with a dielectric 
having a permittivity «. A point charge q is placed at a distance 
a from the centre of the cavity (a <R). Find the field in the 
cavity and the equivalent system of image charges. 

155. An earthed conducting plane has a hemispherical boss 
of radius a. The centre of the sphere lies on the plane. A point 
charge q is placed on the axis of symmetry of the system at 
a distance 6 > a from the plane. Use the method of images to 
find the potential y and also the charge q’ induced on the boss. 


{ This occurs in electrets which consist of polar molecules of fixed orientation. 
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156. A conducting sphere of radius R,; is placed in a homo- 
geneous dielectric of permittivity ©;. The sphere contains a 
spherical cavity of radius R», which is filled with a homogeneous 
dielectric of permittivity e,. A point charge qg is placed at a 
distance a from the centre of the cavity (a < Ry). Find the 
potential in all space. 

157*. A dielectric sphere of radius R and permittivity ©, 
is placed in a homogeneous dielectric e,. A point charge q is 
located at a distance a > R from the centre of the sphere. Find 
the potential in all space. By passing to the limit, find the field 
for a conducting sphere. 

158. Solve the preceding problem for the case where the 
point charge q is placed inside the dielectric sphere c, (a < R). 
Discuss the special case a = 0 (charge at the centre of the sphere). 

159*. An insulated metal sphere of radius a is placed inside 
a hollow metal sphere of radius 6. The distance between the 
centres of the two spheres is c where c Ka, c <6. The total 
charge on the inner sphere is g. Find the charge distribution o 
on the inner sphere and the force F acting on it. Terms involv- 
ing second and higher powers of c may be neglected. 

160. A spherical capacitor is formed by two non-concentric 
spheres (cf. preceding problem). Calculate the correction AC 
to the capacitance which is due to the departure from exact con- 
centricity on the first non-vanishing approximation. 

161. Find the energy of interaction U between a point 
charge qg and an earthed conducting sphere of radius R. The 
charge is at a distance a from the centre of the sphere and the 
system is placed in a homogeneous dielectric medium of permit- 
tivity «. Find also the force F on the point charge. 

162. A point charge q is placed in a dielectric at a distance 
a from the centre of a conducting insulated sphere of radius R 
which carries a total charge Q@. Find the energy of interaction U 
between the charge and the sphere and the force F on the point 
charge. 

163. What are the conditions which have to be satisfied by a 
test charge q (in the sense of its magnitude and position in space) 
in order that it can be used to investigate the field due to a system 
of charges situated onconductors and dielectrics, andin particular, 
the field due to a charged sphere in a homogeneous dielectric? 

164*. An electric dipole p is placed in a homogeneous di- 
electric at a distance rv from the centre of an earthed conducting 
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sphere of radius R. Find the system of images which is equiva- 
lent to the induced charges. Find also the energy of interaction 
between the dipole and the sphere, and the force F and couple N 

on the dipole. Discuss the limiting case r > R (v> R). 

165. An electric dipole p is placed at the centre of a 
spherical cavity of radius R in aconductor. Find the distribution 
of charges o induced on the surface of the cavity. Determine the 
field E’ due to these charges inside the cavity. 

166*. The potential at a point O in a homogeneous dielectric 
with permittivity « may be written down in the form 


= > oer Qiml Yim (8, &). 

im 
The dielectric is then disturbed so that it is no longer homo- 
geneous and neutral in the neighbourhood of O (e.g. an inclusion 
in the form of a conductor or a dielectric with permittivity e, # € 
is placed in the region). As a result, the potential outside the 
disturbed region becomes ¢ = ¢; + ¢2 where 


i 
a= Vv ST OMY im Os 2) 
Lm 


The potential v2 is due to free and bound charges in the region of 
the disturbance (the factor involving ec is introduced for con- 
venience). Find the potential energy of interaction U between the 
inclusion and the external field 94. 
Hint: Consider the electric stresses acting on a sur- 

face enclosing the inclusion. Use the result of Problem 128. 

167. Find the energy of interaction Uy of the inclusion con- 
sidered in the preceding problem with the external field in the 
case where, owing to the rapid convergence of the series, terms 
beyond / = 1 may be neglected (slowly varying external field). 
Give the result in a vector form. Find the force F and the 
couple N on the inclusion using this approximation. 

168. Show that an uncharged dielectric body of permittivity 
Eq which is placed in a dielectric of permittivity « is attracted 
towards regions of higher electric field strength if eg > e€ and 
vice versa. 

Hint: Use Eqn. (III.16). 

169. In general, the components of a dipole moment p 
induced in a dielectric body placed in an external uniform field E 
may be written down in the form p; = £;),£} where B;}, is the 
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symmetric polarisability tensor. What orientation will the body 
tend to assume in the external uniform field? The body is un- 
charged and the tensor £;, is of constant sign [B;,x; x}, > 0 
where x; (¢= 1, 2, 3) is an arbitrary vector]. 

170. A cylinder made from a dielectric with permittivity e, 
is placed in a homogeneous liquid dielectric with permittivity c,. 
What will be the orientation of the cylinder when the system is 
placed in a uniform external field? What would be the orientation 
of a thin disc in the liquid dielectric? 

171. Find the force F on a dielectric sphere due to a point 
charge q (cf. the conditions of Problem 157). Consider the 
limiting case of a conducting sphere. Solve the problem by two 
methods: the method of Problem 166 and by means of Egn.(IIJ.16). 

172. An electrostatic field is produced by two conducting 
cylinders with parallel axes, radii R, and R,, and charges +x% per 
unit length. The distance between the axes is a> R;+ Ry». Find 
the capacitance C of the system per unit length [C = x/(1 - 9) 
where ¢; and @» are the potentials of the cylinders]. 

Hint: Use the result of Problem 117. 

173. The axes of two identical conducting cylinders of 
radius A are placed at a distance a from each other. The 
cylinders carry a charge of +x per unit length. Find the 
distribution of charges o on the surfaces of the two cylinders. 

174. A capacitor consists of two cylindrical conducting sur- 
faces with radii R; and Ry> R,;. The distance between the axes 
isa< Ro- Ry Find the capacitance C of the system. 

175. Determine the potential g due to a point charge in a 
homogeneous anisotropic medium characterised by a permittivity 
tensor €j;},- 

176. <A plane parallel plate made from an anisotropic homo- 
gencous dielectric having a permittivity tensor ¢;; is placed ina 
vacuum. A uniform electric field Ep is present outside the plate. 
Using the boundary conditions for the field vector determine the 
field E inside the plate. 

177. Find the capacitance C of a plane parallel capacitor 
with electrode area equal to S when the distance between the 
plates is a and the space between them is filled with an aniso- 
tropic dielectric with a permittivity «;,. Neglect edge effects. 

178. Find the change in the direction of the lines of force 
associated with an electric field E on passing from vacuum into 
an anisotropic dielectric. Use the results of Problem 176. 
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2. Coefficients of potential and capacitance 


The potentials V; of a system of n conductors are homo- 
geneous linear functions of the charges gq; on the conductors: 


V,= > sap 9 GH 1y 2) 3.40 cn): (III.26) 
k=l 


The quantities s;) are called the coefficients of potential. They 
depend on the mutual disposition, form, and geometrical dimen- 
sions of the conductors, and also on the permittivity of the sur- 
rounding medium. The matrix § is symmetric: 


Sip = Spr (III.27) 


The quantity s;, is the potential of the ¢-th conductor when the 
k-th conductor carries a charge q;, = 1 while the remaining con- 
ductors remain uncharged. All the s;, are positive quantities. 

It is clear that the charges on the conductors are homo- 
geneous linear functions of their potentials so that 


n 
q,= > Civ gs (i=1, 2, 3,..., nm). (III.28) 


The quantities c;} are called the coefficients of capacitance. 
Moreover, c;; > 0 (self-capacitances) and cy, = chy < 9 when 
7 # k (mutual capacitances). 

The quantity c;, is the charge on the i-th conductor when all 
the conductors other than the k-th conductor are earthed while the 
k-th conductor is maintained at a potential V, = 1. The matrices 
Sj, and c;, are reciprocal to each other. 

In the case of an isolated conductor the only finite coefficient 
of capacitance is c,4, and this is referred to simply as the capaci- 
tance of the conductor. The capacitance of a capacitor (III.14) 
may be expressed in terms of the coefficients of capacitance of 
its electrodes (cf. Problem 180). The energy of a system of 
conductors is given by 


a 


Ws Xi uv Via=7 rs Sine: (III.29) 
i, 


The generalised force F, corresponding to a generalised 
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coordinate a is given by 


. 


to) a 
Fe=—4 YS“ a= +3 ae We (III. 30) 
i,k 





Green's reciprocity theorem is useful in the solution of 
electrostatic problems. This theorem reads as follows: If 
total charges qj, qo, G3, +--+ Yn On m conductors produce poten- 


tials Vy, V2, V3,.-.-, Vpn and if charges qj, 93, 43, +++» Gn pro- 
duce potentials Vj, V5, V3,-.-, Vn, then 
n n 
Davi= Dav, (IIT. 31) 
2-2 6002552 


179. Prove Green's reciprocity theorem [ Eqn. (III.31)]. 

180. <A given system consists of two conductors at a large 
distance from all other conductors. The conductor 1 is placed 
inside the hollow conductor 2. Express the capacitances C and 
C’ of the capacitor and the isolated conductor forming this system 
in terms of its coefficients of capacitance. 

181. Express the coefficients of potential s;, in terms of 
the coefficients of capacitance c;,, in the case of a system of two 
conductors. ; 

182. The capacitances of two isolated conductors are c, and 
cg. The conductors are in a vacuum at a distance rv from each 
other, where y is large compared with the linear dimensions 
of the conductors. Show that the coefficients of capacitance of 
the system are given by 


ey =o (1+ 5+), =, ois, Cn =C,(1 4-22), 








Hint: Determine the coefficients of potential to within 
terms of the order of 1/r. 

183. The coefficients of capacitance of a system of two con- 
ductors are c44, Co2, and cy = Co1. Find the capacitance C of a 
capacitor formed by the two conductors. 

184. Four identical conducting spheres are placed at the 
corners of a square. Sphere 1 carries a charge g. It is then 
connected by means of a thin wire in turn to spheres 2, 3, and 4 
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(cyclic numeration) until equilibrium is established in each case. 
Find the charge on each of the conductors at the end of the opera- 
tion. The coefficients of potential may be looked upon as given. 

185. Three identical spheres of radius a are placed at the 
corners of an equilateral triangle with sides 6 >a. To start 
with all the spheres carry equal charges g. They are then earthed 
in turn until equilibrium is established. What is the charge of 
each sphere at the end of the process? 

186. The self-capacitance of two conductors at potentials 
V; and V2 is Cy and Cy, respectively. The distance between the 
conductors is much larger than their linear dimensions. Find 
the force between them. 

187. <A closed conducting surface at a potential V, encloses 
a conductor at a potential Vy). At the same time, the potential at 
a point P in the space between the two surfaces is Vp. The 
conductors are then earthed and a charge gq is placed at the 
point P. Find the charges induced on the conductors. 

188. Show that the geometrical locus of points from which 
a unit point charge induces in an earthed conductor a charge of 
equal magnitude is an equipotential surface in the field of the 
conductor in the absence of the point charge. 

189. Two conductors with self-capacitances c 4, and co) and 
mutual capacitances cy, form a part of a system of insulated con- 
ductors and are connected by athin wire. Find the self-capaci- 
tance of the sub-system of joined conductors and the coefficients 
of mutual capacitance between them and the remaining conductors. 

190. Two identical spherical capacitors with inner and outer 
radii a and b are insulated and placed at a large distance from 
each other. The inner spheres are given charges g and q, after 
which the outer spheres are joined by a wire. Find an approxi- 
mate expression for the change in the energy of the system. 

191. The thin outer electrode of a spherical capacitor is 
earthed and a small aperture is cut in it. Aninsulated wireis then 
passed through this aperture so that the inner sphere becomes con- 
nected to a third conductor which lies at a large distance from the 
capacitor. The self-capacitance of the third conductor is C and 
the total charge carried by the inner sphere and the distant conductor 
is qg. Find the force F on the third conductor assuming that the 
radius of the outer sphere is b and that of the inner sphere is a. 

192*. A conductor is charged by placing it in contact with 
the plate of an electrophorus. The conductor is then removed and 
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the plate is recharged to a charge @. On first contact the charge 
given to the conductor is g. What is the charge received by the 
conductor after a very large number of contacts? 


3. Special methods of electrostatics 


This section contains electrostatic problems which are mathe- 
matically more difficult. The various methods which may be used 
to solve electrostatic problems are discussed in several books, 
some of which are listed at the end of the present book. In this 
section only some of these methods are illustrated, namely, the 
method of curvilinear coordinates (in the case of elliptical sur- 
faces and the surfaces of two spheres), and the methods of images, 
integral transformations, and inversion. These methods are 
explained in the solutions of the various problems (for example, 
Problems 193, 195, 205, 209, 211, and 215). We shall confine 
our attention here to a brief account of the method of inversion. 

The inversion transformation is defined as the transformation 
of space in which each point is transformed into a conjugate point 
relative to some suitably chosen sphere of inversion of radius R. 
If the spherical coordinates (with origin at the centre of the sphere 
of inversion) of the original point are 7, 3, anda, then the 
spherical coordinates of the inverse point are 7’ = R’/y, 9, and 
a. Invector form, 

,__ Rr _ Ree! 


r . 
r2 or Pi 








(III.32) 


The inversion transformation is conformal. Inversion trans- 
forms a sphere into a sphere. If, in particular, the centre of 
inversion lies on the sphere to be transformed, then the latter 
becomes a plane, and vice versa.. 

Laplace's equation is invariant with respect to the inversion 
transformation, i.e. if a function g(r) is a solution of Laplace's 
equation in the original space, then 





rey ne Sew psa, 
P(MI=TeN=—¢ (<2 r’) (III. 33) 
is a solution of the equation in the inverted space. 

The basic problem which may be solved by the method of 
inversion may be formulated as follows: it is required to find the 
field due to a system of earthed conductors and point charges q; 
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placed at points with position vectors r;. The potential at infinity 
is V = const. In order to solve the problem let us use the 
method of inversion to transform the surfaces of the conductors 
into a Simpler form. 

The point charges q; are then replaced by 


=~ (111.34) 
which lie at the points 

rK==R° = 
Moreover, a charge 

Jo=— RV (III.35) 


appears at the point 7’ = 0. The electrostatic problem, i.e. the 
determination of the potential y’(r’), is then solved in the inverted 
system. The potential g(r) may then be obtained by means of the 
reciprocal transformation. 


S===O00S=7= 


193*. A conducting ellipsoid carrying a charge q and having 
semi-axes a, 6, and c is placed in a homogeneous dielectric of 
permittivity «. Find the potential gy and the capacitance C of the 
ellipsoid and also the surface density of charge o. 

Hint: Use the ellipsoidal coordinates (cf. Problem 64). 
The potential should be sought in the form g(). 

194. Using the results of the preceding problem find the 
potentials and the capacitances of a prolate and an oblate ellipsoid 
of revolution. Consider the special cases of a thin long rod and 
athin disc. The capacitance C and the potential ¢g of the prolate 
ellipsoid should also be found using the result of Problem 75. 

195*. <A conducting ellipsoid carrying a charge gq is placed 
in a vacuum in a uniform external field Ey which is parallel to one 
of the axes of the ellipsoid. Find the potential g of the resultant 
electric field. 

Hint: Use the ellipsoidal coordinates of Problem 64. 
The boundary conditions on the surface of the ellipsoid ( = 0) 
can only be satisfied if the dependence of the potential y’ due to the 
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induced charges on the coordinates 7, ¢ is the same as for the 
external field: oy’ = go(é, 1, £):F(é). 

196. The field strength in a plane parallel capacitor is Ep. 
The earthed electrode carries a boss in the form of one-half of a 
prolate ellipsoid of revolution whose axis of symmetry is perpen- 
dicular to the plates. The distance between the plates is large 
compared with the linear dimensions of the boss. Find the 
potential at a general point between the plates, and the ratio of 
the maximum value E,,,, of the field to the field Ep. 

197. An uncharged conducting ellipsoid is placed in a 
uniform external field Ep which is arbitrarily oriented relative to 
the axes of the ellipsoid. Find the total potential ¢. Discuss 
the potential at a large distance from the ellipsoid by expressing 
it in terms of the depolarisation coefficients 


oo co 
fers abc ds abe ds 


poets ee hee ae (yo ee 
2 J aR, a 2 J CFR," 


ne = 96 f a (RV OCT ACHE). 
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198. Find expressions for the depolarisation coefficients 
introduced in the preceding problem for a prolate ellipsoid of 
revolution (a@>6b= c). Discuss the special cases of a very 
elongated ellipsoid (rod) and an almost spherical ellipsoid. 

199. Find the depolarisation coefficients for an oblate con- 
ducting ellipsoid (a = 6 > c). Discuss the special case of a disc. 

200*. A dielectric ellipsoid with semi-axes a, b, andc is 
placed in a uniform external field Ey. The permittivity of the 
ellipsoid and of the homogeneous dielectric which surrounds it is 
€, and €g respectively. Find the potential y of the resultant 
electric field (usc the hint given in Problem 195). Find the field 
strength E inside the ellipsoid and also the potential gy» at large 
distances from the ellipsoid by expressing it in terms of the 
polarisability components along the principal axes. 

201. An ellipsoid of revolution having a permittivity ¢, is 
placed in a uniform external field Ej in a homogeneous dielectric 
with permittivity €2. Find the energy U of the ellipsoid in this 
ficld and the couple N acting on it. Discuss also the case of a 
conducting ellipsoid of revolution. 
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202*. Show that when a conducting liquid sphere is givena 
sufficiently large charge it becomes unstable. Find the critical 
charge gq, assuming that the radius of the drop is R and the sur- 
face tension is a. 

Hint: Compare the energy of a spherical drop with the 
energy of a deformed drop in the shape of a prolate ellipsoid of 
revolution. The surface area of this ellipsoid is given by 

2Qzba? <j & 


S = 276? + ————— cos 


Vian (a>b=c). 





203*. A uniform electric field Ey | z in the half-space z < 0 
is bounded by an earthed conducting plane z = 0 which carries a 
circular aperture of radius a. Find the potential y in all space. 
Consider the special case of large distances from the aperture 
(z > 0). 

Hint: Use the oblate spheroidal coordinates (cf. Prob- 
lem 65) with c = 0. The solution should be sought in the form 
p= -EozF(). 

204. Find the distribution of charges o on the conducting 
plane of the preceding problem. 





205*. <A point charge q is placed between two earthed con- 
ducting half-planes OA and OB which are at an angle B to each 
other. The point charge is at N(ro) in Fig.11. The cylindrical 
coordinates of the point charge are (7), y 0), the z-axis lies along 
the line of intersection of the two planes, and the azimuthal 
angle @ is measured from the plane OA. Show that the potential 
p(y, a, z) may be written in the form 


g(r, a, a= f o,(r, a)cos kz dk, 
a 
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where 
> K 3 (Rr)! nx (Ar) sin ART ia = pei 
8q | a=! s 5 
» Fan (Arq) K ax (Ar) sin a aa = ee 
n=1 6 5 


4 


and [, and K, are the cylinder functions. 
Hint: Use Fan. (11) of Appendix I and the results of 
Appendix III. 
206. Show that the potential due to a point charge placed 
between the two planes of the preceding problem may be expressed 
in the form 


¥ 
sinh 
(r, a, Z)= —-- 
: = $V Orr, 7 posh — co oe 
; n, 
ae at 


cosh = cos seep Veosh¢ — coshn : 


where 
reser? zt 
cosh ] = Sg TT a n> 0. 
Hint: Use the following formulae 
l en dé 
K (kr) 1, (Rry) cos kz dk = ——— eee ek eee 

/ se 2¥ 2rro 4 Veosh€ — coshn 

and 


oo 
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Dy P* cos ne = iS 1). 


207. Find the potential g duc to a charge q having cylin- 

drical coordinates 79. y, z = 0. 
Hint: Usc the result of Problem 206. In order to 

evaluate the integral usc the substitution cosh}f = cosh37q cosh u 
where 0 < uw< ~~, 

208. Find the distribution of surface charge o near the line 
of intersection of the two conducting planes of Fig.11. Assume 
that the system lies in the field of an arbitrary charge distribution. 


ELECTROSTATICS OF CONDUCTORS AND DIELECTRICS 47 


Hint: Consider the casc of a single charge near the 
system; use the result of Problem 205, the expansion given by 
Eqn. (6) of Appendix III, and the formula 


y 


$ ’ 4 5 — 9°71 ~ 1 p 
f Kee coskz dk = 2 Vet+s) ayer 
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209*. Apoint charge q is placed atadistance a from a homo- 
geneous plane parallel dielectric plate of thickness c. Find the 
electric field using the fact that both the product J9(k7;) exp (+kz) 


and the integral fA (R)Jo(k7v1) exp (+kz)dk satisfy the Laplace equa- 
0 
tion [7;, z2 are the cylindrical coordinates of the point, Jo is the 
zero-order Bessel function and A(k) is anarbitrary function of k }. 
Hint: Use the result 


1 
Vitae =f e~Flz\ J, (kr,) dk, 
which is derived in Appendix III. 

210. A plane parallel dielectric plate of thickness a/2 and 
permittivity « is placed between the plates of a plane parallel 
capacitor which are at a distance a from each other. The 
dielectric is in contact with one of the plates, both of which are 
earthed. A charge q which may be looked upon as a point charge 
is then placed on the surface of the dielectric. Find the poten- 
tial y in the capacitor and discuss its form in the neighbour- 
hood of the charge. Use the method of images. 

211*. The radii of the electrodes of a non-concentric 
spherical capacitor are a; and ad» and the distance between their 
centres is D (a; +b < az); the outer sphere is earthed and the 
inner sphere is maintained at a potential V. Find the potential 
inside the capacitor. Find also the capacitance C of the 
spherical capacitor. 

Hint: Use bispherical coordinates (cf. Problem 67). 
Substitute yw = (2coshé - 2 cosy)?%, carry out the separation of 
variables in the equation for %, and use the results of Appendix II 
including Eqn. (16) of that appendix. 

212. Find the capacitance of a non-concentric spherical 
capacitor assuming that the distance between the centres is small 
(b « aj, a2) to within terms of the order of b? by using the re- 
sults of the preceding problem (cf. Problem 160). 


48 PROBLEMS. CHAPTER III 


213. The distance between the centres of two conducting 
spheres of radii a; andaz is b(b >a, +a). Find the coefficients 
of capacitance c;; of the system using bispherical coordinates. 

214. The two conducting spheres of the preceding problem 
are at a large distance from each other (b > aj, a2). Find the 
coefficients of capacitance c;; to within terms of the order of 
bo. 

215*. Two conducting spheres of equal radii a touch each 
other. Find the capacitance C of the system by the method of 
inversion. Find also the potential due to the system when the 
spheres carry a total charge gq. 

Hint: Use the results of Problem 210. 

216. Use the method of inversion to determine the field of 
an earthed sphere of radius R with a point charge q placed at a 
distance a > R from its centre (cf. Problem 153). 

Hint: The potential of a uniformly charged sphere in 
the absence of the point charge may be regarded as known. 

217*. The surface of a conductor is formed by two spheres 
of radii R, and Ry which intersect on a circle of radiusa. Find 
the capacitance C of the conductor using the solution of Prob- 
lem 206 (two intersecting planes) and the method of inversion. 

Hint: The surface of the conductor is described in 
terms of toroidal coordinates (cf. Problem 68) by the equations 


a 
== = g — i E = + yp sin i = a ) . 
—=£, —const, & == const (sin E R, in & RB 


It is sufficient to consider the transformation of the coordinates 
in the plane perpendicular to the line of intersection of the two 
planes and passing through the centre of inversion, which should 
be taken to lie on the line of intersection of the two spheres. In 
order to determine the charge qg on the conductor at a given 
potential use the fact that the field at large distances from the 
conductor is of the form y = (g/r) - V where -V is the potential 
at infinity. 

218. Find the capacitance C of the following conductors: 


(a) a hollow spherical segment of radius R which sub- 
tends an angle 26 at the centre; 
(b) a hemisphcre of radius R. 


219. A conductor is formed by two spheres each of radius a 
whose surfaces intersect at an angle 7/3. Find the capacitance C 
of the conductor. 


Chapter 
4 


STEADY CURRENTS 


The distribution of steady currents in a conducting medium 
with specific conductivity x(r) may be described with the aid ofa 
current density j(r) which satisfies the equation 


divj 0. (IV.1) 


This equation is a consequence of the law of conservation of 
charge. The current density in a medium is proportional to the 
sum of the electric field E and the external field Ee which in- 
cludes non-electrical effects: 


j= «(E+ E,). (IV.2) 


This expression is equivalent to Ohm's law. 

The electric field E and the current distribution j in a con- 
ductor can be conveniently described by a scalar potential g (just 
as in electrostatics). The potential is defined by E = -grady. 

It follows from this definition and from Egns. (IV.1) and (IV.2) that 
the basic differential equation for ¢ is 


div (« grad 7) = div +E. (IV.3) 
On surfaces across which x or je = xEe are discontinuous, 
Egn. (IV.3) is replaced by the boundary conditions 
ten — Ein = Se ide Qn: (IV.4) 
O, 05: (IV.5) 


On the surfaces of insulators (x = 0) the condition given by (IV.4) 
becomes 


jn=0 or *%En +e n =0. (IV.6) 


If the medium consists of a number of homogeneous regions and 
contains no external sources of e.m.f. then within each such region 


Ay, =0, (IV.7) 
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while on the separation boundary of the i-th and k-th regions 


09 oy 
Gi = Pe “a =a GP: (IV.8) 


It is clear from Egns. (IV.3)—(IV.8) that there is a close cor- 
respondence between the basic current problem and the analogous 
problem in electrostatics. The solution of the current problem 
may be obtained by solving the corresponding electrostatic prob- 
lem (and vice versa) providing the following replacements are 
made: 


Ex, 


D — -x gradg, 
9 
4np — -divje uve) 


410 > jein - jer: 

The methods of electrostatics (cf. Chapter III) will, therefore, 
be used to solve the basic current problem. Thus, if a medium 
with finite conductivity x(r) contains perfect conductors (x — ©) 
then the potential on each of the surfaces must satisfy the condition 


Ge] = const. (IV.10) 


The current problem is then analogous to the electrostatic prob- 
lem of a system of conductors placed in a dielectric. As in the 
clectrostatic case, there are two versions of the problem, namely, 
(a) the potentials of the electrodes (conductors) are given, and 

(b) the currents leaving the electrodes are given so that 


- 0 
Ip= § jn dSy = — fx 5 4S, (IV.11) 
Sp 


It is clear from the latter expression that the analogous quantities 
arc the charge on the &-th conductor gq; andthe current J;,/47 
from the k-th electrode. 
The potentials V; of the electrodes are linear functions of the 
currents J) leaving the electrodes: 
V, SRI ARDS 2 + “es = Rae as 
Vo =Ry JS, t+ Reo + see RonF (IV.12) 


Vi,.= Rad iv+ RS 2+ Boos + RaaT a 


The cocfficients A;); are called the coefficients of resistance. 
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They are independent of the potentials V, and the currents J}, 
and are determined exclusively by the geometry of the electrodes 
and the form of conductivity function x. The coefficients of 
resistance are analogous to the coefficients of potential in the 
electrostatic problem (cf. Chapter III Section 2). 

The distribution of currents in quasi-linear conductors which 
is often encountered in practice may be determined with the aid 
of Kirchhoff's laws. A convenient method of considering compli- 
cated circuits involving quasi-linear conductors is the method of 
circulating currents. 


===-000==>= 


220. An accumulator with a low internal resistance and 
e.m.f. & is unable to supply a given instrument with a current 7 
for a long period of time. In order to extend the life of the 
accumulator the instrument and the accumulator are connected in 
parallel and then joined through a resistance R to d.c. mains. 

The voltage V of the mains is subject to fluctuations which are 
such that Vi; < V < Vp where Vy>V,> 8. The resistance R is 
chosen so that when V = V; no current fs drawn from the accumu- 
lator. Find the current drawn from the accumulator when V = Vp». 

221. Find the parameters of the coil of a moving coil gal- 
vanometer which gives a maximum deflection for a given external 
e.m.f. and external resistance R (Series connection). The deflec- 
tion of the galvanometer is proportional to the number of turns n 
in the coil and the current J in the circuit. Since the volume 
occupied by the coil is limited, it may be assumed that nS is 
approximately constant where S is the cross-section of the wire 
from which the coil is made. 

222. A square net made of a wire of uniform cross-section 
consists of n” identical square cells. The resistance of one side 
of each of these cells is v. The current enters at one of the 
corners of the net and leaves at the opposite corner. Find the 
resistance R of the entire net for n= 2, 3, and 4. 

Hint: In order to reduce the number of circulating 
currents make use of the symmetry of the circuit. 

223*, A telegraph line (Fig. 12) is suspended from z insu- 
lators at Ay, Ao, ...., Ap (the ground forms the return lead). 
The sections AA;, A,A9, ...-, AnAn+i have the same resistance 
R and the insulators have an infinite resistance when dry. When 
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the insulators are damp there is leakage to earth through them and 
the resistance of each of the insulators is then vy. At one end 
of the line there is a battery with an internal resistance R; and 
e.m.f. & while the final element is connected to earth through the 
resistance Rg. Find the current in each of the sections of the 
line and also the current flowing through the load R,. By how 
much should the e.m.f. of the battery be increased in order that 
the current through the load should be the same both in the case 
of dry and damp insulation? Consider the special case of Rg = 0. 
Hint: Consider circulating currents in the circuits 

formed by the section A;_,A, of the line and the leakage paths for 
the insulators A;-; and A}. The solution of the resulting dif- 
ferential equation is the hyperbolic cosine. 

224*. An underground cable has a constant resistance Pp per 
unit length. The insulation of the cable is imperfect and such 
that the leakage conductivity per unit length is constant and equal 


1 
to — with the earth acting as the return lead. Find the differen- 


tial equation which describes the distribution of steady currents 
in the cable. Find the relation between the current J(x) in the 
cable and the potential difference between the central conductor 
and the earth. 
Hint: Use Egn. (1) of the solution of Problem 223. 

225*. <A battery of e.m.f:& and internal resistance R; is 
connected between one end of an underground cable and the earth. 
The length of the cable is a and its resistance per unit length and 


1 
conductivity per unit length are p and ar respectively. The other 


end of the cable is connected to earth through a resistance Rg. 
Find the current distribution J(x) along the cable. In particular, 
consider the special case R; = Rqg= 0. Check the result by 
finding the solution for the case where there is no leakage. 

Hint: Use the differential equations obtained in Prob- 
lem 224, or Egn. (7) of the solution of Problem 223. 
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226. Two plane parallel conducting plates are placed in con- 
tact with the two electrodes of a plane parallel capacitor. The 
thickness of the two plates is h; and hy and their conductivities 
and permittivities are respectively x;, x2, and €;, €2. The plates 
of the capacitor are made of a material whose conductivity is 
much greater than x; and x, and a constant potential difference V 
is maintained across them. Find the electric field E, the induc- 
tion.D, and the current density j in the plate, and also the den- 
sities of free and bound charges on all three separation boundaries. 

227. Find the law of refraction for current lines across a 
smooth separation boundary between two media with conductivities 
x, and x» respectively. 

228*. A constant current J flows through an infinitely long 
straight conductor of radius a and conductivity x. The con- 
ductor is surrounded by a thick cylindrical envelope which is 
coaxial with it and serves as the return lead. The inner radius 
of the envelope is b and the outer radius c+ ~. Find the elec- 
tric and magnetic fields in all space and determine the distribu- 
tion of surface charges. Assume that the permittivity of the 
medium between the conductors is «. 

229. Three conductors of circular cross-section and the 
same radius ry are connected in series forming a closed ring. 

The lengths of the conductors are lg, 11, lg > v and their conduc- 
tivities are xg, x1, %g- An external e.m.f. 8¢, which is indepen- 
dent of time, is uniformly distributed throughout the first of the 
three conductors. Find the electric field Eg and the distribution 
of charges inside the ring. 

230. Find the energy flux y through the surfaces of the three 

. conductors considered in Problem 229. Hence deduce Joule's law. 

231. The current distribution in a three-dimensional con- 
ductor with conductivity x is such that the electric field strength 
and, therefore, the current density are constant on an equipoten- 
tial surface. Show that the resistance of the conductor is given 
by the same formula as the resistance of a quasi-linear conductor 
with a variable cross-section. Note that these conditions are 
analogous to the conditions under which the electrostatic Gauss 
theorem may be used in the corresponding electrostatic problem. 

232. Using the result of the preceding problem find the 
resistance R for the following conductors: 

(a) a spherical capacitor with plate radii a and b (a <b), 

filled with a homogeneous medium of conductivity x; 
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(b) a similar capacitor filled with two homogeneous layers 
with conductivities x, and x2, which are separated by a 
boundary of radius c (the layer with conductivity x, is 
in contact with the inner eiectrode). 

(c) a cylindrical capacitor with plate radii @ and bd (a < b), 
and length / which is filled with a medium of conduc- 
tivity x (neglect edge effects). 

233. A particular system is earthed with the aid of a per- 

fectly conducting sphere of radius a. One half of the sphere is 
in contact with the ground (ground conductivity x; = const). The 
layer of earth which is in immediate contact with the sphere 
has an artificially increased conductivity x2. Find the resistance 
R to earth of the earthing device assuming that the outer radius 
of the layer next to the sphere is b. 

234*. A system of perfect conductors (electrodes) is placed 
in a medium with conductivity x(r) and permittivity e(r). The 
medium is such that x(r)/c(r) = const at all points. Find the 
relation between the coefficients of potential s;), and the coeffi- 
cients of resistance R;}, of the system of conductors. What is 
the relation between the charges q; onthe electrodes and the 
currents 7), leaving them? 

235. <A capacitor of arbitrary form is filled with a homo- 
geneous dielectric of permittivity «. Find its capacitance C if 
it is known that when it is filled with a homogeneous conductor 
having a conductivity x its d.c. resistance is R.. 

236. A system of electrodes is characterised by the coeffi- 
cients of resistance R;),. Find the amount of heat @ liberated 
per unit time in the space between the electrodes given that the 
currents J; leaving the electrodes are known. 

237. Two perfectly conducting spheres of radii a and b are 
placed in a homogeneous medium with conductivity x and dielec- 
tric permittivity c«. The distance between the centres of the 
spheres is / and acurrent J enters one of the spheres and is 
taken out through the other. Find a resistance R = wa —vb 
between the spheres, where V, and Vj, are the potentials of the 
two spheres and g is the current leaving the sphere of radius a. 

Hint: Express R;; in terms of the coefficients of 
capacitance c;} of the system (cf. Problem 213). 

238. The ends of a given circuit are earthed by means of 

two perfectly conducting spheres (radii a; and a2). One half of 
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each of the spheres is in contact with the earth which acts as the 
second lead. The distance between the spheres is l > a,, ay and 
the conductivity of the ground is x. Find the resistance R be- 
tween the spheres. 

239. Solve the preceding problem in the case where the two 
spheres are replaced by identical ellipsoids of revolution volume 
V and eccentricity @9. The axes of revolution of the ellipsoids 
are perpendicular to the earth's surface and their centres lie on 
this surface. Which of the two systems is a more efficient earth- 
ing device (i.e. ensures lower resistance)? 

240*. A plane electrode x = 0 is capable of emitting an 
unlimited number of particies of charge e and mass m when an 
electric field is applied to it. The particles leave the plate with 
zero initial velocity and are accelerated towards another plane 
electrode which is parallel to the first electrode and is at a dis- 
tance a from it. The potential difference between the electrodes 
is @g- The emission from the first electrode continues until the 
field due to the space charge produced between the plates com- 
pensates the external field so that (99/8x),=9 = 0 on the surface 
of the first electrode. Find the steady-state current j between 
the electrodes as a function of the potential difference q@ between 
the electrodes. 

Hint: The potential in the space between the electrodes 
obeys the Poisson equation Ag = -4mp, p = j/v where v is the 
velocity of the particles at the particular point. 


Chapter 
5 


MAGNETOSTATICS 


In the case of a constant magnetic field Maxwell's equations 
are of the form 


curlH = “= j, divB=0, (v.1) 


where B is the magnetic induction, H is the magnetic field 
strength, and j is the current density. The quantity c is equal 
to the ratio of the electromagnetic to electrostatic units of charge 
(c = 3x 10° cm sec"'), In isotropic diamagnetics and paramag- 
netics B and H are related by 


B=», (V.2) 


where p is the magnetic permeability of the material (a scalar). 
In the case of anisotropic materials the permeability is a tensor of 
rank 2. The density of molecular currents in a material placed in 
a magnetic field may be expressed in terms of the magnetisation 
vector M (magnetic moment per unit volume): 


jJmol= ce curl M. (V.3) 
The three vectors M, B, and H are related by 
B=H-+ 40M. (V.4) 


The main methods which may be used to determine the mag- 
netic field in a non-ferromagnetic medium are as follows: 

(a) The use of the Biot—Savart law. The magnetic field 
due to a current element Jdl in a vacuum or a homogeneous 
medium is given by 


g 
du = — (dl Xr). (V.5) 
According to the superposition principle, the total field at a given 


point may be obtained by integrating Eqn. (V.5) with respect to all 
the current elements. 
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(b) Direct integration of Eqns. (V.1) and (V.2) subject to 
the boundary conditions 


n- (B,—B)=0, aX (H)—H,) =i, (V.6) 


where i is the surface current density and the normal n is drawn 
from the first region into the second. Ifthe current distribution 
is axially symmetric then the following integral form of the first 
of the two equations in Eqn. (V.1) is useful: 


G Hdl== g. (V.7) 


The closed integral in this expression is evaluated over an arbi- 
trary closed path and J is the total current flowing through an 
arbitrary surface drawn through this path. 

(c) The vector potential method. The vector potential A 
is defined by 


B=curlA (V.8) 
with the subsidiary condition 
divA=0. (V.9) 


In all regions in which the magnetic material is homogeneous, A 
satisfies the equation 


AA =— —j. (V.10) 


The boundary conditions for the vector potential may be deduced 
from the boundary conditions for B and H [ Eqn. (V.6)]. 

The vector potential due to a given current distribution in a 
homogeneous medium with a given permeability » may be written 
down in the form of the volume integral 


_ i(r’)aV’ 
a@at [Foc ee 
The corresponding expression for a linear current may be ob- 
tained by making the following substitution j@V’ > Jdl’. At large 
distances from a given current distribution Eqn. (V.11) assumes 
the simpler form 


rae SF (V.12) 
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where the magnetic dipole moment m is given by 
1 . 
=p fiw xiav’ (v.13) 


and it is assumed that “= 1. 
(d) The scalar potential method. In all regions of space 
where j = 0, we have curl H = 0, and hence 


H = — gradb, (v.14) 


where ~ is a scalar potential which, for # = const, satisfies the 
Laplace cquation. Howevcr, the scalar potential defined in this 
way will not in general be a single-valued point function. The 
scalar potential is used in Problems 254, 255, etc. 

The energy of the magnetic field localised in a volume V is 
given by the following integral 


wot fa . B) dV, (v.15) 


which is evaluated over the volume VY. Ifa given system of 
currents has finite dimensions then its total energy may be cal- 
culated with the aid of the formula 


=i fa-nav, (v.16) 


in which the integration is carried out over the volume occupied 
by the currents. 

The magnetic energy of a quasi-linear conductor carrying a 
current J may be expressed in terms of the self-inductance L of 
the conductor: 

W =e lg? (V.17) 
The self-inductance may also be written down in the form of a 
double integral over the volume occupied by the conductor: 


L=+ j [2a Al av av’. (V.18) 


The energy of interaction between two current-carrying con- 
ductors is given by 


I 1 F 
Wy = a far . B)av=t f G, -A,)dV, (Wip=Wy), (V.19) 
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where the first integral is evaluated over all space and the second 
over the volume of one of the conductors. In the case of quasi- 
-linear currents the energy may be expressed in terms of the 
coefficient of mutual inductance Ly: 


1 
Wy =awlndiIdn (V.20) 
which may also be re-written in the form 
1 
Wpe= > IP (V.21) 


where #4. is the magnetic flux due to the first conductor which is 
intercepted by the second and is given by 


; 
Oy = f B,-dS,=G A, -dh=4 Lyd, (V.22) 


The mutual inductance may be obtained from the expression 
for the energy (V.20), from the expression for the flux (V.22), or, 
in the case of linear currents, from the formula 


_ dl, - dl, 
Ly=e hp Se. (V.23) 

The generalised forces F; acting between two fixed currents 
may be obtained by differentiating the energy of interaction W4) 
(or the quantity Uy, = -W 4. which is known as the potential function) 
with respect to the corresponding generalised coordinates: 


ow ou 
F.= 2 24 
0g; 0q; eee) 





The forces may also be obtained from Ampére's formula 
g 
dF = — (al XB), (V.25) 


where dl is a circuit element carrying a current J anddF is the 

force on this element due to the external magnetic induction B. 
The forces which act on currents and magnetic materials 

may be calculated with the aid of the Maxwell stress tensor 


lia l > 
Tim = $e (AH — 5 Him) (V.26) 


which is analogous to the stress tensor used in Chapter III for the 
electric field. 
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In all regions of space which are occupied by ferromagnetics, 
B and H are not linearly related. The relation between B and H 
is then not even single-valued (hysteresis) and the solution of 
magnetostatic problems becomes excecdingly difficult. However, 
in discussing permanent magnets it is frequently assumed that 
the relation between B and H is linear as before: 


B = pH-+ 4nM, (V. 27) 


where Mb, is a “‘constant” magnetisation, i.e. independent of H, 
which is looked upon as a given function of the coordinates. 
Ferromagnetics obeying Eqn. (V.27) are called idealised ferro- 
magnetics. 


----000---- 


» 241. A conductor of radius a is surrounded by a thin con- 
ducting shell of radius 6. The two conductors are coaxial and 
carry equal but opposite currents g. Determine the magnetic 
field H due to this system at all points in space. Solve the prob- 
lem by two methods, namely, by integrating the differential form 
of Maxwell's equations and by using the integral form of these 
equations which is given by Eqn. (V.7). 

“* 242. Determine the magnetic field H and the magnetic 
induction B due to a constant current J flowing through an infinite 
cylindrical conductor of radius a. Assume that the permeability 
of the conductor and the surrounding material is Hy and » res- 
pectively. Solve the problem by the simplest method, i.e. with 
the aid of the integral form of Maxwell's equations, and also by 
introducing the vector potential A. 

*% 243. Solve the preceding problem for a hollow cylindrical 
conductor of inner and outer radii a and b respectively. 

y» 244. <A straight and infinitely long strip of width a carries 
a current Jg which is uniformly distributed across the width of the 
strip. Find the magnetic field H and verify the results by con- 
sidering the limiting case of large distances from the strip. 
~ 245. Two thin infinitely long parallel plates carry equal and 
opposite currents J. The width of each plate is a andthe distance 
between them b. Find the force per unit length of each plate. 

“ 246. Find the vector potential A of the magnetic field H due 
to two parallel line currents flowing in opposite directions. The 
distance between the two currents is 2a. 
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247. Determine the magnetic field H due to two parallel 
planes carrying equal surface current densities i = const. Con- 
sider the two cases when the currents flow in the same and in 
opposite directions. 

~ 248. Determine the magnetic field H in a cylindrical cavity 
inside an infinitely long cylindrical conductor. The radii of the 
cavity and of the conductor are respectively a and b, and the dis- 
tance between their parallel axes is d (b >a+d). Assume that 
the current J is uniformly distributed across the cross-section of 
the conductor. 

Hint: Use the principle of superposition of fields. 

249*. Find the vector potential A and the magnetic field H 
due to a thin ring of radius a which carries a current ¥. The 
surrounding medium is uniform and has a magnetic permeability 
lt. Express the results in terms of elliptical integrals. 

Hint: Use the method employed in the solution of 
Problem 89. 

250*. Show that if a given magnetic field is axially sym- 
metric and may be represented by a vector potential with com- 
ponents A,(7, 2), Ap = Az = O (cylindrical coordinates), then the 
equation for the lines of magnetic induction is 


rA,(r, z)== const. 


Hint: Consider the flux of magnetic induction inside 
the tube produced by rotating one of the lines of induction about 
the axis of symmetry (cf. solution of Problem 115). 

251. Express the magnetic field H and the vector potential A 
of an axially symmetric field outside its sources in terms of the 
magnetic field strength H(z) along the axis of symmetry. 

252. Determine the magnetic field H along the axis of a 
solenoid in the form of a closely wound cylindrical coil. The 
height of the cylinder is h, radius a, number of turns per unit 
length 2, and the current in the coil J. 

253%. A sphere of radius a is uniformly charged over its 
surface to a total charge e and is rotating about one of its dia- 
meters with aconstant angular velocity w. Find the magnetic field 
inside and outside the sphere. Express the magnetic field H out- 
side the sphere in terms of the magnetic moment m of the sphere. 

254. Find the scalar potential y of the magnetic field due to 
an infinitely long straight wire carrying acurrent §. Calculate 
the components of the magnetic field. 
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/255*. Find the scalar potential y of the magnetic ficld due to 
a closed linear circuit carrying a current. Solve the problem by 
integrating the Laplace cquation and also by using the following 
well-known expression for the vector potential: 


GF al 
A=2g4. 
C.K ff 


256. Find the force F and the couple N on a closed thin con- 
ductor carrying a current and placed in a uniform magnetic field 
H. The conductor is of an arbitrary form. Solve the problem in 
two ways, namely, by direct integration of the forces and moments 
of forces on current elements, and also by using the potential 
function. Express the result in terms of the magnetic moment m. 

257. Find the potential function U for two small current 
loops with magnetic moments m, and my. ‘Find the force F and the 
couple N on the two currents. Consider the special case m, | My». 

258. Show that the forces between two small current loops 
are such that the corresponding magnetic moments tend to set 
themselves parallel to each other and to the line joining their 
centres. 

259. Find the potential function uw; (per unit length) for two 
parallel infinitely long straight line currents J; and FY, and the 
force f per unit length betw them. 

260. A square frame carrying a current Jf, is placed so that 
two of its parallel sides are parallel to a long straight wire carry- 
ing a current J; (Fig. 13). The length of each side of the frame 
is a. Find the force F and the couple 
N on the frame. 

261. A frame carrying a cur- 
rent J, consists of the arc of a circle 
which subtends an angle 2(z7 - vy). The 
ends of the arc are joined by a cord 
as shown in Fig.14. A Straight wire 


Z 





» 
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carrying a current J; passes through the centre of the circle and 
is perpendicular to the plane of the frame. Find the couple N on 
the frame. 

262. A thin conducting cylindrical shell of radius b contains 
a coaxial wire of radius a and magnctic permeability Hy. The 
space between the wire and the shell is filled with matcrial of 
permeability #. Find the self-inductance per unit length of the 
line. 

263. A line consists of two thin coaxial cylindrical shells of 
radii a and b (a <b). The space between the two shells is filled 
with a material of permeability #. Find the self-inductance per 
unit length of the line. 

264. A long straight conductor and a ring of radius a lie in 
the same plane. The distance between the wire and the centre of 
the ring is 6. Find the mutual inductance Ly. and the force F 
between the two conductors if the current through the wire is J; 
and the current through the ring is J. 

265*. Two thin rings of radii a and 6 are placed so that 
their planes are perpendicular to the line joining their centres. 
Assuming that the distance between the centres is l, find the 
mutual inductance Ly. and express the result in terms of elliptical 
integrals. Consider the limiting case! >a, b. 

266. Find the force F between the two circular currents in 
the preceding problem. 

267. Find the self-inductance per unit length of an infinite 
cylindrical solenoid with a closely wound coil and arbitrary 
cross-section (not necessarily circular). Assume that the cross- 
-sectional area is S and the number of turns per unit length is n. 

268. Find the seclf-inductance L of a solenoid of finite 
length h and radius a (h > a) to within terms of the order of a/h. 
Replace the current in the coil by the cquivalent surface current. 

269. Find the self-inductance L of a toroidal solenoid. The 
radius of the toroid is 5, the total number of turns is N, and the 
cross-section of the toroid is circular (radius a). Determine the 
self-inductance per unit length of the toroid in the limiting case 
b +“ (N/b = const). Solve the problem for a toroidal solenoid 
of rectangular cross-scction (sides a and h). 

270. Determine the self-inductance per unit length of a 
“line” consisting of two straight wires of radii a and b which are 
at a distance h from each other. The currents in the two wires 
are cqual and opposite. 
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271*. Show that the self-inductance of a thin closed con- 


ductor of circular cross-section is approximately given byf 


b= Hh py, 





where Hy is the magnetic permeability of the conductor, I is its 
length, and L’ is the mutual inductance of two linear circuits, one 
of which lies along the axis AMB of the quasi-linear conductor and 
the other along the line CND along which an arbitrary open sur- 
face S bounded by the axis cuts the surface of the conductor 

(Fig. 15). 

272. Determine the self- 
-inductance L of a ring of wire 
having a radius b. The radius 
of the wire is a «bb. 

Hint: Use the for- 
mula given in the preceding 
problem. Fig. 15. 

273. Determine the mutual 
inductance Ly» of two thin parallel wires of length a placed at a 
distance / from each other and lying along the parallel sides of a 
rectangle. (The mutual inductance has no direct physical mean- 
ing since the currents in these wires are not closed. However, 
the inductance may be used to find the inductance of a closed 
circuit with parallel straight sections; cf. Problems 274 and 275.) 

274. Determine the coefficient of mutual inductance Ly, of 
two identical squares of side a placed at a distance / from each 
other and coinciding with the opposite faces of a rectangular 
parallelepiped. Find the force F between them assuming that 
# = 1 in all space. 

275. Determine the self-inductance L of a square of side } 
which is made of a thin wire of radius a<«< b. The magnetic 
permeability in the surrounding space and of the material of the 
wire is # and My = 1 respectively. 

Hint: Use the formulae obtained in the solution of 
Problems 271 and 273. 





{ The two terms in this formula may be called the interna] and external self- 
-inductance respectively, since they represent the magnetic energy stored inside and 
outside the conductor. 
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276. Determine the magnetic moment m of a charged sphere 
rotating about one of its diameters. Consider the cases of uni- 
form volume and surface charge distributions. 

277*. The current density associated with the spin magnetic 
moment of the electron in the hydrogen atom is given by j = 
= c curl[pP(v)a) where a is a constant vector, c is the ratio of the 
electromagnetic to the electrostatic units of charge, and p is the 
volume density of charge in the atom, which depends only on the 
radial distance r and is zero at infinity. Show that the magnetic 


8 
field at the origin is 5 (O)a. 


Hint: Use the results of Problem 32. 

278. Reduce the determination of the magnetic field due to 
given currents in a non-uniform, non-ferromagnetic medium to 
the corresponding problem in electrostatics. To do this, the 
magnetic field should be written in the form H = Hy + H’ where Hy 
is the “primary” field which would be produced by the same cur- 
rent distribution in empty space and H’ is the field due to the 
presence of the magnetic material. Introduce the scalar poten- 
tial » for H’ and obtain an equation for » and the corresponding 
boundary conditions. 

279. A current-carrying circuit lies on the plane separation 
boundary between two media with magnetic permeabilities 4, and 
lly. Determine the magnetic field strength H in all space assum- 
ing that the field produced by the circuit in the absence of the 
media is known. 

280. An infinite straight wire carrying a current gf is 
parallel to the plane separation boundary between two media with 


magnetic permeabilities 4, and #2. The distance from the 
wire to the separation boundary is a. Determine the magnetic 
field. 


Hint: Use the method of images as in electrostatic 
problems (Chapter III). 

281. A sphere of radius a and magnetic permeability p is 
placed in a uniform magnetic field Hp. Determine the resulting 
magnetic field H, the induced magnetic moment m, and the cur- 
rent density jo) which is equivalent to the magnetisation of the 
sphere. 

282*. An anisotropic non-ferromagnetic sphere is placed in 
a uniform magnetic field. Find the resulting field H and the 
moment N of forces acting on the sphere. 
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283. An infinitely long hollow cylindrieal shell with internal 
and external diameters a and b respectively, is placed in an 
external uniform magnetic field Hy whieh is perpendicular to its 
axis. The magnetic permeability of the cylinder and of the sur- 
rounding medium is #,; and Hy respeetively. Find the field 
strength H inthe cavity. Consider in partieular the case My >> Ho. 

284. A hollow sphere of internal and external radii a and b 
respeetively, is plaeed in an external uniform magnetie field Ho. 
The magnetic permeability of the sphere and of the surrounding 
medium is #; and Hy respeetively. Find the field H in the eavity. 
Consider in partieular the case Hy > Ho. 

285. An infinitely long straight wire of radius a and mag- 
netie permeability “, is placed in an external uniform magnetic 
field Hy) in a medium of magnetie permeability uz. The field is 
transverse to the wire and the wire earries a constant current J. 
Find the resulting magnetie field inside and outside the wire. 

286. Determine the sealar and vector potentials y and A in 
a bounded region in whieh the magnetisation is known to be M(r). 
Show by direet ecaleulation that the veetors B = eurl A and H = 
= -grad ~ are related by B= H+ 4mM. 

287. <A body of arbitrary form is uniformly magnetised. 
Show that the scalar potential due to this body may be written in 
the form ~ = -M-grad ¢~ where M is the magnetisation and g is 
the eleetrostatie potential due to a uniformly eharged body (with 
density p = 1) of the same form and dimensions. . 

288. <A straight wire carrying a eurrent J is parallel to the 
axis of an infinitely long eircular eylinder and at a distance }b from 
it. The radius of the eylinder is a where a < 6 and the magnetie 
permeability of the eylinder is wu. Find the foree f per unit 
length of the wire. 

Hint: Use the method of images. 

289. A straight wire carrying a current J lies inside an 
infinitely long cylindrieal eavity cut in a uniform magnetie medium. 
The wire is parallel to the axis of the cylinder and lies at a dis- 
tanec 6 from it. The radius of the eylinder is a and the mag- 
netie permeability of the medium is #. Find the foree f per unit 
length of the wire. 

290. A current J flows through a straight wire lying along 
the z-axis. Three half-planes at angles a,j, Q@2, and a3 to each 
other (a; + Q@) + @3 = 27) interscet along the z-axis and the spaees 
between them are filled with magnetie media having permeabilities 
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Hy, Ha, Mg respectively. Determine the magnetic field I; 
(i - 1, 2, 3) in the three regions. 

291*. Find the magnetic field duc to a uniformly magnctised 
permanent magnet of spherical form. ‘he magnetie permeability 
of the sphere and of the external inedium is #;, and Hy respectively. 

292*, find the field due to an infinitely long uniformly mag- 
netised cylinder of radius a. The magnctisation vector Mp is 
perpendicular to the axis of the cylinder and the magnetic per- 
meability of the cylinder and of the surrounding medium is pH, and 
Hy respectively. 

293. A uniformly magnetised sphere (idealised ferromag- 
netic) is placed in an external uniform magnctie field Hp. Find 
the resulting magnetic field and the couple N acting on the sphere. 
The magnctie permeability of the sphere is Hy and of the surround- 
ing medium is H2 = 1. 

294. A small permanent magnct having a magnctic moment 
m is placed in a vacuum near the plane boundary of a medium of 
magnctic permeability wu. Find the foree F and the couple N 
acting on the permanent magnet. 

Hint: Use the method of images. 

295. An cllipsoid with permeability # is placed in a uni- 
form magnetic field Hj. Find the internal ficld and the magnetic 
moment of the ellipsoid. 

296*. An cllipsoid made from an anisotropic material of 
permeability #;, is placed in a uniform external magnctic ficld 
Hy. Find the internal magnetic ficld Hy, in the cllipsoid. 


Chapter 
6 


ELECTRICAL AND MAGNETIC 
PROPERTIES OF MATTER 


1. Polarisation of matter in a constant field 


In general, the polarisation vector P (electric dipole moment 
per unit volume) is a non-linear function of the electric field E. 
However, in isotropic dielectrics and for sufficiently low fields, 
the polarisation is proportional to the field strength: 


P = aE. (V1.1) 


The dielectric susceptibility a is determined by the properties of 
the dielectric and is in general a function of temperature. The 
relation between a and the permittivity e is 


e=1-+ 4x2. (VI. 2) 


It is found that in a constant field a>0, ¢ >1. ‘In anisotropic 
dielectrics s and @ are tensors of rank 2. 

In a sufficiently rarified medium (gas) the polarisability a@ is 
proportional to the number of particles N per unit volume: 


a = NB, e=1-+-4xN8, (VI.3) 


where B is the average polarisability per molecule. This result 
is obtained if it is assumed that the field & acting on a molecule is 
equal to the avcrage field E. Inthe case of a dense material the 
difference between the two fields must be taken into account. Thus, 
it is found that for non-polar substances, i.e. substances whose 
molecules do not have a permanent dipole moment in the absence 
of the field, 


&=-E4+ Sp. (V1.4) 

When the lattcr equation holds, Eqns. (VI.3) are replaced by 
Nj e— 4c : 
gee, —— B. (VI.4’) 


4: ,,. 
1— = N3 
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Eqns. (VI.4) and (VI.4’) are knownas the Lorenz—Lorentz relations. 
The magnetisation vector M (magnetic dipole moment per unit 
volume) is frequently proportional to the magnetic field strength: 





tL. (V1.5) 


The magnetic permeability # and the magnetic susceptibility y 
are determined by the properties of the medium and are functions 
of temperature. In distinction to the dielectric susceptibility, 
the magnetic susceptibility may be either positive or negative. 
Materials with y > 0 are known as paramagnetics while those with 
x < 0 are called diamagnetics. The relation between M and H for 
ferromagnetics is non-linear and not single-valued. 

In solving the problems given in this section, it will be neces- 
sary to use Boltzmann's formula in addition to the equations of 
mechanics and electrodynamics. This formula gives the distribu- 
tion of non-interacting particles in an external field: 

ad 6) 
aN (g) == Ce -F av, (V1.6) 


where U(q;) is the potential energy of the i-th particle in the 
external field, g; are the generalised coordinates characterising 
the position and the orientation of the particles, dV is a volume 
element in the generalised space, dN(q;) is the number of par- 
ticles in dV, k = 1.38 x 107'8 erg deg"! is Boltzmann's constant, 
T is the absolute temperature, and C is a normalising constant 
determined from the normalisation condition 


fan @)=No. (V1.7) 


where Np is the total number of particles in the system and the 
integral is evaluated over the volume occupied by the system. 

When the polar angles §, a defining the orientation of a mole- 
cule are chosen as the generalised coordinates, the volume 
element may be written dV = sinidida. 


--~--000---- 


297. The charge density in the electron cloud of a hydrogen 
atom is described by the function p(7) = -(@)/Ta8) exp (-27/ap) 
where é@o is the electronic charge and dp is a constant. Calculate 
the polarisability 8 of the hydrogen atom in a weak external field, 
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assuming that the distortion of the electroncloud may be neglected. 
Repeat your calculation on the assumption that the electron cloud 
is distributed uniformly in a sphere of radius ap. 

298. An atom with a spherically symmetric charge distri- 
bution is placed in a uniform magnetic field H. Show that the 
additional field around the nucleus which is due to the diamagnetic 
current is given by 


eH 


AH = — 3mc? 





9 (0), 


where (0) is the electrostatic potential due to the atomic elec- 
trons and e/m is the charge to mass ratio for an electron. 

299*,. A molecule consists of two atoms at a distance a from 
each other. The atoms are spherically symmetric and their 
polarisabilities are B’ and 8”. Find the polarisability tensor for 
the molecule assuming that the atomic radii are small compared 
with a. Discuss in particular the case 8’ = B”. 

300. Starting from the law of conservation of energy, show 
that the polarisability tensor for a molecule in a constant field is 
symmetric. 

301. A dielectric consists of identical molecules having zero 
dipole moments in the absence of an external field. The polarisa- 
bility tensor 8;, for each molecule is known. Find the polarisa- 
bility a@ of the dielectric. Consider the two cases where (a) all 
the molecules are oriented in the same direction, and (b) the 
orientation of the molecules is random. Use the Lorenz—Lorentz 
formula to allow for the difference between the field acting on the 
molecule and the average field. [Note that case (a) may occur 
for crystalline and amorphous solids and case (b) for gases, 
liquids, and solids. However, in distinction to a gas, a solid is 
a system of strongly interacting particles and therefore the con- 
cept of isolated molecules may have no physical significance for 
solids. ] 

302*. If the polarisability of a molecule is a function of its 
orientation, then the energy of interaction between the molecule 
and an external field will also depend on the orientation. Hence, 
in addition to the distorting polarisation mechanism, there is 
also a directional mechanism which will come into play even when 
the molecule is non-polar. This will give rise to a temperature 
dependence of the permittivity of a substance consisting of 
randomly oriented non-polar molecules. Investigate this effect 
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in the case of a diatomic gas in a weakelectric field, and calculate 
the polarisability of the dielectric assuming that the longitudinal 
and transverse polarisabilities are 8B; and B» respectively. 

303. Two gas molecules have dipole moments p; and py» and 
lie at a distance R from each other. Owing to collisions with 
other molecules, their orientation will change and the probability 
that they will assume a given mutual orientation will be given by 
Boltzmann's formula (VJ.6) with U equal to the energy of inter- 
action between the two dipoles. Assuming that U< kT, show 
that the magnitude of U averaged over the Boltzmann distribution 
is U(R) = -2p%p3/3kTR®. 

Hint: In averaging over the directions of the dipoles, 
use the formulae obtained in Problem 32. These formulae should 
also be used in the next problem. 

304. <A molecule having an electric dipole moment p inter- 
acts with a non-polar molecule having a polarisability 8B. Show 
that the energy of interaction averaged over all possible orienta- 
tions is U(R) = -pp?/R® where AR is the distance between the 
molecules (cf. hint to the preceding problem). 

305*. In general, a dielectric placed in a constant electric 
field will possess higher order moments in addition to the dipole 
moment represented by the polarisation vector P. Find the 
volume and surface charge densities equivalent to a quadrupole 
polarisation Q;, (Qi); are the components of the quadrupole 
moment per unit volume of the dielectric). 

306. The permittivity of polar substances, for which the 
Lorenz—Lorentz formula does not hold, may be calculated by the 
following approximate method due to Onsager. Consider a small 
spherical cavity containing a single molecule and suppose that 
the cavity is surrounded by a homogeneous dielectric of per- 
mittivity «. The cavity is evacuated and the field within it is 
equal to the effective field acting on the molecule. This field 
is determined by solving the macroscopic equations of electro- 
statics. Use this method to find the relation between the per- 
mittivity «© of the medium and the polarisability B of its mole- 
cules. 

307*. Consider a system consisting of particles with charge e 
and mass m, each of which moves at a certain fixed distance a 
from a given (its own) centre. The system is in a magnetic field 
in a state of statistical equilibrium. Show that the total magnetic 
susceptibility of the system is zero. 
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308*. An ionised gas consists of ions (charge Ze, mean con- 
centration No) and electrons (charge €, mean concentration 7). 
The gas as a whole is electrically neutral (ZNo = mo) and is ina 
state of statistical equilibrium at a temperature T. Assuming 
that the gas may be described in terms of classical statistics and 
that the energy of interaction between the particles is small com- 
pared with the thermal energy kT, find the charge density in the 
neighbourhood of an ion. 

309. An infinite conducting plate bounded by the planes 
x= h, x = -h is placed in a constant uniform electric field Eo 
which is at right angles to the plate. The plate as a whole is 
electrically neutral, the mean concentration of free charges is 
No and the permittivity is c. Assuming that the change in the 
concentration under the action of the applied field is small 
({N - Nol <« No), find the field distribution inside the plate and 
determine the thickness of the layer in which the “‘surface”’ charge 
is concentrated. 

310. A layer of an electrolyte lies between two infinite 
plane electrodes x = h, x = -h between which a potential dif- 
ference 2%) is maintained. The electrolyte consists of two types 
of ions having charges +e and -e, and the mean concentration in 
the absence of the external field is Np. Assuming that the per- 
mittivity of the electrolyte is <, determine the potential at any 
point between the electrodes. 

Hint: Use the method employed in the solution of 
Problem 308. 


2. Polarisation of matter in a variable field 


In the case of a variable electromagnetic field, the electric 
induction at a time ¢ depends on the values of the field at all the 
preceding instants of time: 


t 
DQ=EO+ f f¢—wWE()au, (V1.8) 
where f(t - u) is a function determined by the properties of the 
medium. A similar formula will of course hold for the magnetic 
vectors. The direct proportionality between the induction and 
the field strength will only hold for the Fourier components of 
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these vectors, i.e. for fields which are sinusoidal functions of 
time: 
D, =e () ae By = p (w) H,- (V1.9) 


The permittivity « and the magnetic permeability H are then 
functions of the frequency of the field. In order to calculate the 
frequency dependence, some assumptions must be made about the 
microscopic structure of matter. Arigorous theory of the polari- 
sation of matter can only be developed on the basis of quantum 
mechanics, since classical mechanics and electrodynamics are 
unable to explain the structure of matter. However, the classical 
oscillator model of an atom does yield a number of important 
qualitative predictions about the behaviour of matter in a variable 
field. According to this model the force on an atomic electron is 


F =— kr, (VI.10) 


where Fr is the distance of the electron from the nucleus and k is 
a constant. In order to account for the dissipation of electromag- 
netic energy, it is also necessary to introduce a frictional force 
which acts on the electron and is proportional to its velocity: 


F;, =— 7. (VI.11) 


The permittivity deduced for this oscillator model is given by 
2 


gO a (VI.12) 
0 


oj— © — lo 


where wh = 4ne*N/m, wy =k/m, y= 71/m, N is the number of 


atoms per unit volume and e and m is the charge and mass of the 
electron respectively. 

Fig. 16 shows the dependence 
of the real (c’) and imaginary (e”) 
parts of « as functions of the fre- 
quency w. The imaginary part is 
responsible for the absorption of 
electromagnetic energy and be- 
comes appreciable only near the 
proper frequency wy of the oscil- 
lators. Inthis region ec’ decreases 
with increasing w (anomalous dis- 
persion). Inthe remaining regions 
e’ increases with increasing w 
Fig. 16 (normal dispersion). 
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According to quantum theory, (VI.12) must be replaced by the 
somewhat similar formula 


e(o)=1 +02 ¥) eel ‘ (VI.13) 


1 oO; 8B — bY,@ 





where wp, fj, wy, yi are constants. 
SFesOUOrSs= 


311. An artificial dielectric consists of identical perfectly 
conducting metal spheres of radius a which are randomly dis- 
tributed ina vacuum. The average number of spheres per unit 
volume is N. An electromagnetic wave is propagated through 
the dielectric. Neglecting the difference between the field acting 
on each sphere and the average field, determine the permittivity c 
and the magnetic permeability of the dielectric. Under what 
conditions can the dielectric be looked upon as a continuous 
medium? 

Hint: The electric and magnetic polarisabilities of 
perfectly conducting spheres were calculated in Problems 151 
and 377. 

312*. Determine the permittivity of a conducting sphere 
assuming that the ions are fixed and the effect of bound electrons 
may be neglected. Energy dissipation should be allowed for by 
introducing the “frictional” force -nr acting on the electrons 
whose concentration is N. Find the relation between the coef- 
ficient 7 and the conductivity. 

313*. A gaseous dielectric in a state of statistical equili- 
brium at a temperature T consists of molecules for which the 
principal values of the polarisability tensor are B‘” = B, p@) = 
= B®) = B’ where B and 8’ are functions of frequency w. The 
dielectric is acted upon by a constant uniform electric field Ep, 
and the concentration of the molecules is N. Find the permit- 
tivity tensor for the dielectric assuming that E(t) = & exp (-iwt) 
where &<« Ep. 

314. <A gaseous dielectric consists of polar molecules whose 
electric dipole moment in the absence of an external field is py. 
The principal values of the polarisability tensor of a molecule in 
a variable field are 8") = g, gp) = g® = B’, where the x,-axis is 
parallel to pp. The dielectric is placed in an electric field 
having a constant component Ey and an alternating component 
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E(t) = €exp(-iwt). Neglecting the orienting effect of the alter- 
nating field, and also the orienting effect associated with the 
anisotropy of the molecular polarisation in the constant field, find 
the permittivity tensor for the alternating field. 

315*. A system of charges (molecule) is placed in a sinu- 
soidal electromagnetic field. Show that if there is no dissipation 
of electromagnetic energy in the system, then the polarisability 
tensor is Hermitian, i.e. By, = Bh;- 

316. Show that if a tensor 8;, is Hermitian, then ina 
suitably chosen coordinate system it may be written in the form 
Bik = B63, + te¢41 81, where e;,) is the skew-symmetric unit 
tensor of rank 3 (cf. Problem 24), and g is a real vector (gyration 
vector). Note that media in which the gyration vector is finite 
are called gyrotropic. The propagation of electromagnetic waves 
in gyrotropic media is considered in Section 3 of Chapter VIII. 

317. Find the polarisability 8;, of an atom in the field of a 
plane monochromatic wave and a weak constant external magnetic 
field Hp. Use the oscillator model and the method of successive 
approximations. Neglect the effect of the magnetic component of 
the wave and losses of electromagnetic energy. Determine also 
the gyration vector g. 

318. Use the oscillator model of an atom to find the permit- 
tivity tensor ¢;;,(w) for a dielectric containing N atoms per unit 
volume, when the dielectric is placed in an arbitrary constant 
magnetic field Hj). The dissipation of electromagnetic energy and 
the effects of the magnetic component of the plane wave may be 
neglected. When will the exact solution become identical with the 
approximate solution of the preceding problem? 

Hint: In integrating the equations of motion of the 
electron use the cyclic coordinates: 


x= F yr = iy), Xo =z. 

319*, Find the permittivity tensor for a plasma in an external 
constant magnetic field H, given that the average electron density 
is N. Positive ions may be regarded as fixed and energy losses 
should be taken into account by introducing a “frictional force’”’ 
-nYr. 

320. Suppose that in the plasma considered in the preceding 
problem there is also a constant electric field E. Use an 
approximation which is linear in Hy to find the relation between 
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the current density j and the electric field E. Find also the elec- 
trical conductivity tensor. 

Hint: Solve the equations of motion by the method of 
successive approximations. 

321*. Find the permittivity of an ionised gas placed in a con- 
stant magnetic field, taking into account the motion of positive 
ions but assuming that the ion mass is much greater than the 
electron mass. Discuss the dependence of the permittivity on the 
frequency w and compare the result with the case where the ions 
may be considered as fixed. Assume that the concentration of 
ions and electrons is N. 

Hint: The frictional force on an electron is —n(r - k), 
the frictional force on an ion is —n(R -r), andr and R are the 
position vectors of the electron and ion respectively. 

322. Suppose that in an infinite homogeneous medium there 
is only one special direction @.g. the direction of an external 
field). Suppose further that T;) is a tensor parameter of this 
medium. e.g. the permittivity or the magnetic permeability. It 
is clear that the components of the tensor T;; should be invariant 
with respect to any rotation of the coordinate system about the 
special direction. Derive the limitations which are imposed by 
this invariance condition on the form of the tensor T;}. 

323. In some cases the function f(t) which determines the 
relation between D and E [cf. Eqn. (VI.8)] is of the form f(t) = 
= fyexp(-t/T) where fy andt are constants. Show that 


&y— 1 
1— iat’ 


s(w) = 1+ 





where io is the static value of the permittivity. 
324*. Assuming that the polarisation of a particular medium 

can only arise after an electric field has been applied to it, show 

that the real and imaginary parts of the permittivity e(w) = ©’(w) + 

+ ic" (w) are given by 

dw’, &”(w) = — + { 


—-~ 


e” (w’) 


wo’ —o 


2’ (w’)—1 


wo’ —o 


dw’, 





(wo) = 14+ { 


These are the Kramers—Kronig dispersion relations. The sym- 


cr 
bol | denotes the principal value of the integral. Note that in 


. 


the case of metals for which e(w) may have a singularity at w = 0, 
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the second of these formulae is of the form 


co 


yet FE OOK yyy Me, 
o-oo @ 


where o is the static conductivity of the metal. 
Hint: Consider the polarisation P(t) due to a field 
E(t) = Epd(t). Use Eqn. (17) of Appendix I. 
325. Use the Kramers—Kronig dispersion relations (cf. 
Problem 324) to determine the real part ©’(w) of the permittivity, 
assuming that the imaginary part is given by 


7 (eo — 1) ot 
E (0) = “Toe : 


where fp) and 7 are constants. 
3. Ferromagnetic resonance 


Classical theories are unable to supply a self-consistent 
explanation of ferromagnetism. Ferromagnetism is largely due 
to intrinsic (spin) magnetic moments of electrons and the specific 
interaction forces between them, which are all of quantum- 
-mechanical origin. However, some ferromagnetic phenomena 
may be discussed on the basis of a semi-classical theory. Among 
these phenomena is ferromagnetic resonance. 

Ferromagnetic resonance is established under the following 
conditions: a constant magnetic field acting on the magnetic 
moment of an atom or a single electron gives rise to the Larmor 
precession of the moment about the direction of the field. This 
motion is eventually damped out due to the conversion of the 
Larmor precession energy into thermal energy. If the external 
field is sufficiently large, then all the elementary magnetic 
moments become parallel to the external field. The ferromag- 
netic is then referred to as saturated and. correspondingly, the 
magnetic moment per unit volume is called the saturation mag- 
netisation. In this section we shall always assume that the 
ferromagnetic is in fact magnetised to saturation. If in addition 
to the constant field there is also an alternating magnetic field. 
which is perpendicular to the constant field, then the alternating 
field will tend to maintain the precessional motion and when iis 
frequency becomes equal to the precession frequency, ferromag- 
netic resonance will set in. 
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The motion of the magnetisation vector in a ferromagnetic is 
described by the Landau—Lifshits equation which may be obtained 
as follows. The couple acting on a magnetic moment m of a 
particle (atom or single electron) placed in a magnetic field Hey is 
N= am Her. Since the rate of change of the angular momentum 
is equal to the sum of the moments of the external forces we have 


—= =N=>=mx Hoty. (VI.14) 


According to quantum mechanics, the relation between the 
magnetic moment and the angular momentum of an electron is 
a BS ee 
m— 1K, ,= aah 
where é€9 and m is the charge and mass of the electron and c is 
the velocity of light in vacuo. Using this relation and taking the 
average of both sides of Eqn. (VI.14) over an infinitely small 
volume, we obtain the Landau-—Lifshits equation 


dM 
ae TMX Hest), (VI.15) 


where M is the magnetisation vector and Hers is the average mag- 
netic field acting on each elementary magnetic moment. In an 
infinite isotropic medium magnetised to saturation 


Herp = H—AM-+ GVM, (VI.16) 


where H is the average magnetic field in the medium and A, g are 
constants. The second term in this expression is the so-called 
Weiss molecular field which does not contribute to Eqn. (VI.15) 
because MXM= 0. The third term is only important when M is 
a very rapid function of the coordinates. We shall not consider 
such changes in M in this section and will therefore assume that 
Herp = H. 

In order that Eqn. (VI.15) should describe electromagnetic 
energy losses in the medium as well as the other effects described 
above, an additional dissipative term must be addedto it. Itis 
usual to assume that Hers includes a “frictional field’? -pdM /dt. 
Eqn. (VI.15) then becomes 


“p= —IMX (Hp Fe), (VI.17) 
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where p is the loss parameter. If the losses are small and the 
total magnetic field is the sum of a constant field Hp and a variable 
field h(t), where |h| « Ho, then Eqn. (VI.17) may be simplified 
to read 


aM —— (MX H) ++ 0, (yo — M), (VI1.18) 


where Xo = Mj/Hy, Wp = py"M?/x9; and My, = |M| is the saturation 
magnetisation. The Landau-—Lifshits equation is the starting 
point in the solution of problems on ferromagnetic resonance. In 
recent years ferromagnetics with very low conductivity (ferro- 
dielectrics, ferrites) have found extensive application in ultra- 
-high frequency electronics. The propagation of electromagnetic 
waves in ferrites is discussed in Chapters VIII and IX. 


SsSso00===5 


326. Find the law of motion of the magnetisation vector M 
in an infinite ferrite medium magnetised to saturation. Assume 
that there are no losses and that the magnetic field H in the 
medium is constant and uniform. 

327. Solve the preceding problem in the case of finite losses 
using the Landau-—Lifshits equation in the form given by Eqn. (VI.18). 
Assume that the angle between M and H is small and that w, « 
K< w= yHy- 

328*. Suppose that in an infinite ferromagnetic medium there 
is a constant uniform magnetic field Hp and a high frequency field 
hexp (-7wt) where h= const. Assuming that h « Hg and neglect- 
ing energy losses, find the forced oscillations of the magnetisation 
vector M using an approximation which is linear in h. (The 
natural oscillations, z.e. the Larmor precession under the action 
of the constant field Hj, will be damped out as the result of losses 
which are present in all real systems.) 

329. Use the result of the preceding problem to find the 
magnetic susceptibility and permeability tensors x;; and #;,; for 
a high-frequency field. | Find the components of the tensor 4;;, 
as functions of the constant magnetic field Hp) for My = 160 gauss 
and vy = w/2n = 9375 Mc sec! (X= 3.2cm). Investigate the 
resonance character of the variation in these quantities and deter- 
mine Hp at resonance. 
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330*. The magnetic field in an infinite ferrite medium mag- 
netised to saturation consists of a constant component Hy = Hz, 
and a circularly polarised alternating component H,= h coswt, 
H,= h sinwt, h = const. Find the exact solution of the Landau— 
Lifshits equation corresponding to the forced precession of the 
vector M at the frequency w of the external field. The energy 
dissipation may be ignored. 

331. Solve Problem 328 with allowance for energy losses. 
Use the Landau-Lifshits equationinthe form given by Egn. (VI.18). 
332. Use the result of the preceding problem to find the 

magnetic permeability tensor H;; for a high-frequency field. 
Obtain expressions for the real and imaginary parts of the com- 
ponents of this tensor. Find the dependence of both parts of the 
components of the permeability tensor on a constant magnetic 
field for My = 160 gauss, v = w/2m = 9375 Mc sec™!, and wp= 
- 3x10%sec"!. Determine the resonance value of the constant 
field, i.e. the value at which the imaginary parts of the components 
of the permeability tensor are a maximum. 

333. Determine the half-width Ady of the resonance curve 
for the imaginary parts of the components of the magnetic per- 
meability tensor, assuming that w,<«< w. The half-width is 
defined as the distance between the ordinates up” = Ure, and 
Le" = BU res. 

334*, Find the Larmor precession frequency uw; in an ellip- 
soidal ferromagnetic specimen in which energy losses may be 
neglected. The specimen is in an external uniform magnetic 
field Hy which is parallel to one of the axes of the ellipsoid. 
Assume that the departure of the magnetisation vector M from the 
equilibrium position is small. 

Hint: The Landau—Lifshits equation will now include 
the internal field H;. This field will differ from the external 
field Hy owing to the demagnetising effect which is a consequence 
of the form of the body: 


H, = Hyp — Hane Fe dm 4 Mp 


dm» 


where Nj 7 is the demagnetisation tensor (cf. Problem 295). 

335. Solve the preceding problem with allowance for energy 
losses. Retain only those terms which are linear in wy. 

336*. Discuss forced oscillations in a small ellipsoidal 
specimen in the presence of energy losses. Determine the com- 
ponents of the magnetic susceptibility tensor for a high-frequency 
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field, assuming that the amplitude h of the field is small com- 
pared with the constant field Hp. 

337. In some ferromagnetic media (antiferromagnetics), the 
resultant magnetisation M consists of two parts, so that M = M, + 
+ M,) where M, and My, are due to ions lying at different sites of 
the crystal lattice and forming two magnetic sub-lattices. In the 
equilibrium state M, and My are antiparallel so that M = |M,-M,]. 
When an external magnetic field is introduced, each of the vectors 
experiences the molecular Weiss field [cf. Eqn. (VI.16)] and the 
two vectors cease to be antiparallel. Find the natural precession 
frequencies assuming that A|M/, - M3|\ >> Hy where Hp is the 
external field and 4 is the molecular Weiss constant. Assume 
that the departures of the vectors M,; and M) from their equili- 
brium positions are small. 


Chapter 
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QUASI-STATIONARY ELECTROMAGNETIC FIELDS 


1. Quasi-stationary phenomena in linear conductors 


If the period of an alternating electromagnetic field is much 
greater than the time taken by the electromagnetic wave to travel 
through a given system, 12.ée. 


T>-. v<t, (VII.1) 


where c is the velocity of light and / is a characteristic linear 
dimension of the system, then the velocity of propagation of 
electromagnetic disturbances through the system may be assumed 
to be infinite. The corresponding approximation is known as the 
quasi-stationary approximation. The quasi-stationary approxi- 
mation occasionally gives good results even when this condition is 
not satisfied, e.g. in the theory of long transmission lines. 

On the quasi-stationary approximation, the current ina closed 
circuit consisting of a source of e.m.f. &(¢), a capacitance C, an 
inductance L, anda resistance R, satisfies the following dif- 
ferential equations 





d 1, a? dq , I ; 
I= what R Ete =8O. (VII.2) 
where g is the charge on one of the capacitor plates. | When the 


e.m.f. is of the form &(¢) = 8 )exp(-twt), then in steady state the 
current is proportional to the e.m.f. so that 


g=*, Z=R+i(2--<F). (VII. 3) 


The quantity Z is called the complex impedance of the circuit. 
In the case of a circuit consisting of a number of branches, 

the differential equations giving the currents in the various 

branches may be set up with the aid of Kirchhoff's laws. 


QUASI-STATIONARY ELECTROMAGNETIC FIELDS 83 


The e.m.f. induced in a linear conductor due to a change in 
the magnetic flux intercepted by it is given by Faraday's law 
1 db 
ater (VII.4) 
where @ is the flux of magnetic induction through the circuit. The 
change in flux may be due to a change in the magnetic field or to a 
deformation of the circuit. If there are a number of inductively 
coupled circuits then the total flux of magnetic induction through 
the i-th circuit #; is given by 


Sing — 


1 
0 =— YM Lid © (VII.5) 


Rk 
where §), is the current in the k-th circuit, L;) (¢ # &) is the 
mutual inductance between the i-th and the k-th circuits, and 
Liz = L; is the self-inductance of the i-th circuit (cf. the intro- 
duction to Chapter V). 
The generalised force acting on a conductor carrying a cur- 
rent in a quasi-stationary field is given by 


Fy = Cae (VII.6) 


where W is the magnetic energy of the system, q; is the genera- 
lised coordinate, and the differentiation is carried out at constant 
current in the conductors. The magnetic energy can be expressed 
in terms of the currents and the coefficients of inductance by 
means of the same formulae as in the static case [cf. Eqns. (V.17) 
and (V.20)]. 

The time average of the product of two harmonic functions of 
time may be calculated with the aid of the formulae 


a’ O=% ja|?, abH=zRe (adb”), (VII.7) 


For example, the average dissipation of heat in a circuit may be 
calculated from the following formulae 


Q=FEREEIN=FII[PReZ. (VII.8) 
----000---- 


338. A circular loop of wire of radius a is placed in a mag- 
netic field Hp and rotates with an angular velocity w about a dia- 
meter which is perpendicular to Hy. Find the current in the 
loop Z(t), the retarding couple N(t), and the average power P 
which is required to maintain the rotation. 
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339. <A plane LCR circuit of area S rotates with an angular 
velocity w in a constant magnetic field Hp» about an axis lying in 
the plane of the circuit and perpendicular to Hj. Determine the 
average retarding couple N on the circuit. 

340. The current through one of two inductively coupled cir- 
cuits is S(t) = Jgexp(-iwt). The inductance and resistance of 
the two circuits are given. Express the average generalised force 
on the circuits in terms of the derivative of the mutual inductance 
with respect to the generalised coordinate q;. 

341. Two identical circuits each have a resistance R and 
inductance L, and one of them includes a source of e.m.f. &(t) = 
= 6)exp(-iwl). The mutual inductance between the circuits is 
Ly. Determine the average force F on each of the circuits. 
Express the result in terms of the derivative of the mutual induc- 
tance with respect to the corresponding coordinate. 

342. Determine the natural 
frequencies of electrical oscilla- 
tions in the two circuits shown in 
Fig. 17 when the coupling between 
thetwocircuits is achieved through 

ef, Fig. 17. 
a capacitance C (z = fae § 
Hint: Set up a system of algebraic equations for the 
currents and put the determinant of the system equal to zero. 

343. Solve the preceding problem in the case when the 
coupling between the two circuits is through an inductance (Z = 
= iwL/c’). 

344. Find the natural frequencies of oscillation |) in two 
inductively coupled circuits with capacitances C,, Cy, inductances 
L,, Ly, and mutual inductance Lj. 

345. Two circuits are coupled to each other through a 
resistance R (cf. Fig. 17 with Z = R). Find the natural fre- 
quencies of oscillation of the two circuits when the coupling is 
small, i.e. R is large. 

346. A circuit consisting of an inductance L;, a capacitance 
C,, anda resistance Ry, includes an external source of e.m.f. 
$(t) = &gexp(-iwt). The circuit is inductively coupled to another 
circuit whose parameters are Ly, Co, Ro. The mutual inductance 
between the two circuits is Ly. Find the currents Y; and J» in 
the two circuits. Consider in particular the case where the 
second circuit is purely inductive (Ry = 0, Cz, = ©) and determine 
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the frequency at which the current J, is c 
a maximum. 
347. Find the complex impedance 


Z of the two-terminal network shown in = & 
Fig. 18. 
348. <A capacitor is filled with a Fig. 18. 


dielectric whose permittivity is given 

bye =1- wh /w(w + iy) (ionised gas; cf. Problem 312). In the 
absence of the medium the capacitance is Cy. Show that the com- 
plex impedance of such a capacitor is equal to the impedance of 
the two-terminal network shown in Fig. 18 when the parameters 
L, C, and R of this circuit are suitably chosen. Find L, C, 
and R. 

349. Determine the average energy W stored per unit time 
in the capacitor described in the preceding problem. Find also 
the heat loss @ per unit time and express both quantities in 
terms of the potential difference between the capacitor plates 
U= Ujexp(-iwt). 

350. A capacitor is filled with a medium having a permit- 


tivity «© = 1+ a cas [dielectric with losses; cf. Eqn.(VI.12)]. 
2 a 
In the absence of the dielectric the capacitance is Cy. Find the 
parameters C, C;, L, and R of 
c the two-terminal network shown 
in Fig. 19 when its a.c. impedance 


is equal to the impedance of the 


Te we R above capacitor. 
351. Find the average 
ae energy W stored in the capacitor 
ig. 19. 


considered in Problem 350 per 
unit time and the average heat 

loss Q per unit time. Assume that the potential difference be- 
tween the capacitor plates is U = U) exp (-iwt). 

352. An oscillatory circuit consists of a capacitance C and 
an inductance L. At acertain instant of time a battery of con- 
stant e.m.f. & and an internal resistance R_ is connected across 
plates of the capacitor. Find the current flowing through the 
inductance as a function of time. Investigate the dependence of 
this current on L, C, and R. 

353. A rectangular voltage pulse U,(t) = Uy atO <t < T 
and U;(t) = 0 at t < 0, £ > T is applied to a circuit consisting of 
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a resistance R and a capacitance C connected in series. Find 
the voltage across the resistance. 

354. A rectangular pulse U,(t) = Ug is applied across a 
circuit consisting of a resistance R and an inductance L con- 
nected in series. Find the voltage U,(t) across the inductance. 

ee 355. A circuit consists of a plane parallel 

— capacitor having a capacitance C and a resis- 
tance R (Fig. 20). It is required to produce a 
field between the capacitor plates which will in- 
crease linearly from zeroto Ey, during a time T 
and then decrease linearly to zero over an equal 
interval of time. Determine the form of the pulse 
which must be applied across the input of this circuit in order to 
produce the required variation. 

356. Ane.m.f. &(t) = &)cos (wt + gq) is connected at t = 0 
across a circuit consisting of a resistance AR and an inductance L. 
Find the current in the circuit and determine the phase angle at 
which there will be no transients. 

357*. An artificial transmission line consists of N identical 
sections (N > 1) and is open at each end (Fig. 21). Find the 
natural frequencies of the system. 


Fig. 20. 


358. Assuming that the total number of natural frequencies 
of a long artificial transmission line (cf. Problem 357) is large, 
find the number of oscillations per unit frequency interval. 


Z; b ZL LZ 
Lo ) Le ) cL ) C ) L 
3, 4, 4, Dar 
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359*. A long artificial transmission line consisting of 2N 
alternately identical sections (Fig. 22) is openateachend. Investi- 
gate the spectrum of natural frequencies of the system. 

360*. A long artificial transmission line consists of N iden- 
tical sections (Fig. 23) whose impedances are given by 


Zee (f4—<): 2,=—~1(Fl,—=). 


A potential difference U; is applied across one end of the line 
while the other end remains on open circuit. Find the potential 
difference U, between the points a and b. 

Hint: The solution should be sought in the form of 
a difference equation involving the current J, in the n-th section 
with J, = const-q”. 


Z, 





Fig. 23. 


361. Use the results of the preceding problem to investigate 
the transmission coefficient K = U,/U, as a function of frequency 
for N >1. Find the frequency interval in which K is appreciably 
different from zero. 

362. From a consideration of a long artificial transmission 
line with lumped parameters (Problem 357) obtain a differential 
equation for the current in a long line with uniformly distr ibuted 
parameters by taking the appropriate limit. 

363. A long lossless transmission line with continuously 
distributed parameters and length / is on open circuit at each end. 
Determine the spectrum of natural oscillations of the system and 
compare it with the spectrum of the lumped-parameter line con- 
sidered in Problem 357. 

364*, An e.m.f. connected to a closed circuit gives rise to a 
current Y(t) = Jyexp(-twé) in the circuit. Find the general 
expression for the complex impedance of the circuit without neg- 
lecting the delay in the system. 

365. Find the correction to the inductance and resistance 
R,(w) of a circular circuit of radius a on the first non-vanishing 
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approximation (cf. preceding problem). Show that R,(w) is the 
coefficient of proportionality between the average energy emitted 
per unit time and the r.m.s. current in the circuit. 


2. Eddy currents and skin effect 


If a conductor placed in an external magnetic field satisfies 
the conditions given by Eqn. (VII.1), then at each instant of time 
the field near the conductor must satisfy the following equations 
of magnetostatics: 


divB=0, curlH=O, (VII.9) 
and the equation 
| OB 
culE=———. (VII.10) 


When the conductivity o of a conductor is sufficiently high (o/w > 
>’ where ec’ is the real part of the permittivity), the field inside 
the conductor is described by Eqn. (VIJ.10) and 


divB = 0, curl H = 4 oE. (VII.11) 


From Egns. (VII.10) and (VII.11) one can obtain second-order equa- 
tions for the vectors E, H. Inthe case of a homogeneous medium 
these equations are of the form 


__ 4xyo OH 


__ 4xps OE 
ONS OF 


sE= i. (VII.12) 








On the boundary of separation between two conductors, or a con- 
ductor and a dielectric, the field components must satisfy the 
boundary conditions 


By, = By, Ay Hy, FE), = En. (VII.13) 


The quantity 6 =c/V2nHow (the thickness of the skin layer) 
characterises the depth of penetration of the field into the con- 
ductor (w is the frequency of the field). In the case of a strong 
skin effect it may be assumed that the field does not penetrate 
into the conductor, in which case H = 0 inside the conductor, while 
outside the conductor and at its surface the relation between the 
surface current { and the field is 


H= Ai. (VII.14) 
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Owing to the appearance of eddy currents. a conductor placed ina 
magnetic field assumes a magnetic moment even if its permea- 
bility is #= 1. This magnetic moment may be conveniently 
characterised by the magnetic polarisability tensor 8;,; which is 
defined by 


m; =Bj,Ho,. (VII.15) 


where m is the magnetic moment of the body and Hy is a periodic 
external magnetic field. The tensor 8;; is symmetric (8; = 
= By;7) and its components are in general complex and depend on 
the frequency. 

The time average of the heat liberated inside a conductor may 
be calculated from 


Q= f G- Ea = fsEtav (VII.16) 
or 


Q=—— 6 EXH-as. (VII.17) 


In the first of these formulae the integral is evaluated over the 
volume of the conductor, while in the second formula it is 
evaluated over its surface. The heat Q can also be expressed in 
terms of the imaginary part of the magnetic polarisability tensor 


(Bik =Bik + BTR) 
Q= 5 Bir Re (HoiHen). (VIT.18) 


The latter formula will only hold for a field which is a harmonic 
function of time. 


== ==900=>=- 


366. <A coil in which a current J) exp (-iwt) is flowing is 
wound on a wide flat plate having a conductivity 0, magnetic per- 
meability #, and thickness 2h. The number of turns per unit 
length is m and the thickness of the coil is very small. Neglect- 
ing edge effects, determine the real part of the amplitude of the 
magnetic field inside the plate. Investigate the limiting cases 
of a strong (6 « h) and weak (6 > h) skin effect. 

367*. An infinitely long metal cylinder with conductivity o 
and magnetic permeability / is placed so that its axis coincides 
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with the axis of an infinite solenoid of circular cross-section, which 
carries a current J= Jgexp(-iwt). Find the magnetic and elec- 
tric field in all space, and also the current distribution j in the 
cylinder, assuming that the radius of the cylinder a, the radius 
of the solenoid 6, and the number of turns per unit length, 2, 
are known. 

368. A conducting cylinder is placed in the uniform magnetic 
field H = H,)exp(-twt) which is parallel to its axis. Using the 
results of the preceding problem, investigate the current distri- 
bution inside the cylinder in the limit of low and high frequencies. 

369. Calculate the amount of heat @ liberated per unit time 
per unit length of the cylinder consideredin Problem 367. Investi- 
gate the limit of low and high frequencies. 

370. Find the magnetic polarisability 8 (per unit length) of 
a cylinder placed in an alternating magnetic field which is parallel 
to its axis. Assume that the magnetic permeability is H = 1 and 
consider the limit of high and low frequencies. 

371*. Ametalcylinder is placed in an external uniform mag- 
netic field H = Hp exp(-iwt) which is perpendicular to its axis. 
Assuming that the magnetic permeability is w» = 1, find the 
resultant field and the current density j in the cylinder. 

Hint: Express E, H in terms of the vector potential A 
and integrate the differential equation for A. 

372. Findthe energy dissipation per unit length ofa perfectly 
conducting circular cylinder placed inanalternating magnetic field 
of frequency w which is perpendicular to the axis of the cylinder. 

373*. An infinitely long cylinder of radius @ and conduc- 
tivity 0 is placed in a circularly polarised magnetic field Hy(¢) = 
= (Ho; + tHo2) exp (-twf) which is perpendicular to its axis. Hy 
and Hp are mutually perpendicular vectors of equal length Ho, = 
= Ho. = Hy [the vector Hy(t) describes a circle of radius Hg in the 
plane perpendicular to the axis of the cylinder]. Find the average 
couple N per unit length of the cylinder (u = 1). 

374. An infinitely long cylinder rotates about its axis with 
an angular velocity w in a constant uniform magnetic field Hg 
which is perpendicular to the axis. Find the retarding couple N 
per unit length of the cylinder. 

375*. An infinitely long metal cylinder of radius a, conduc- 
tivity ¢, and permeability » is placed in a constant and uniform 
magnetic field Hg which is parallel to its axis. The external field 
is then switched off and is maintained at zero. Find the magnetic 
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field inside the cylinder as a function of time. 

376. A metal sphere of radius a, conductivity 0, and mag- 
netic permeability # is placed in a uniform alternating magnetic 
field Ho(t) = Hyexp(-twt). Assuming that the frequency is low, 
find the distribution of eddy currents in the sphere and the average 
power @ absorbed by it. Use the first-order approximation. 

377. A metal sphere is placed in a uniform magnetic field 
which varies with a frequency w. Find the resultant field H and 
the average power Q@ absorbed by the sphere at high frequencies. 

Hint: In calculating the field outside the sphere, assume 
that the field inside it is zero, i.e. neglect the depth of penetra- 
tion 6 in comparison with the radius a. In determining the field 
inside the sphere assume that its surface is plane. 

378*. A conducting ellipsoid is placed in a uniform alterna- 
ting magnetic field. Determine the magnetic polarisability of the 
ellipsoid in the case of a strong skin effect, 7.e. assume that the 
depth of penetration of the field into the conductor can be neglected. 
Consider the limiting cases of a thin circular disc and a long thin 
rod. 

379*. A sphere of radius a and conductivity o is placed ina 
uniform magnetic field H(t) = Hyexp(-iwt). Find the resultant 
magnetic field and the distribution of eddy currents in the sphere 
in the general case of an arbitrary frequency. Verify that in the 
limiting cases of a strong and weak skin effect the general solu- 
tions become identical with those obtained in Problems 376 and 377 
respectively (assume for simplicity that / = 1). 

380. Find the average power, @, absorbed by a conducting 
sphere in a uniform alternating magnetic field of arbitrary fre- 
quency. 

381. Find the active resistance A of a thin cylindrical con- 
ductor in the presence of the skin effect, assuming that the per- 
meability is # = 1. Investigate the limit of low and high fre- 
quencies. 

382. A layer of another metal is deposited on the surface of 
a cylindrical conductor of radius @ and conductivity o,. The 
thickness of the layer is h and its conductivity is a, (hk Ka). Find 
the active resistance R of the composite conductor to alternating 
currents, assuming that the thickness of the skin layer is small 
compared with a (H = 1). 

383. An infinitely long hollow cylinder of internal radius a 
and wall thickness h (hk « a) is placed in a uniform magnetic field 
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Hy(é) = Hy exp (-iwt), which is parallel to its axis. Find the 
amplitude H’ of the magnetic field in the cavity and investigate its 
dependence on w. 

Hint: Since h «a, the field inside the shell may be 
determined on the assumption that the shell is plane. 

384, An alternating current J= J) exp (-iwt) flows along a 
hollow cylindrical conductor of average radius a, conductivity o, 
magnetic permeability 4, andthickness h<«a. _ Find the current 
distribution across the conductor and its active resistance R per 
unit length. Find also the condition which must be satisfied in 
order to ensure that the resistance of a hollow conductor is very 
nearly equal to the resistance of a solid conductor of equal 
external radius. 

Hint: Neglect the curvature of the surface of the con- 
ductor. 

385*. A linear current J flows inside a metal tube at a dis- 
tance / from its axis. The radius of the tube is a, the wall thick- 
ness is h « a, and the conductivity of the walls is o (uM = 1). 
Both the current J and the distance / are arbitrary functions of 
time, but are such that at all times 1<«< a. Assuming that 
Eqn. (VII.1) is satisfied, determine the force f per unit length on 
the current g due to eddy currents induced in the cylindrical shell 
in the case of a weak skin effect (h <« 4). 

386*. Solve the preceding problem in the case of a strong 
skin effect (h > 5). 


Chapter 
8 


PROPAGATION OF ELECTROMAGNETIC WAVES 


1. Plane waves in a homogeneous medium. 
Reflection and refraction. 
Wave packets 


In the absence of charges and currents, the electromagnetic 
field vectors in a dielectric satisfy the equations 


1 OB 
curl E = —— GP (VIII. 1) 
curlH=+ 2, (VIII. 2) 
divD = 0, (VIII. 3) 
divB = 0. (VIII. 4) 
In a non-dispersive medium the field vectors are related by 
D=sE, B=upH, (VII.5) 


where e_ is the permittivity and yu is the magnetic permeability. 
If the losses of electromagnetic energy are negligible then « and 
H are real. In the case of a homogeneous medium Egns. (VIII.1)-— 
(VIII.5) may be combined to yield the following second-order equa- 
tion for E. and H: 

ABE op ae eg, (VIII.6) 


ot? Uv; 





where v,= c/Neu can be identified with the phase velocity of the 
waves described by Eqn. (VIII.6). 

In general, Eqn. (VIII.5) will only hold for monochromatic 
field components and the permittivity and permeability will be 
complex functions of frequency (dispersion). The imaginary 
parts of the permittivity and permeability determine the dissipa- 
tion of electromagnetic energy in the medium. 

In a conducting medium in which the field is varying slowly, 
so that the relation between the current and the field is of the form 
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j = oE, where o is the static conductivity, Eqn. (VII.2) must be 
replaced by 


4 1 oD 
curl H =—oE +o5r (VIII.7) 
The latter relation will again assume the form of Eqn. (VIII.2) if 
one introduces the complex permittivity, which at low frequencies 
is given by 

Monae (VIII. 8) 


’ 
@ 





where ec’ and a are the static values of the permittivity and con- 
ductivity. At high frequencies the permittivity of a conducting 
medium is also a complex function of frequency. 

In the case of good conductors (metals) the second term 
in Eqn. (VIII.8) is very large and hence at low frequencies 


e(w) == 1 92, (VIII. 9) 


If the frequency is such that the depth of penetration of the 
field into the metal is much smaller than the radius of curvature 
of its surface, and also much less than the wavelength in the 
surrounding medium, then the tangential components of E and H 
near the surface of the conductor are related by 


E,=C(H, X n), (VIII.10) 


where n is an inward unit normal and ¢ is the surface impedance 
which depends on frequency and the properties of the metal, and 
is defined by 
C= — : (VIII.11) 

Eqn. (VIII.10) will hold provided |¢| «<1. It may be used as 
an approximate boundary condition for the determination of the 
field outside a conductor. 

If the field is a simple periodic function of time, the medium 
is homogeneous, and # = 1, then the electric field will satisfy 


the equation 
AE -+ “SE — grad div E =0, (VIII.12) 


and the magnetic field H will be giveninterms of E by Eqn. (VIII.1). 
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A plane monochromatic wave propagating in the direction of 
the wave vector k, where k = 27/\ and A is the wavelength, is 
described by 


== Eye! (k-r-ot), (VIII.13) 


The wave amplitude Ey = 8’ + i&” is in general a complex vector. 
Moreover, Ey) 1k, t.e. the waves are transverse. Depending on 
the magnitude and direction of the real vectors &’ and &”, the 
wave will be plane, circularly, or elliptically polarised. 

In addition to monochromatic waves it is often necessaryto deal 
with “almost monochromatic” waves or groups of waves which are 
superpositions of monochromatic waves with frequencies contained 
within a small range Ow. At a given point in space, such waves 
may be described by functions of the form E = Ep (¢) exp (-iwt) 
where w is a mean frequency within the range Aw and E)(f) is a 
function which varies much more slowly than exp(-iwt). Such 
waves are partially polarised and may be characterised by the 
polarisation tensor 


Lip = Eg Edy, (VIII.14) 
where the bar indicates an average with respect totime. The 
polarisation tensor is Hermitian, t.e. I;;,= Thy. It may be 
written down in the form 


Fig Heel A Leer, (VIII.15) 


where I, and I, are positive quantities and e™ and e®) are com- 
plex vectors which are orthogonal and are normalised so that 
e.e — §5,. The quantities J; ande are defined by 


1 p0, = Le). (VII.16) 


It follows from this relation that a partially polarised wave may be 
looked upon as an incoherent superposition of two elliptically 
polarised waves (incoherent waves are defined as waves whose 
phases vary randomly). The form and orientation of the polari- 
sation ellipses are described by the vectors e“? ande®). The 
ellipses corresponding to the two component waves are similar, 
and their corresponding axes are perpendicular. The quantities 
I, and I, represent the intensities of the two waves. 

The ratio 


p=—2 (lp <1) (VIII.17) 
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is called the degree of depolarisation. For a completely polarised 
wave p = 0, and for an unpolarised wave p = 1, I, =I, =I and the 
polarisation tensor is of the form /[;}; = 16;,. 

When a plane wave falls on a plane separation boundary 
between two media, the angles 69, 6,, and 09, which are the angles 
of incidence, reflection, and refraction (Fig. 24), are related by 


in 6 
= % Sea u=Ven (VIII.18) 





where n, 9 are the refractive indices of the first and second media 
(we assume that #y = HM, = 1). 

The amplitudes of the reflected (E,, H;) and refracted (E2, Hp) 
waves can be expressed in terms of the amplitude (E9, Ho) of the 
incident wave. The corresponding relationships are known as 
Fresnel's formulae: 


(a) If Ey) is normal to the plane of incidence, then 


E= sin (8, — 64) 


__ 2cos 8 sin 0 
mere es 5) Ey E,= ia Fo. (VITI.19) 


sin (8, ++ 4) 
(b) If Hy is normal to the plane of incidence, then 


sin 28) 


Wai (89 — 94) 
= sin (6) + 65) cos (8) — 43) 


(Taek 22 


Hy. (VIII.20) 
The angle 6, is given in terms of the permittivities of the two 
media by Eqn. (VIII.18). Eqns. (VIII.18)—(VIII.20) retain their 
form even when ¢€, is complex, but then 
the angle 6, will also be complex and 
will not have a simple geometrical inter- 
pretation. The treatment of a complex 
85 is discussed in Problem 404. 

The reflection coefficient R is 
defined as the ratio of the time average 
of the reflected energy flux to the time 
average of the incident energy flux. 

Fig. 24. The superposition of plane mono- 
chromatic waves with different wave 
vectors and frequencies is often referred to as a wave group, or 
wave packet. A wave packet is described by 





Wor, t)= J (k) ef 9) ae dk, dk,, (VIII.21) 
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where Wir, f) is a cartesian component of EorH. The function 
w~(k) is called the amplitude function. The maximum of the 
amplitude of a wave packet moves through space with the group 
velocity vg = dw/dk. 


SsTeO00s4== 


387. Two plane monochromatic linearly polarised waves of 
the same frequency propagate along the z-axis. The first wave 
is polarised along the x-axis and has an amplitude a, and the 
second is polarised along the y-axis and has an amplitude b. 

The phase of the second wave leads the phase of the first wave by 
x. Find the polarisation of the resultant wave. 

388. Inthe preceding problem, consider the dependence of 
the polarisation on the phase difference y when a = b. 

389. Two monochromatic waves of equal frequency are 
circularly polarised in opposite directions. They are in phase 
and propagate in the same direction. Their amplitudes are a 
and b. Determine the type of polarisation for different values of 
the ratio a/b (a and b may be chosen to be real). 

390*. An electromagnetic wave is formed by the superposition 
of two incoherent “almost monochromatic” waves of the same 
intensity J and with approximately equal frequencies and wave 
vectors. Both waves are linearly polarised and the directions of 
polarisation are defined in the plane perpendicular to the wave 
vector by the unit vectors e! (1, 0) and e (cos §, sin). Find the 
polarisation tensor J;}, of the resultant wave and its degree of 
depolarisation. 

391. Solve the preceding problem in the case where the two 
intensities are unequal (J; # J,) and the two directions of polarisa- 
tion are at an angle of 7/4. 

392. The Hermitian polarisation tensor of an electromag- 
netic wave is given by 


3 
1 i n* 1 1 + Es &y — i, 
tao= 41 (bn +3 89) = 2 ee re). 
where I is the total intensity of the wave, ; are real parameters 


which are such that £? = gt + #2 + k3 <1 (Stokes' parameters), and 
7) are the matrices 


Oo 1 Oo — 1 0 
=) = ’ a ’ 3) * 
‘ =(; 0) ( i) : ca) 


Explain the physical significance of the parameters ;. To do this, 
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express the degree of depolarisation p in terms of &; and deter- 
mine the polarisation of the two component waves into which a 
partially polarised wave may be resolved under the following 
three conditions: 


a) & #0, & = &, = 0; 
b) & #0, &, = & —0; 
c) & #0, & =&=0. 


393. The electric field E of an electromagnetic wave in 
which the real and imaginary components of the complex wave 
vector k are in different directions, is linearly polarised. Deter- 
mine the mutual disposition of the vectors Ep, #1, #2, k’, and k”, 
where #,, 3€2 are the real and imaginary parts of the complex 
amplitude Hp and k’, k” are the real and imaginary parts of the 
wave vector k. Find the locus of the end point of the vector H at 
a given point in space. 

Solve the same problem in the case where the vector H is 
linearly polarised. 

394. A circularly polarised monochromatic wave falls 
obliquely on the plane boundary of a dielectric. Determine the 
polarisation of the reflected and refracted waves. 

395*. A beam of almost monochromatic unpolarised light is 
incident on the plane boundary of a dielectric. Find the polari- 
sation tensors ieee jae and the depolarisation coefficients P41, Py», 
of the reflected and refracted light. 

396. An unpolarised, almost monochromatic beam of light 
is incident on the plane boundary of separation between two 
dielectrics. Determine the coefficient of reflection AR and the 
depolarisation coefficients Pp, » of the reflected and refracted 
light, if the angle of incidence is equal to Brewster's angle. 

397. Derive the Fresnel formulae for the case where an 
electromagnetic wave is incident on the plane boundary of a con- 
ducting medium with a small surface impedance ¢. 

398. Find the reflection coefficient AR of a metal surface 
with a small surface impedance ¢ = ¢’ + it”. Find the angle of 
incidence @9 at which the reflection coefficient is a minimum. 

399. <A linearly polarised wave is incident on the plane 
boundary of a conducting medium with a low surface impedance ¢. 
Determine the polarisation of the reflected wave if the glancing 
angle of incidence is equaltothe angle ¢) determined in the solution 
of the preceding problem. 
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400. A linearly polarised plane wave is incident at an angle 
6 on the surface of a metal. The direction of the electric vector 
is at an angle 7/4 to the plane of incidence. The experimentally 
determined ratio of the transverse and longitudinal (with respect 
to the plane of incidence) components of the reflected wave is 
found to be En,/E., = tan and the phase difference between the 
components 6 is such that 


Express the real part of the refractive index n’ and the absorption 
coefficient n” in terms of p, 6, and 6, where n’ + in” = £71, if 
t is the surface impedance and |n’* - n”?| >> sin? 6). 

401. Find the reflection coefficient R of the plane surface 
of a conductor at normal incidence, in the limiting case of low 
conductivity [cf. Eqn. (VIII.8)]. 

402*. Show that a linearly polarised wave will.in general be- 
come elliptically polarised after total reflection from the surface 
of a dielectric. Under what conditions will the polarisation be- 
come circular? 

403. Investigate the transport of energy in the case of total 
internal reflection. Find the energy flux along the separation 
boundary, and also in the perpendicular direction, in the medium 
from which the reflection takes place. Determine the lines of 
the Poynting vector y. 

404*, An electromagnetic wave is incident obliquely from a 
dielectric on the plane boundary of a conducting medium. Find 
the direction of propagation, the attenuation, and the phase 
velocity v, in the conducting medium. 

405*. A dielectric layer of permittivity c, is bounded by the 
planes z = 0 and z = a and lies between dielectric media with 
permittivities ce, and €3 (Hy = #2 = #3 = 1). An electromagnetic 
wave falls normally on the surface of the layer from the region 
z<0. Find the thickness of the layer corresponding to minimum 
reflection, and the ratio of €4, €2, and ¢€3 for which there will be 
no reflection. 

406*. A plane wave falls normally from a vacuum on the 
boundary of a dielectric. Investigate the effect of the “sharpness” 
of the boundary on the reflection coefficient, assuming that the 
permittivity is given by 

Ag 


Se at e=x1-+-Ae, 
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where ec and Ae are constants. Investigate the special cases of 
large and small a. 

; Hint: Use the substitutions — = -exp(-z/a) and E(é) = 
= ee ta in the differential equation for E(z) [cf. Eqn.(VI.12)] 
where ¥() satisfies the hypergeometric equation. 

407*. Inthe absence of absorption, the permittivity of a plasma 
is given by (cf. Problem 312) 


4ne2?N 
mo? ° 





e= | — 


Discuss the propagation of electromagnetic waves in a plasma 
whose concentration is described by the linear function N(z) = 
= Noz. Consider the case where a plane monochromatic wave 
is incident normally on a non-homogeneous layer of plasma (this 
may be of importance in the propagation of radio waves in the 
ionosphere). 

Hint: Solve the equation for E(z) by expanding the re- 
quired function into a Fourier integral. 

408. Construct a one-dimensional wave packet © at time 
{ = 0 in the case where the amplitude is given by the Gaussian 
function a(k) = ayexp[-@ - ko)*/(AkY*] and dp, ko and Ak are con- 
Stants. Find the relation between the width of the packet Ax and 
the range of wave numbers Ak which contribute significantly to 
the wave packet. 

409. A wave packet © is formed by the superposition of 
plane waves of different frequency. The amplitude function is 
given by the Gaussian curve a(w) = agexp[-(w - w)?/(Aw)?] where 
ay, wo, and Aw are constants. Find the amplitude of the packet 
as a function of time at the point x = 0. Determine the relation 
between the length of the wave packet At and the frequency 
range Aw. 

410. A given object is illuminated by light of wavelength A 
and is viewed through a microscope. Find the minimum possible 
linear dimension Ax pin Of the object which is allowed by the con- 
dition AxAk 2 1. 

411. The position of an object is determined by means of 
radar. What is the limiting accuracy with which this determina- 
tion may be carried out if the wavelength is A and the distance to 
the object is 1? 

412. Investigate the form and the motion of a wave packet 
obtained as a result of the superposition of plane waves with equal 
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amplitudes a) and wave vectors lying in the range | ky - k| < q, 
where ky and q are constants. Replace the actual law of disper- 
sion w(k) by the approximate relation w(k) = w(K) + - As - ky). 

413*. Investigate the spreading of a one-dimensional wave 
packet in a dispersive medium. Assume that the amplitude func- 
tion is given by the Gaussian curve a(k) = ayexp[-a(k - ko)*], and 
retain all terms up to and including the second-order term in the 
expansion of w in terms of k. 

414. Find the phase velocity vy, and the group velocity ug 
for a medium whose permittivity is given by 


2 


e(w)= 1+ >: 


2 
0) — 





Consider only the cases of large and small frequencies (compared 
with wo) and assume that yw = 1. 

415. Determine the rate of transport of energy by a one- 
-dimensional wave packet in a dispersive medium. Show that 
this velocity is equal to a group velocity ug. 

Hint: The rate of transport of energy v is given by the 
relation y = vw, where 
am oh [othe + en 
is the average energy density in the dispersive medium and y is 
the average energy flux. 


2. Scattering of electromagnetic waves by 
macroscopic bodies. Diffraction 


The diffraction of electromagnetic waves by conducting or 
dielectric bodies is described by the solutions of Maxwell's 
equations subject to appropriate boundary conditions. An exact 
solution is only possible in a very limited number of cases 
(cf. Problems 418 and 423). However, an approximate solution 
may frequently be obtained. 

If the linear dimensions of the body are small in comparison 
with the wavelength, then the electromagnetic field near the body 
may be looked upon as uniform. A body placed in a uniform 
periodic field will assume electric and magnetic moments which 
will be the same functions of time as the external field. The 
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scattered wave appears as a reSult of the emission of radiation by 
these alternating moments. The scattering of electromagnetic 
waves by bodies of small linear dimensions may therefore be 
reduced to the determination of the dipole moments induced in 
them. The radiation fields are given in terms of the dipole 
moments by Eqns. (XII.17) and (XII.20). 

The effective differential cross-section for scattering into a 
solid angle dQ is defined by 


__ d/(8, a) 
To ? 


do, (VIII.22) 
where dI = ydS = yr'dQ is the time average of the intensity emitted 
into the solid angle dQ and y and yp are the average energy flux 
densities of the scattered and incident radiation. The energy flux 
density is described by the Poynting vector 


1=_(EXH). (VIII.23) 


The effective absorption cross-section is equal to the ratio of 
the average energy absorbed by a body per unit time to the average 
energy flux density in the incident wave: 
es (VIII.24) 

To 

In the opposite limiting case, i.e. when the wavelength is 
much smaller than the linear dimensions of the body, one can use 
the methods of geometrical 
optics. Inthe case of diffrac- 
tion of an electromagnetic wave 
by an aperture in an infinite 
opaque screen, the amplitude of 
the diffracted field is, on the 
geometrical optics approxima- 
tion, given by 








up=aty f Heras, (VIII.25) 
This formula may be derived from Huygens' principle. The 
quantity up is the field at a point P in front of the screen (Fig. 25), 
u is the field at an element of area dS of the aperture (this field 
is assumed to be the same as in the absence of the screen, 
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i.é. undistorted by the screen), dS, are the components of the 
area vector dS in the direction of the ray reaching dS from the 
source of light O, R is the distance between dS and the point of 
observation P, andk is the modulus of the wave vector. 

The source of light O and the point of observation P may be 
either at finite or infinite distances from the screen. When both 
O and P, or only one of them, are at a finite distance from the 
screen, the phenomenon is known as Fresnel diffraction. When 
both O and P are at very large distances from the screen, then 
the rays of light reaching the aperture and the rays leaving it may 
be regarded as parallel, and this case is known as Fraunhofer 
diffraction. Eqn. (VIII.25) may then be written in the approximate 
form 


uyet®Re 


tp =ORIR, is el KW) dS, (VIII.26) 





where k and k’ are the wave vectors of the incident and diffracted 
radiation, Rg is the distance from the aperture to the point of 
observation, and up is the field amplitude within the aperture. 
The intensity of the diffracted wave is proportional to the square 
of the modulus of the amplitude lu pl. 

Two screens are defined as complementary if the apertures 
in one correspond to identical opaque regions in the other, and 
vice versa. The Babinet principle holds for such screens. 
Suppose that u, and uw» are the wave fields at a given point due to 
two complementary screens, anc wu is the wave field in the 
absence of the two screens. We then have 


Uy + uy =U. (VIII.27) 


Eqns. (VIII.25) and (VIII.26) take no account of the polarisation 
of the waves, i.e. the amplitude u is looked upon as a scalar. 
The diffraction formula which takes into account the vector nature 
of the electromagnetic field is 


Ep=— gi | {mp XH —min- (ny XH) -+n X (ny X E) | ef aS, (VIIL.28) 


where E and H are the fields within the aperture, Ep is the elec- 
tric field at a large distance from the screen (in the so-called 
wave zone), n is a unit vector in the direction of propagation of the 
diffracted wave, np is a unit normal to the plane of the aperture 
and is drawn towards the point of observation, 7 is the distance of 
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the element of area dS from the point of observation, and # is the 
distance of the point of observation from the origin of coordinates, 
which is taken to lie in the plane of the aperture. The magnetic 
field in the wave zone is given in terms of the electric field by the 
usual formula Hp = n XEp,. 


====000-7-= 


416*. A plane monochromatic wave is incident on an infini- 
tely long, circular, perfectly conducting cylinder of radius a, in 
a direction at right angles to its axis. The cylinder lies ina 
vacuum, and the vector Eg of the incident wave is parallel to the 
axis of the cylinder. Determine the resultant field, the distribu- 
tion of currents on the surface of the cylinder, and the total cur- 
rent JY flowing along the cylinder. 

417. Find the differential scattering cross-section do, for 
the cylinder considered in Problem 416. Find also the total 
scattering cross-section og. 

418*. A plane monochromatic wave is incident on a perfectly 
conducting, circular cylinder so that its magnetic vector Hy = 
= 3€) exp [i(k-r -wit)] is parallel, and the wave vector k is perpen- 
dicular, to the axis of the cylinder. The cylinder lies ina 
vacuum. Find the resultant electromagnetic field. In par- 
ticular, discuss the special case of a thin cylinder (ka « 1) and 
determine the differential and total scattering cross-sections dog 
and og, for the cylinder. 

419. Let do, and do, be the differential scattering cross- 
-sections of an infinitely long cylinder for plane waves with the 
electric vector E parallel and perpendicular to the axis of the 
cylinder respectively. Find the differential scattering cross- 
-section da, in the case of a wave whose electric vector E is at an 
angle ¢ to the axis of the cylinder, and also the differential scat- 
tering cross-section dos for an unpolarised wave. 

Hint: Use the principle of superposition of waves. 

420. An unpolarised plane wave is scattered by a perfectly 
conducting thin cylinder (ka « 1). Determine the degree of 
depolarisation p of the scattered waves as a function of the angle 
of scattering. 

421*. Solve Problem 418 in the case of diffraction of a plane 
wave by an infinitely long cylinder without assuming that the 
cylinder is perfectly conducting, but regarding its surface 
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impedance ¢ as small. Use the approximate boundary condition 
given by Eqn. (VIII.10). 

422, Determine the average loss of energy @ and the absorp- 
tion cross-section 0g per unit length of the cylinder considered in 
the preceding problem. Investigate the limiting case ka « 1 and 
explain your results. 

423*. Investigate the diffraction of a plane monochromatic 
wave by a dielectric cylinder. The cylinder lies in a vacuum and 
has a radius a, permittivity €, and magnetic permeability u. The 
wave is incident at right angles toa generator of the cylinder and the 
vector E is perpendiculartoitsaxis. Determinethe resultant field. 

424*. A linearly polarised, plane monochromatic wave is 
scattered by a sphere of radius a which is much smaller than the 
wavelength A. Express the components of the scattered electro- 
magnetic wave in the wave zone in terms of the electric and mag- 
netic polarisabilities of the sphere. Determine the effective 
differential scattering cross-section. 

Hint: In view of the fact that a « i, the external field 
near the sphere may be looked upon as uniform, and it is sufficient 
to consider the emission of radiation by the induced electric and 
magnetic dipole moments p and m. 

425. Calculate the differential and total scattering cross- 
-sections do, and og and also the degree of depolarisation p of 
the secondary radiation when an unpolarised wave is scattered by 
a sphere of radius a which is much smaller than the wavelength i. 
Express the result in terms of the electric and magnetic polarisa- 
bilities B, and B, of the sphere. 

426. Using the results of the preceding problem, determine 
the differential and total scattering cross-sections do, and o, for 
unpolarised light and a small dielectric sphere of permittivity ec 
(H# = 1), and also the degree of depolarisation of the scattered 
radiation. Sketch out graphs showing these quantities as func- 
tions of the angle of scattering 6. Indicate the limits of applica- 
bility of the solutions. Solve the same problem for a perfectly 
conducting sphere with # = l. 

427. A plane monochromatic wave is incident at an angle 
m/2 - @ on a perfectly conducting thin disc whose radius a is 
much smaller than the wavelength A. Determine the differential 
and total scattering cross-sections do, and o, for different 
polarisations of the incident wave and also the scattering cross - 
-section for an unpolarised wave. 
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428. A uniform dielectric of permittivity © (H = 1) contains 
a cavity in the form of a thin disc of radius a and thickness 2h. 
Unpolarised light of wavelength A > a is incident normally on 
one of the planes defining the cavity. Find the differential and 
total scattering cross-sections do, and og. 

429*. Find the differential and total cross-sections for the 
scattering of a plane wave of wavelength A by a perfectly conduct- 
ing cylinder of length 2A and radius a<« h, h <« x. Investigate 
the various types of polarisation of the incident wave. The 
cylinder may be approximated by a prolate ellipsoid of revolution 
with semi-axes a and h. 

Hint: Use the solutions of Problems 198, 200, and 378. 

430. Solve the preceding problem for a dielectric cylinder 
whose length 2h is much less than the wavelength A inside the 
cylinder. 

431*. A plane wave is scattered by a dielectric body of arbi- 
trary forni and permeability » = 1. Obtain the integral equation 
for the resultant electric field. To dothis, consider the second- 
ary radiation emitted by a volume element of the body, and obtain 
the scattered wave in the form of an integral over the body. 

432*. Using the integral equation derived in the preceding 
problem, investigate the scattering of an electromagnetic wave by 
a dielectric sphere on the first approximation in @ where a@ = 
= (¢ -1)/4n « 1. Determine the differential scattering cross- 
-section do, and the degree of depolarisation p of the scattered 
radiation. Consider the special case of a very large sphere 
(ka > 1). 

433. Determine the total scattering cross-section o, for the 
dielectric sphere discussed in the preceding problem in the limit 
ka > 1 and compare with ka « 1. 

434*. A plane monochromatic wave is scattered by a set of 
charges, for example, a macroscopic body. The electric field 
at large distances from the scatterer is of the form 


elkr 
E=E, [ cette +-F (n) =a ; 


where n= r/r, e= E)/Ey, k = w/c, Ep is the amplitude of the 
incident wave, and F(n) is the scattering amplitude which charac- 
terises the properties of the scatterer and is a function of 
frequency. 
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Show that 


o,= = Im[e + F(n,)}, 

where 0; = Og + Og is the total cross-section for the interaction 
of the wave with the set of charges, o, is the scattering cross- 
-section, og is the absorption cross-section, and F(ng) is the 
forward-scattering amplitude. 

435*. A plane monochromatic wave is incident on a macro- 
scopic particle whose linear dimensions are much smaller than 
the wavelength A. The electric and magnetic polarisabilities are 
Bo = Bo + iBg and By, = By, + iBm. Since the polarisabilities are 
complex, the scattering is accompanied by absorption. Calculate 
the absorption cross-section. 

Hint: The energy absorbed per unit time is equal to the 
flux of the Poynting vector through the surface of a large sphere 
surrounding the particle. 

436. Calculate the cross-section for the absorption of 
electromagnetic waves by a conducting sphere with a small sur- 
face impedance £ = ¢’ + ig”. The radius of the sphere, b, is 
small compared with the wavelength i. 

437. A plane monochromatic wave is incident on a macro- 
scopic body of given absorption and differential scattering cross- 
-sections og and do,/d&2. Express the time average of the force 
F acting on the body in terms of these cross-sections. 

438*. Determine the average force F acting on a small 
sphere of radius a placed in the field of a plane monochromatic 
wave. Consider the examples of a perfectly conducting sphere 
and a dielectric sphere of permittivity « and magnetic permea- 
bility w= 1. 

439. A point source of light is placed on a line which passes 
through the centre of a circular opaque screen of radius a and is 
perpendicular to it. Assuming that the geometrical optics. 
approximation may be used (A « a), find the intensity of light J at 
a point P on the axis. 

440. Inthe preceding problem, consider the diffraction at 
the complementary screen, i.@. a circular aperture in an 
infinite opaque screen. 

441. A parallel beam of light is incident normally on a cir- 
cular aperture in an opaque screen. Find the intensity distribu- 
tion along the axis. 
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442. Find the angular distribution of the intensity of light in 
the case of Fraunhofer diffraction at an annular aperture (radii 
a> b) in an infinite opaque screen. Assume that the beam is 
incident normally on the plane of the aperture and consider the 
special case of diffraction by a circular aperture. 

443. Find the angular distribution of the intensity of light 
for oblique incidence of a parallel beam on a circular aperture 
(Fraunhofer diffraction). 

444. A plane linearly polarised wave is incident normally 
on the rectangular aperture -a<x<a, -b <y <b in an infinite 
thin screen. The amplitudes of the electric and magnetic fields 
are E,,= Ey, Hy = -Ey, Hy= Ex= 90. Determine the field 
radiated from the aperture and also the angular distribution of 
the radiation. 

445. A plane linearly polarised wave Ep exp [i(k-r - wt)] is 
incident normally on a circular aperture of radius a in an infinite 
thin screen. Determine the field of the radiation emitted from 
the aperture and the angular intensity distributicn. 


3. Plane waves in anisotropic and 
gyrotropic media 


When the permittivity and the magnetic permeability of a 
medium are tensors, the medium is referred to as optically 
anisotropic. Optical anisotropy may be a consequence of the 
crystalline structure of the body, but it may also be produced by 
an external electric field (cf. Problems 313 and 314) or by an 
external mechanical effect. In the absence of an external mag- 
netic field, the tensors €;;,(w) and #;;,(w) are symmetric: 


Cjp SExy Pp = Pere (VIITI.29) 


We shall not consider the effects associated with the spatial non- 
-uniformity of the field which leads to a dependence of the 
permittivity and the magnetic permeability on the wave vector k 
(cf. Problem 458). 

In an anisotropic medium, two plane monochromatic waves 
of the same frequency and polarised linearly in perpendicular 
planes may be propagated in a given direction with different phase 
velocities. The directions along which both waves have the same 
velocity of propagation are called optic axes. The direction of 
propagation of a wave, which is defined by the normal to the wave 


PROPAGATION OF ELECTROMAGNETIC WAVES 109 


surface, is not in general the same as the ray direction, i.e. the 
direction of the Poynting vector. 

Crystals in which the principal values of the permittivity 
tensor are equal [6 = ¢®@) = ¢€,, ¢€@) = ec) areknownas uniaxial. 
Their optic axis lies along the x3= z axis. The wave vectors of 
the two waves propagating at an angle @ to the optic axis are then 


given by 
pals 25/7 = (VIII.30) 
1 ¢ ee 2 ¢ e, sin? 0+) cos?6 ° . 


The first of these waves is known as the ordinary wave. The 
induction vector D and the electric field vector E of this wave are 
parallel to each other and perpendicular to the wave vector k; and 
the plane containing the wave vector and the optic axis (principal 
plane). The second wave is known as the extraordinary wave. In 
this wave the induction vector D lies in the principal plane and is 
perpendicular to the corresponding wave vector ky. The vector E 
lies in the principal plane but is not parallel to D. 

In the presence of an external constant magnetic field, the 
tensors €;, and #;, are no longer symmetric. In non-absorbing 
media, to which we shall confine our attention in this section, 
these tensors are Hermitian, i.e. 


Ep = "s, Pry = Pee (VIII. 31) 


The relation between the field strengths and the inductions is then 
of the form (cf. Problem 316) 


D=VE+/(EXg,), B=wH+i(H Xg,). (VIII.32) 


where @o and gp, are the gyration vectors (electric and magnetic 
respectively), and €’E isa vector with components equal to ey, Ep. 
Media for which the field vectors are given by Eqn. (VIII.32) are 
known as gyrotropic media. 

Two plane waves of the same frequency can propagate in a 
gyrotropic medium in a given direction with different phase 
velocities. These waves are elliptically polarised in opposite 
directions, and the polarisation ellipses have the same ratio of 
axes but are rotated relative to each other by 7/2. 

The boundary conditions on the surface of an anisotropic or 
gyr otropic body are the same as on the Separation boundary between 
two isotropic media [cf. Eqns. (III.9) and (V.6)]. 


=e Q00FS=> 
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446. The direction of propagation of the extraordinary wave 
in a uniaxial crystal is at an angle 6 to the optic axis. Determine 
the angle a between the wave vector k and the electric field E, and 
also the angle § between the ray direction (Poynting vector) and 
the optic axis of the crystal. 

447. <A plane wave is incident on the plane surface of a uni- 
axial crystal placed in a vacuum. The optic axis of the crystal is 
at right angles to its surface. Find the directions of propagation 
of the ordinary and extraordinary rays in the crystal if the angle 
of incidence is 69. 

448. Solve the preceding problem in the case where the optic 
axis of the crystal is parallel to its surface and makes an angle a 
with the plane of incidence. 

449. A plane monochromatic wave propagates in an infinite 
ferrite medium which is magnetised to saturation at angle 6 toa 
constant magnetic field. The magnetic permeability of the ferrite 
is given by the tensor 


Hp —lbg 0 
Pik=| lg wy O |; 
0 0 Bf 


where the z-axis is parallel to the constant magnetic field. 
Assuming that the permittivity of the ferrite « may be looked upon 
as a scalart, find the phase velocities of propagation V1 2 

450. A plane monochromatic wave propagates in a dielectric 
placed in a constant uniform magnetic field. | Assuming that the 
permeability of the dielectric is ~ = 1, and that the permittivity 
tensor (cf. Problem 318) is of the form 


er —le, 0 
ep = le, an 0 ’ 
0 0 | 


find the phase velocities of propagation. 

451. Investigate the polarisation of waves which can pro- 
pagate in an infinite ferrite medium magnetised to saturation. 
Consider the special cases where the propagation occurs along the 
constant magnetic field and where the propagation takes place at 
right angles to this field. 


f This is so because the constant magnetic field has a much greater effect on the 
magnetic properties of the ferrite than on the electrical properties. 
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452. A dielectric is placed in an external magnetic field. 
A plane monochromatic wave propagates in the direction of the 
magnetic field (the z-axis) and is linearly polarised at the point 
z= 0. Determine the polarisation of the wave at points z # 0. 

Hint: Use the permittivity tensor obtained in the solu- 
tion of Problem 318. 

453. <A plane, circularly polarised wave is incident normally 
on the plane boundary of a ferrite placed in a vacuum. The ferrite 
is magnetised in the direction of incidence of the wave. Deter- 
mine the polarisation and the amplitude of the reflected and 
transmitted waves. 

Hint: Use the boundary conditions for the field vectors 
E and H. 

454. Solve the preceding problem in the case where the 
incident wave is linearly polarised. 

455*. An artificial dielectric consists of thin perfectly con- 
ducting circular discs which are similarly oriented and placed in 
avacuum. A constant magnetic field Hp is applied at right 
angles to the planes of the discs and a plane electromagnetic 
wave propagates in the direction parallel to the magnetic field. 
Determine the phase velocities of propagation, assuming that the 
dielectric may be looked upon as a continuous medium. 

Hint: Take into account the Hall effect which appears 
as a result of the presence of the external magnetic field. 

456*. Consider the propagation of longitudinal vibrations in 
a plasma for which the electric field vector E is parallel to the 
direction of propagation of the waves. Find the frequency of 
such oscillations. 

Hint: Use the expression for the permittivity of a 
plasma obtained in Problem 312. 

457. An ionised gas is placed in a constant magnetic field. 
A transverse plane wave propagates in the direction parallel to 
the field. Find the phase velocities of propagation. Consider 
the special case of low frequencies (w — 0) and the nature of the 
electromagnetic waves, taking into account the motion of positive 
ions. 

Hint: Use the expression for the permittivity tensor 
of an ionised gas in a constant magnetic field which was obtained 
in Problem 321. 

458. Determine the magnetic permeability tensor 4 ;;,(w, k) 
of a ferrodielectric without neglecting the term qv°M in Eqn. (VI.16) 
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for the effective magnetic field. To dothis, consider the motion 
of the magnetisation vector under the action of a plane monochro- 
matic wave. The ferrodielectric is magnetised to saturation by 
a constant magnetic field Hp. 

Hint: Confine the analysis to the case of small ampli- 
tudes and linearise the equation of motion of the magnetisation 
vector. 

459. Find the dispersion relation for electromagnetic waves 
propagating in an isotropic ferrodielectric magnetised to satura- 
tion without neglecting the term qv'M in the expression for the 
effective field [Eqn. (VI.16)]. Show that three types of waves with 
different dispersion relations can propagate in such a medium. 
Determine the explicit form of the dispersion relation for these 
waves, subject to the condition we/(ck)?« 1. Estimate the 
relative magnitude of the electric and magnetic fields for this 
branch of the oscillations. 

460. Determine the surface impedance ¢ of a ferromagnetic 
conductor placed in a constant magnetic field which is parallel to 
its surface. Use the magnetic permeability tensor given in 
Problem 449 and assume that the components of the electrical 
conductivity tensor are 044 = 092 = 04, 033 = 03, O42 = -021 = —t09, 
13 = 031 = 023 = O32 = 0. 

Hint: The surface impedance is a tensor of rank 2 and 
should be determined from 


E,, — Cie (H, x T)p» 
where i, k = 1, 2, E,; and H, are the tangential components of the 


field vectors near the surface of the conductor, and nis a unit 


normal. 
461. Solve the preceding problem in the case where the 


constant magnetic field is normal to the surface of the ferro- 
magnetic conductor. 


Chapter 
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ELECTROMAGNETIC OSCILLATIONS IN BOUNDED BODIES 


A part of space bounded on all sides by metal walls is called 
a cavity resonator. A system of standing waves with definite fre- 
quencies w (natural frequencies of the resonator) may exist within 
the resonator. When the resonator is not filled with a dielectric 
and its walls are perfectly conducting, the standing wave system 
may be obtained by solving the equations 


2 


AE +; E=0, divE=0. (IX.1) 


subject to the boundary condition 
E,=0. (IX.2) 


The actual natural frequencies of a resonator may differ from 
those computed from Eqns. ([X.1) and (IX.2) by an amount Aw 
because of losses in the walls. For small attenuation, which 
may be described in terms of the surface impedance ¢f of the 
resonator walls, this difference is given by 


“ag, fuses 
fiupav 


The integral in the numerator is evaluated over the inner 
surface and the integral in the denominator is taken over the 
volume of the resonator. The quantity Aw = Aw’ + iAw” has a 
real and an imaginary part, and hence wall losses lead to a shift 
in the natural frequencies and to a damping of the natural oscilla- 
tions. 

In distinction to a resonator, a waveguide takes the form of 
a cavity (duct) of indefinite length. Travelling waves propagate 
along the axis of the waveguide (z-axis), while standing waves are 


Aw = (IX.3) 


{ Surface impedance is defined in Section 1, Chapter VII. 
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set up in the transverse direction. In general, the waves ina 
waveguide will not be transverse. Waves in which E, #0, 

Hz, = 0 are called electric-type or E-waves, while waves with 
H, #0, E, = 0 are called magnetic-type or H-waves. Purely 
transverse waves are only possible in waveguides whose cross- 
-sections are multiply connected. 

The type of waves which may propagate in a given waveguide 
is determined by solving Maxwell's equations subject to the 
appropriate boundary conditions. A wave travelling along the 
axis of a waveguide may be described by 


E(r, )=8(x, ye), H(r, = 9e(x, yette-e, (IX. 4) 


where w'is the frequency and k is the component of the wave 
vector in the direction of the axis of the waveguide. The quan- 
tity k is also called the propagation constant. 

In the case of electric-type waves (E-waves) 3, = 0 and Ee 
is a solution of the equation 


A&,-++ x°&, =0, (IX.5) 


where x2 = wep /c? - Rk, x is the’ transverse component of the 
wave vector, e« and - are the permittivity and magnetic permea- 
bility of the dielectric filling the waveguide, and the boundary 
condition on the waveguide wall is 


6.0. (TX.6) 


In the case of magnetic-type waves (H-waves) & = 0 and #, 
is the solution of 


ASO, +2530, =0, (IX.7) 


which satisfies the boundary condition on the waveguide wall 
&, =0 or On =v. (IX. 8) 


The symbol A in Egns. (IX.5) and (IX.7) is the two-dimensional 
Laplace operator. Strictly speaking, the boundary conditions 
(IX.6) and (IX.8) hold only for waveguides whose walls are per- 
fectly conducting. 

The transverse components of the vectors & and # may be 
expressed in terms of the longitudinal components of these vectors 
with the aid of Maxwell's equations. 
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An E-wave or an H-wave of a given type (i.e. with a given x) 
can only propagate in a waveguide with a simply connected cross- 
-section when its frequency is greater than a certain limiting fre- 
quency wg. The corresponding “vacuum wavelength” dy = 27c/w 
is of the order of the transverse linear dimensions of the wave- 
guide. When w < w 9, the propagation constant k is purely imagi- 
nary, and wave propagation is impossible. However, even when 
W > wo the propagation constant k is in general complex. This is 
due to the fact that the walls of the waveguide have a finite con- 
ductivity and energy dissipation takes place within them, with the 
result that the electromagnetic wave is attenuated in accordance 
with the exp (-az) law. The attenuation coefficient o, which is 
the imaginary part of k, is equal to the energy dissipated per unit 
time within the walls of the waveguide per unit length divided by 
twice the energy flux along the waveguide. When the surface 
impedance ¢ = £' + it” is small, the attenuation coefficient for 
E-waves is approximately 


we fins 





a= / +. , (IX.9) 
2uke 
fig, Pas 
and the corresponding result for H-waves is 
yr FE P+ (A? /x4) | Ve, |?) al 
an ot, Pla HCHO Re FLA ax.10) 


where &, and 5#, are the field components for ¢ = 0, i.e. for per- 
fectly conducting walls, dl is an element of the perimeter of the 
transverse cross-section of the waveguide, anddS is an area 
element of the cross-section. 


----000---- 


462. Determine the types of waves which can propagate in a 
rectangular waveguide with perfectly conducting walls and sides a 
and 6. Find the corresponding dispersion relation and the field 
configurations, i.e. the dependence of the field components on the 
coordinates. 

463. Determine the attenuation coefficients a of the various 
types of wave in a rectangular waveguide, given that the surface 
impedance of the waveguide walls is ¢. 
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464. An infinite layer of a dielectric material of permit- 
tivity « and magnetic permeability » fills the region -a < x@. a. 
Show that the layer will act as a waveguide, i.e. the field of a 
travelling electromagnetic wave will be largely concentrated 
within the layer. Determine the types of wave which may pro- 
pagate in such a waveguide. Confine the analysis to the special 
case where the field vectors are independent of the y coordinate. 

465. <A dielectric layer with permittivity © and magnetic 
permeability pu fills the region 0 < x < a and is in contact with a 
perfectly conducting solid on one side. The region x >a is 
evacuated. Determine the types of electromagnetic wave, with 
amplitudes decreasing with distance from the layer, which may 
propagate along the layer. Compare the possible types of wave 
with the wave system obtained in the preceding problem. 

466. Find the possible types of wave in a circular waveguide 
of radius a assuming that the walls are perfectly conducting. 
Determine the limiting frequency wo for this waveguide. 

467. Using the result of the preceding problem, find the 
attenuation coefficients a@ of the various types of wave in a cir- 
cular waveguide, assuming that the surface impedance is ¢. 

468. Determine the phase and group velocities vy and vg of 
waves in rectangular and circular waveguides with perfectly conduct- 
ing walls and also the dependence of the wave velocities on A = 21c/w. 

469. Determine the phase and group velocities v, and vg of 
waves in a waveguide by a geometrical method. To dothis, con- 
sider the simplest Hj) wave in a rectangular waveguide, resolve 
it into plane waves, and investigate the reflection of these waves 
from the waveguide walls. 

470. Investigate the structure of the transverse electro- 
magnetic wave in a perfectly conducting coaxial line of inner and 
outer radii a and 5 respectively. Determine the average energy 
flux y along the line. Investigate the limiting case of a single, 
perfectly conducting cylindrical conductor. 

471. Determine the possible types of transverse electro- 
magnetic waves in a coaxial line with perfectly conducting walls 
of radii a and b >a. 

472. Determine the attenuation coefficient a of the trans- 
verse electromagnetic wave in a coaxial line of radii a and b>a 
and surface impedance ¢ = ¢’ + it”. 

Hint: Use the relation between the attenuation coeffi- 
cient and the energy losses given at the beginning of this chapter. 
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473*. Discuss the propagation of an axially symmetric E-wave 
along an infinitely long cylindrical conductor having a finite con- 
ductivity and placed ina vacuum. Determine the phase velocity 
and show that in the case of a perfectly conducting cylinder the 
wave will become identical with the transverse electromagnetic 
wave considered in Problem 470. Use the approximate boundary 
condition given by (VIII.10) 

474. An axially symmetric E-wave propagates in a circular 
waveguide of radius b which is partly filled with a dielectric. The 
dielectric has a permittivity « and occupies the regiona <7 <b. 
If a « 6, determine the phase velocity as a function of frequency 
and find the limiting frequency. Under what conditions will the 
phase velocity be less than c? Consider the limiting case of a 
waveguide filled completely by the dielectric. 

475. A rectangular waveguide with sides a and b and per- 
fectly conducting walls is filled with a ferrodielectric. A con- 
stant magnetic field is applied at right angles to the wider wall of 
the waveguide (along the y-axis). The permittivity and magnetic 
permeability tensors of the ferrodielectric are given by 


e, O —<te, B, OO —ipg 
G,=| 9 &% oO}. pe=| Oo 0 
ae ae te 0 By 


(cf. the solution of Problem 329). Determine the components of 
the electromagnetic field, the propagation constant, and the limit- 
ing frequency when the field is independent of y. 

476. The electric and magnetic fields in a waveguide with 
perfectly conducting walls are described by 


E= G(x, y) et (Roz — ot) | H) = Ho (x, y) ef (Roz —a) | 
When a dielectric core in the form of a cylinder of arbitrary 


cross-section is inserted into the waveguide with its longitudinal 
axis parallel to the axis of the waveguide, the fields are given by 


E=— E(x, y) et (kz—at) | H= 4 (x, y) e! (kz —-wl) | 
The dielectric may in general be characterised by the tensorial 
parameters €j;,4, Hij,- Show, with the aid of Maxwell's equations, 
that the change in propagation constant is given by 
. f (Qe 8,85 + Attn HE edCO:) 4S 
Re hie aa 
e f [(85 x #) +(8 X3¢)]-e, 4S 
$ 
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where Ac;, = €7, — 1, OUi, =Hy, - 1. The integral in the 
numerator is evaluated over the cross-section of the dielectric 
rod (AS) and the integral in the denominator is taken over the 
cross-section of the waveguide (S). 

477. <A ferrodielectric plate of thickness d « a and mag- 
netised along the axis of the waveguide is inserted into a rectan- 
gular waveguide with perfectly conducting walls (Fig. 26). Use 
the formula obtained in the preceding problem to determine the 
change Ak in the propagation constant for H4) waves to within 
terms of the order of d. Assume that the permittivity of the wall 
is a scalar, and the magnetic permeability tensor is as given in 
Problem 449. 

478. A thin ferrite plate (d « a, b) is inserted into the 
coaxial waveguide shown in Fig. 27 and is magnetised in the 


/ 





Fig. 26. Fig, 27. 


direction of the axis of the waveguide. Determine the change Ak 
in the propagation constant of the transverse electromagnetic 
wave. 

Hint: Use the method employed in the preceding prob- 
lem to find the amplitude of the disturbed fields. 

479. Solve the preceding problem for a constant magnetising 
field Ho applied at right angles to the axis of the waveguide. 
Consider two directions of this field, namely, Hy) perpendicular to 
the longer side of the plate and Hy perpendicular to the shorter 
side of the plate. 

480. Determine the types of proper oscillations in a cavity 
resonator with perfectly conducting walls. The resonator is in 
the form of a rectangular parallelepiped of sides a, b,h. 

481. Determine the number of proper oscillations AN(w) per 
frequency interval Aw in the hollow resonator considered in the 
preceding problem. Assume that Aw « w and AN > 1, and that 
the total volume of the resonator is V. 
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482. The walls of a rectangular resonator have a small sur- 
face impedance ¢. Determine the shift Aw’ inthe proper frequency 
and the attenuation decrement Aw” for oscillations with n, = 0, 
no = ng= il. 

483. A given resonator is in the form of a right-circular 
cylinder of height h and radius a. Assuming that the walls are 
perfectly conducting, find the frequency of the proper oscillations. 
Consider the E and H oscillations. 

Hint: Use the solution for a circular waveguide of 
Problem 466. 


Chapter 
10 


SPECIAL THEORY OF RELATIVITY 


1. Lorentz transformation 


The space and time coordinates in two inertial reference 
frames S and S’ are related by the Lorentz transformation 
formulae 


x= 1(x'/+Vt), yay’, z=2', t=7("+-—F). (X.1) 


where y = (1-82)"? and B= V/c. It is assumed that S’ moves 
with a constant velocity V along the Ox-axis relative to S in such 
a way that the coordinate axes remain parallel to each other, the 
x-and x" axes coincide, and the origins of § and S’ coincide at 

times t= t’= 0. The reverse Lorentz transformation is ob- 
tained by changing the sign of V: 





c2 


x’ = 1 (x — V8), ‘= y, 2’ =2, f=1(t*— 7): (X.2) 


The quantities (x4, x2, x3) and x4 = ict are the coordinates of 
the world point 


x,=(r, ict), | (X.3) 


T=(X), Xg, 3). 


The four-dimensional vector (4-vector) A; = (A, A4) = 
= (A;, Ao, A3, A4) is defined as the set of quantities A,, Az, A3, Aq 
which transform as space and time coordinates in accordance with 
(X.1) so that (cf. Section 2 of this chapter) 


Ay=1(A;—iBA)), Ap= Az, As Ay Ar= 1 (AG BAI). (KA) 


The vector A= (Ay, Az, A3) is called the space component of 
the 4-vector A; and the quantity A, is called the time component 
of this vector. 
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The squares of 4-vectors, Ai, and their scalar products are 
invariant with respect to Lorentz transformations: 


A =Inv, A;B; =iInv. (X.5) 


A 4-vector A; is called spacelike if A’ > 0 and timelike if At <0. 


The invariant quantity 
1 


Sy =[(t, — 1)? — €? (t; — t)*)? (X.6) 


is defined as the interval between two events with coordinates 
(v4; ty) and (ro, to). 

The time indicated by a clock moving together with a given 
object is called the proper time of the object. If the object moves 
relative to the frame S with a velocity V, then the proper time 
interval dt may be expressed in terms of the time interval dt in 
the frame S, and is given by 


dt =dtV1—V¥e2. (X.7) 


The quantity dtv1 - Be is invariant under the Lorentz transforma- 
tion. 

If a given rod has a length J) at rest, then when it moves with 
a velocity v in the direction of its longitudinal axis, its length as 
measured by an observer at rest is given by 


1=1,V1I—ve?. (X.8) 


The four-dimensional velocity is defined as the 4-vector 
whose components are given by 


dx; Vv tc 
af a a 9 
ome? Caeser vias) ed) 
where v = dr/dt is the ordinary particle velocity. It is clear 
from Egn. (X.9) that 
u? == — ¢?, (X.10) 


The 4-velocity transforms in accordance with (X.4) just like any 
other 4-vector. 

The components of ordinary velocity are not the space com- 
ponents of any particular 4-vector, and transform in accordance 
with the following expressions (Vj x): 

vi tV vy Vi— V¥c? vu, Vi— Vc? 


hs a aye ee 11 
°s 1+0,V/c? °y 1+0,V/c? Ye 14u,V/c? aa 
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If the particle velocity is at an angle 9 and &’ to the x-axis in S 
and S’ respectively, then 


ae 2S ese noes v = Vor portal (X.12) 


The four-dimensional acceleration of a particle is the 
4-vector with components 








du a’x 
o= t= Ft. (X.13) 

The wave vector k and the frequency w of a plane electro- 
magnetic wave are the components of the wave 4-vector 


k, =(k, =). (X.14) 


It follows that the phase of a plane wave g = k;x; is an invariant 
quantity. 

It follows from (X.4) that the transformation formulae for the 
angle $ between the light ray and the x-axis are 


cos 9’ +6 


sin 9/ 


tan} = Tos * +h) or cos) = Tacos ar (X.15) 


----000---- 


484. Suppose that a system S’ moves relative to a system S 
with a velocity V along the x-axis. When clocks at S’ (x9, 9, 29) 
and S (x9, Yo, 29) paSs each other they indicate times ¢9 and fo 
respectively. Write down the Lorentz transformation formulae 
for this case. 

485. A system S’ moves relative to a system S with a velo- 
city V. Show that when clocks in S and S’ are compared, the 
clock is one of the systems, whose readings are successively 
compared with the readings of two clocks in the second frame 
(synchronised within that frame), will always lag behind. Express 
one of the two time intervals in terms of the other. (The readings 
of the moving clocks are compared when they pass each other.) 

486. Thelength of a rod moving in the directionof its longi- 
tudinal axis in a given reference frame may be found by deter- 
mining the time interval taken by the rod to travel past a point 
fixed in the frame and multiplying it by the velocity of the rod. 
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Show that this method of measuring the length of a rod will yield 
the usual Lorentz contraction [cf. Eqn. (X.8)]. 

487. A system S’ moves relative to a system S with a velo- 
city V. Clocks at rest at the origins of the two frames are found 
to be synchronised (ft = t’ = 0) when they pass each other. Find 
the coordinates in each system of the world point which has the 
property that clocks at rest in S and S’ indicate the same time 
t= ft’ at this point. Determine the law of motion of the world 
point. 

488. Atrain A’B’ (cf. Fig. 73 in the solutions) has a length 
lg = 8.64 x 10° km in the system in which it is at rest. The train 
travels past a platform AB having an equal length in its own rest 
frame with the velocity V = 240000 km sec-!. Identical synchro- 
nised clocks are placed at A, B and A’, B’. When the head of the 
train (B’) becomes level with the beginning of the platform (A), 
the corresponding clocks both indicate 12h 00min. Answer the 
following questions: (a) Is there a reference frame in which all 
four clocks will show 12h 00 min? (b) What will be the time 
shown by the four clocks when A’ becomes level with A? (c)-What 
will be the time shown by the clocks when the head of the train B’ 
becomes level with B? 

489. Determine the time (as measured by a clock at rest on 
the earth's surface) taken by a rocket to reach a distant star and 
return to earth with a constant velocity v = v0.9999c, if the dis- 
tance to the star is four light yearst. Use the result to determine 
the time interval which may be used as a basis for estimating the 
amount of food and other supplies for the journey. Calculate the 
kinetic energy of the rocket if its mass is 10 tons. 

490. Two rulers, each having a length ly) at rest, move in 
opposite directions with uniform velocities along the x-axis. An 
observer at rest relative to one of the rulers notes that the time 
interval between instants at which the left and right ends of the 
rulers pass each other is At. What is the relative velocity of the 
two rulers? In what order will the ends of the rulers pass each 
other for observers at rest relative to either of the rulers, and 
also for an observer with respect to whom both rulers move with 
equal velocities in opposite directions? 


t A light year is defined as the distance travelled by a light beam in vacuum in 
one year, 
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491. Derive the Lorentz transformation formulae without 
assuming that the velocity of S’ relative to S is parallel to the 
x-axis. Give the result in a vector form. 

Hint: Resolve the position vector r into the longi- 
tudinal and transverse components relative to the direction of the 
relative velocity V and use the Lorentz transformation (X.1). 

492. Write down the Lorentz transformation formulae for 
an arbitrary 4-vector A; = (A, A4) without assuming that the 
velocity V of the system S’ relative to S is parallel to the x-axis. 

493. Derive the velocity addition formulae when the velo- 
city V of a system S’ relative to S has an arbitrary direction. 
Give the result in a vector form. 

494. Three reference frames, S, S’, and S” are such that 
S” moves relative to S’ with a velocity V’ in the direction parallel 
to the x’-axis, and S’ moves relative to S with a velocity V in the 
direction parallel to the x-axis. The corresponding axes of all 
the three systems remain parallel. Find the Lorentz transforma- 
tion connecting S” and S and use it to obtain a formula for the 
addition of parallel velocities. 

495. Prove the formula 


v2 V 1— 07 /c2?. VI— V3/e2 


a 3 ce aes (CL, 
where v and v’ are the velocities of a particle relative to frames 
S and S’, and V is the velocity of S’ relative to S. 

496. Prove the relation 


¥ (v’ + V)? —(v" XV)? /c? 


wre I+v’-V/c? 


where v and v’ are the velocities of a particle relative to frames 
S and S’, and V is the velocity of S’ relative to S. 

497. Tworulers, each of which has a length lp in its own 
rest frame, move towards each other with equal velocities v rela- 
tive to a given reference system. Find the length / of each of 
the rulers in the reference frame in which the other ruler is at 
rest. 

498. Solve the preceding problem on the assumption that the 
rulers move with equal velocities v at 90° to each other ina 
stationary reference frame. 

499. Two electron beams travel along the same straight 
line but in opposite directions with velocities v = 0.9c relative 
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to the laboratory system. Find the relative velocity V of the 
electrons as measured by an observer at rest in the laboratory 
and also by an observer moving together with one of the electron 
beams. 

500. The effects which occur during a collision between two 
elementary particles are independent of the uniform motion of the 
two particles as a whole. Such effects depend only on their rela- 
tive velocity. A given relative velocity may be communicated to 
the colliding particles in two ways (we shall assume for simplicity 
that they have the same mass): (1) an accelerator is used to 
accelerate one of the particles to an energy & while the other is 
at rest, or (2) both particles are accelerated towards each other 
by identical machines until they reach an energy 8) < 8. Compare 
the two energies 8 and 8» and consider in particular the ultra- 
-relativistic case. 

501. Find the transformation formulae for the acceleration 
v in the case when the system S’ moves relative to the system S 
with an arbitrary velocity V. Express your result in vector form. 

502. Express the components of the four-dimensional 
acceleration w; in terms of the ordinary acceleration v and velo- 
city v. Find we. Is the four-dimensional acceleration space- 
like or timelike? 

503. Express the acceleration V’ of a particle in the inertial 
frame in which it is instantaneously at rest in terms of its accele- 
ration ¥ in the laboratory system. Consider the cases when v 
varies only in magnitude or only in direction. 

504. The rocket considered in Problem 489 is accelerated 
from rest to a velocity v = V0.9999c. The acceleration of the 
rocket in the system in which it is instantaneously at rest is 
|v| = 20m sec’. Determine the time taken by the rocket to 
reach this velocity as measured by clocks in the frame in which 
it was originally at rest, and clocks at rest in the rocket. 

Hint: Neglect the effect of inertial forces on the clocks 
in the rocket, i.e. determine the sum of the proper time intervals 
dt = dtVl - v*/c? in the inertial frames in which the rocket is 
successively instantaneously at rest. 

505. A system S’ moves with a velocity V relative to a sys- 
tem S. The velocities of two bodies relative to S are respec- 
tively v; and v2. Find the angle a between the velocities of the 
two bodies as measured in S and in S’. 

Hint: Use the results of Problems 493 and 495. 
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506. What happens to the angle between the two velocities in 
the preceding question when the velocity of S’ relative to S tends 
to the velocity of light c? 

507. At aparticular instant of time the direction of the rays 
of light from a star are at an angle § to the orbital velocity v of 
the earth in the frame in which the sun is at rest. Find the 
change in the direction of the earth-star line after a period of six 
months without assuming that v/c is small. This phenomenon is 
known as the aberration of light. 

508. Find the form of the apparent curve, described by a 
star on the celestial sphere, which is due to the annual aberration. 
Assume that the polar coordinates of the star in the frame in 
which the sun is at rest are $, a, where the polar axis is drawn at 
right angles to the plane of the earth's orbit. The orbital velocity 
of the earth may be assumed to be very much smaller than the 
velocity of light. 

509. A beam of light subtends a solid angle dQ in a given 
reference system. Find the change in this angle when it is mea- 
sured in another inertial reference system. 

510. Assuming that the stars in the part of the galaxy which 
is néarest to us are distributed uniformly, determine their distri- 
bution dN/dQ’ as measured by an observer in a rocket moving with 
a velocity approaching the velocity of light. 

511. Find the transformation formulae for the frequency w 
and the wave vector k of a plane monochromatic light wave between 
two inertial systems. Assume that the direction of the relative 
velocity V is arbitrary. 

512. Find the frequency w of a light wave as observed in the 
case of the transverse Doppler effect (the direction of propagation 
is at right angles to the direction of motion of the source in the 
system in which the detector of the radiation is at rest). Find the 
direction of propagation of the wave in the system in which the 
source is at rest. 

513. The wavelength of light emitted by a source in the sys- 
tem in which it is at rest is Ag. Find the wavelength A measured 
by an observer approaching the source with a velocity V, and an 
observer moving with the same velocity away from the source. 

514*. A mirror moves ina direction at right angles to its 
plane with a velocity V. Find the law of reflection of a plane 
monochromatic wave from the mirror, and also the change in the 
frequency onreflection. Consider in particular the case V ~c. 
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515. Solve the preceding problem in the case when the 
mirror travels without rotation in the direction parailel to its own 
plane. 

516. Set up the wave 4-vector describing the propagation of 
a plane monochromatic wave in a medium having a refractive 
index n and moving with a velocity V (the phase velocity of the 
wave in a stationary medium may be taken to be v’ = c/n). Find 
the transformation formulae for the frequency, the angle of pro- 
pagation, and the phase velocity. 

517. A plane wave propagates in a medium moving with a 
velocity V in the direction of displacement of the medium. The 
wavelengthinavacuumis A. Find the velocity v of the wave in the 
laboratory system (Fizeau experiment). The refractive index n 
is determined in the system S’ in which the medium is at rest and 
depends on the wavelength \’ in this system. Neglect terms of 
second order in V/c. 


2.  Four-dimensional vectors and tensors 


In going over from one inertial system S’ to another inertial 
system S, the coordinates of a world point x, = x, x2 = y, x3 = 2, 


x4 = ict transform in accordance with the formulae 
X, =O), X) (X.16) 


The transformation matrix is orthogonal, so that 


py = Bigs Ly/Ayy = Bip, (X.17) 
and hence the reverse transformation may be written 
xX) =O, Xp. (X.18) 


dhe ; 
The quantity s = (x? + xb 4 xt + xi)? is invariant under the Lorentz 


transformation. 
The transformation matrix corresponding to (X.4) is of the 
form 


7 0 0 — 

a— aoe (X.19) 
0 01 0 
By 0 0 7 


When the Lorentz transformation is applied repeatedly, the cor- 
responding transformation matrices form a product in accordance 
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with the usual rule for the multiplication of matrices (cf. Section 1 
of Chapter 1). 

The components A; of a four-dimensional vector, i.e. a 
4-vector, transform as the coordinates of a world point: 


A, == p,An, Al = ay Ay- (X.20) 


A four-dimensional tensor (4-tensor) of rank N is defined as 
the set of 4” quantities T;,....., which transform as the product 


of the corresponding coordinates (x;, x,,...-, x1)! 
ee ae een fey (X.21) 


The determinant layxl of the matrix @ may be equal either to 
+1orto-1. When the determinant is equal to +1, the transfor- 
mation may be looked upon as a rotation in the four-dimensional 
space. When the determinant is equal to -1, the transformation 
includes reflection of one or three coordinates. 

A pseudotensor of rank N is defined as the set of 4” quantities 
P;..... which transform in accordance with the formulae 


Pin... 1=%p%pr ++ C5] mal Por... s- (X.22) 


The skew-symmetric unit pseudotensor of rank 4 (cf. Prob- 
lem 521 below) is an example of a pseudotensor. Its components 
€ikim are defined by the following conditions: (a) €;,1m, changes 
sign when any pair of subscripts is reversed, and (b) e434 = 1. 
It follows that the components of @;,% 17 will vanish when all the 
subscripts are identical, or will be equal to +1 when the sub- 
scripts are all different. 


= Q002==— 


518. Show that the components A,, Ag, A3 of the four- 
-dimensional tensor A; = (Ay, Ag, A3, Ay) transform on space 
rotation as the components of the three-dimensional vector A = 
= (A;, Ag, Ag) and also that the component Ay, is a three- 
-dimensional scalar. 

519. Find the three-dimensional tensors into which a 
4-tensor of rank 2 is found to divide as a result of space rotations. 

520. Show that the components of a skew-symmetric 
4-tensor of rank 2 transform on space rotation as the components 
of two independent three-dimensional vectors. 
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521. Show that the quantity ¢;;,17_ which was defined in the 
introduction to this section does in fact transform as a pseudo- 
tensor. 

522. Show that 


© iRime imrs = 2 6, Bes Y. Bis Seni 


Cikimekimn — 66), 


523. Show that 
Cthim® mrs AB pC ,D, = 2 (A,C;) (B,D,) — 2 (A;D,) (B,C,). 


024. Find the transformation laws for the following quan- 
tities: (a) 8y/dx;, (b) 8A;/8x;,, and (c) T;, Ay, where @ is a 
scalar, A; a vector, and T;, a tensor. 

525. Two 4-vectors A; and B; are called parallel if 


Show that the ratio of the corresponding components of parallel 
4-vectors is invariant under a Lorentz transformation. 

526. Find the number of different components of a 4-tensor 
of rank 3 which is skew-symmetric with respect to the transposi- 
tion of any pair of subscripts. Show that the components transform 
on rotation as the components of a four-dimensional pseudovector. 

527. Three reference systems S,S’, and S” are such that 
S” moves relative to S’ with a velocity V’ in the direction parallel 
to the x-axis and S’ moves relative to S with a velocity V in the 
direction of the x-axis. Corresponding axes of the three systems 
remain parallel. By multiplying together the corresponding 
matrices, find the matrix for the transformation from S$” to S. 
Hence deduce the formula for the addition of parallel velocities 
[cf. (K.11)]. 

528. Write down the Lorentz transformation (X.1) in terms 
of the variables x1, x2, x3, x9 = ct by expressing the magnitude of 
the relative velocity V in terms of the angle a given by tanh a = 
= V/e. 

529. A system S’ moves relative to a system S with a velo- 
city V (tanh a = V/c) in the direction defined by the polar angles 
$, g- The corresponding axes of S and S’ remain parallel. 

Find the matrix g for the transformation from S’ to S by multi- 
plying together the simple transformation matrices. 
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3. Relativistic electrodynamics 


In this section we shail summarise the fundamental formulae 
of relativistic electrodynamics ina vacuum. The three-dimen- 
sional current density j = pv and the charge density Pp form the 
current density 4-vector 


J,=(, icp). (X.23) 


The electric and magnetic fields are the components of the 
skew-symmetric electromagnetic-field 4-tensor 


0 H, —H, —iE, 
—H 0 H, —iE 

Fi= : ei SS (X.24) 
ik Ho =H, O° Sue, 
iE, iE, iE, 0 


The field components in two systems S’ and S, whose x and x’ 
axes are parallel to the relative velocity of the two systems, 
transform in accordance with the following formulae 


E,= Ey, Ey = 1 (Ey +BH:2), E,=1(E:— Bay); a 
H,= Hy, H,=1(Hy—BE,), H,= 1 (H+ 8E)). | 
The quantities 
H?— EF? =inv, E-H=inv (X.26) 


are invariant under the Lorentz transformation. The vector and 
scalar potentials A and g form the potential 4-vector 


= (A. 19). (X.27) 


The components of the energy-momentum tensor in a vacuum 
are defined by 


] 1 2 
Tie = Ge (Fun —F biaFim) (X.28) 


The nine space components of the tensor T;); form the three- 
-dimensional Maxwell stress tensor 


1 l 
Tag =e (—FEy— Het gE HD Ry (K-29) 


a 


The space-time components of T;, are proportional to the com- 
ponents of the energy flux density S and the field momentum 
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density g: 


; ; (X.30) 
Ty, = icg,, §=7,, (FE XH=aS. 


The time component of T;,; is related to the field energy den- 
sity W by the formula 


Ty=—w=— P(E +H. (X.31) 
The divergence of the tensor T;, determines the volume den- 


sity of forces f; = E Hw acting on the charges: 


OT ip 
OX, 





= —f,=—+ Findy- (X.32) 


Let us consider now the formulae of electrodynamics in the 
presence of media. The field vectors E, D, B, and H form two 
skew-symmetric four-dimensional tensors of rank 2, t.e, the 
field tensor 


0 B, —B, —iE, 
—B 0 B. —iE 
Fy = 5 ee i393 
tk By = B, 0 a iE: (X ) 
(Eg. 4B <4B: 0 
and the induction tensor 
0 H, —H, —iD, 
—H, 0 H, —ID, 
= .04 
Fin H, —H, 0 —JD, eo 
Ds AD, 1D, 0 


The polarisation and magnetisation vectors P and M form the 
following 4-tensor 


0 M, —M, iP, 
5M, 0 M, IP, 
Me=| oy om, 0 we) 0.35) 


—iP, —iP, —iP, 0 
The formulae D= E+ 47P and B= H+ 41M may be joined 


into the single relation 


Hip = Fig — 40M (X.36) 
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The 4-force f; per unit volume of the medium is given by 
={t te+a-w}. (X.37) 


where f is the pondermotive force per unit volume and @ is the 
Joule heat liberated per unit volume per unit time. 


--~-000-~-- 


530. Write down the transformation formulae for the field 
vectors (E, B), (D, H) and the polarisations (P, M) in the case 
where the S’ system moves relative to the S system with an arbi- 
trarily oriented velocity V. Express the transformation formulae 
in a vector form. 

Hint: Use the expression for the transformation coef- 
ficients in Problem 529 and the asymmetry of the tensors Fj}, 
Hy,, and M;,. 

531. A uniform electromagnetic field E, H exists in the 
reference system S. Find the velocity of the system 35’ relative 
to S in which E’||H’. Does this problem always have a solution, 
and if so, is it always unique? Find the absolute values of E’ and 
H’. 

532. The electric and magnetic fields in a reference sys- 
tem S are mutually perpendicular (E 1H). Find the velocity of 
the system S’ relative to S in which only the electric or only the 
magnetic field is present. Does this problem always have a solu- 
tion, and if so, is it unique? 

533. An infinitely long circular cylinder is uniformly charged 
with a density x per unit length. A uniformly distributed current 
J flows in the direction of the axis of the cylinder. The permit- 
tivity and the magnetic permeability are equal to unity in all 
space. Find the reference system in which there is only an 
electric or only a magnetic field, and determine the magnitude of 
these fields. 

534. Find the magnitude of the e.m.f. induced in a conductor 
moving in a magnetic field B, using either the transformation 
formulae for the field strength or the transformation formulae for 
the potentials. 

535. Find the potentials yg, A and fields E, H due toa point 
charge e moving with a uniform velocity V by carrying out the 
Lorentz transformation from the reference system in which the 
charges are at rest. 
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536. Show that the electric field due to a uniformly moving 
point charge is ‘‘compressed”’ in the direction of motion, and that 
the field E on the line of motion of the charge is reduced as com- 
pared with the Coulomb field. Is this reduction in the field con- 
sistent with the transformation formula Ey = Ej; ? 

537. An electric dipole having a moment py in the reference 
system in which it is at rest, moves with a uniform velocity V. 
Find the potentials gy, A and the fields E, H due to the dipole. 

538. Derive the transformation formulae for the electric and 
magnetic dipole moments p and m of a polarised and magnetised 
body between the inertial system in which the body is at rest and 
another inertial system. 

Hint: Use the transformation formulae for the polari- 
sation and magnetisation vectors P and M. 

539. An uncharged wire loop in the form of a rectangle of 
sides a and 6 carries a current JY’ and moves with a uniform 
velocity V which is parallel to the side of length a. The wire has 
a finite cross-section. Find the distribution of electric charges 
in the loop and its electric and magnetic moments in the labora- 
tory system. 

540. Deduce the relativistic transformation law for the 
Joule heat @ from the definition of the 4-vector of force. 

541. Find the transformation formulae for the energy 
momentum tensor T;; under the Lorentz transformation (X.1). 

542. Find the sum of the diagonal elements (i.e. the spur) 
of the energy-momentum tensor (X.28). 

543*. An electromagnetic field exists only within a finite 
voluine of space V in which there are no charges. Show that the 
total energy and momentum of the field transform as a 4-vector. 

544*. The total angular momentum of a system consisting of 
an electromagnetic field in vacuum and a set of point charges may 
be defined by 


i 


Kg ‘i (Xj T 1 — XT) dS,+ 9) (x;P_p— XpPi), T 
t 


¢ It can be easily verified using the definition of the tensor T, that the space part 
Kap of the tensor K,, is askew -symmetric tensor equivalent to the vector K= far Xg)dV + 


1 
+20 Xp, where g= Tee (E X H) is the field momentum density. 
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where the integral is taken over the entire hypersurface x, = ict = 
= const. The summation is carried out over all the particles, and 
the values of x;, p, are taken at the points of intersection of the 
world lines of the corresponding charges and the hypersurface x4= 
= const. Prove the conservation of the total angular momentum 
K;), of the system, taking into account the fact that 87; },/8x;, = 

= -Fipjp/ec- 

545*. A particular system, which consists of particles and 
an electromagnetic field, occupies a finite evacuated region of 
space. By considering the balance of the total angular momentum 
Kog Of the system, find an expression for the flux density ® of the 
angular momentum of the field. Use the expression for Kj}, 
given in the preceding problem. 


Chapter 
11 


RELATIVISTIC MECHANICS 


1. Energy and momentum 
The momentum p of a relativistic particle is given by 
p=—_—_—., (XI.1) 
where v is the velocity of the particle and m is its rest mass. 


The total energy & of a freely moving particle can be expressed in 
terms of the velocity: 








Biss mc? (XI.2) 


or in terms of the momentum: 


&8=cV p*+ mc, (XI.3) 
The kinetic energy T of a particle is given by 
T=8& — me?, (XI.4) 


where &) = mc? is the rest energy. The energy, the momentum, 
and the velocity of a particle are related by 


&v = cp. (XI.5) 


The energy and the momentum of a particle are the time and 
space components of the energy-momentum 4-vector (4-momen- 
tum) 


p=(p. #8). (XI.6) 


In the transition from one inertial system into another, the 
momentum transforms in accordance with (X.4). The square of 
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the 4-momentum is a relativistic invariant: 
yet ee &’ eee yr 
Pi =p — a= — mec’. (XI.7) 


A particle is referred to as non-relativistic if its kinetic energy 

is small, and ultra-relativistic if its kinetic energy is very large, 
as compared with the rest energy. The velocity of an ultra- 

-relativistic particle approaches the velocity of light, and its 

energy is given by 


&=cp. (XI. 8) 


Particles with zero rest mass and zero rest energy (photons and 
neutrinos) are always ultra-relativistic and their velocity is 
exactly equal to the velocity cf light c. 

The energy and momentum of a photon in a vacuum are given 


by 
6=—fhw, p= —=—hk, (XI.9) 


where w is the frequency and # = 1.05 x 102? erg sec is Planck's 
constant divided by 27. 

The total energy and momentum of an isolated system of 
particles is conserved. It follows that if there is no interaction 
between the particles before and after a particular reaction (dis- 
integration or collision) then the initial total 4-momentum p?) is 
equal to the final total 4-momentum p;: 


XP) =D Ppp (XI.10) 
where the summation is carried out over all the particles existing 
before and after the reaction. 

In collision theory it is convenient to use either the laboratory 
system S, or the centre of mass system S’ (CM system) in which 
the total momentum pis zero. The useful device consisting of 
making use of the invariance of the squares of 4-momenta should 
be noted (cf. solutions to Problems 561, 574, and 580). 

There are two types of collisions, namely, elastic, in which 
there is no change in the internal state and therefore no change in 
the masses of particles, and inelastic, in which there is a change 
in the internal energy (mass) of the colliding particles, and 
creation or annihilation of particles may take place. In an inelastic 
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collision between two particles, the total mass m, + my, of the 
colliding particles differs from the total mass M, of the particles 
emerging from the reaction by the amount given by 


The quantity Q = c’AM is known as the Q@ value of the reaction. 
Table (XI.1) gives the rest energy 8) of a number of elementary 
particles. Therest energy ofthe electron mec? is aconvenient unit 
ofenergy. Another convenient unit 











TABLE XI1.1 is the electron-volt which is de- 
l 8, fined by leV = 1.602 x 107"? erg, 
Particle in ons OF} a sev TABLE XI.2 
e 
El , MeV 
Electron 1 0.511 ement 2 
pi-meson 207 106 
| at-meson 273 139 H?2 2.18 
7 -meson 264 135 1 ‘ 
K-meson oe He He} 28.11 
P 1836 3 
poten cy 38.96 


A-hy peron 2181 1115 | 


1 MeV = 10% ev, 1GeV= 10% eV. Table (XI.2) gives the binding 
energies of three light nuclei. The binding energy is defined by 


B=AMc? = D 8m— Son: 


where &), is the rest energy of a nucleon and &py is the rest 
energy of the nucleus. 


==-5000-=+> 


546. Express the momentum » of a relativistic particle in 
terms of its kinetic energy T. 

047. Express the velocity v of a particle in terms of its 
momentum p. 

548. A particle of rest mass m has an energy &. Find the 
velocity v of the particle. Discuss in particular the non-relati- 
vistic and the ultra-relativistic limits. 

549. Find approximate expressions for the kinetic energy T 
of a particle of rest mass m in terms of (a) its velocity v, and 
(b) its momentum p, to within terms of the order of v‘/c* and 
p'/m'c* respectively, where v « c. 
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550. Find the velocity v of a particle of rest mass m and 
charge e after it has traversed a potential difference V (assume 
that the initial velocity is zero). Consider the non-relativistic 
and the ultra-relativistic situations. 

551. Find the particle velocity v for: (a) electrons in an 
electronic valve (&$ = 300 eV), (b) electrons in a 300 MeV 
synchrotron, (c) protons in a 680 MeV synchrocyclotron, and 
(d) protons in a 10 GeV proton synchrotron. 

592. Ina linear accelerator, the particles are accelerated 
in the gaps between hollow cylindrical electrodes (the so-called 
drift tubes), and travel along the common axis of these electrodes. 
The acceleration is produced by a high-frequency electric field 
having a frequency v = const. Find the lengths of the drift tubes 
which will ensure that a particle of charge e and rest mass m will 
traverse all the accelerating gaps at instants of time at which the 
maximum voltage V, acts across the gaps. Estimate also the 
total length of the accelerator with N drift tubes. 

553. A beam of monochromatic “-mesons produced in the 
upper atmosphere is incident vertically on the earth's surface. 
Find the ratio of the intensity of the beam at a height h above sea 
level to the intensity at sea level, by assuming that the reduction 
in the beam intensity in the particular layer of air of thickness h 
occurs only as a result of the spontaneous disintegration of the 
##-mesons (energy of the u-mesons & = 4.2 x 108 eV, h= 3 km, 
half-life of u-meson at rest 7) = 2 x 107 sec). 

554. A reference system S’ moves with a velocity V relative 
toa system S. A particle of rest mass m having an energy 8’ 
and velocity v’ in S’ moves at an angle 9 to the direction of V. 
Tind the angle 4 between the momentum p of the particle and the 
direction of V in the system S. Express the energy and the 
momentum of the particle in S in terms of 9’, 8’ or 9’, v’. 
Consider in particular the ultra-relativistic case 8’ > mce?, 
V-=c. _ Show that in the ultra-relativistic case there will be a 
range of angles in which it is possible to use the approximate for- 
mula > ~ y ‘tan (i/2). 

555*. A system S’ moves with a velocity V relative to a sys- 
tem S. The angular distribution of particles of equal energy &’ 
in S’ is described by the function dW/dQ' = F’(9’, a’) where dW 
is the fraction of particles which move within the solid angle dQ’ 
in the system S$’. This function is usually normalised so that 


faw= [Fr (Y, a)dQ’ =1, 
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where the angle § is measured from the direction of V. Find the 
angular distribution of such particles in the system S. Consider 
in particular the ultra-relativistic case. 

556. A 7°-meson moving with a velocity v decays in flight 
into two y-rays. Find the angular distribution of the y-rays, 
dW/dQ, in the laboratory system, assuming that the distribution 
in the rest system of the 1°-meson is spherically symmetric. 

557. Express the energy of the r°’-meson considered in the 
preceding problem in terms of the ratio f of the number of y-rays 
emitted into the forward and backward hemispheres. 

558*. Find the dependence of the energy of the y-rays appear- 
ing as a result of the disintegration of the 7’-meson (cf. Prob- 
lem 556) on the angle § between the direction of motion of the 
y-ray and the direction of motion of the m’-meson. Determine 
the energy spectrum of the y-rays in the laboratory system. 

Hint: It follows from the laws of conservation of 
energy and momentum that in the rest system of the 7°-meson, 
the energy of the y-rays is 8’ = 4mc*, where m is the rest mass 
of the 7°-meson. 

559. Show that whatever the form of the energy spectrum of 
n°-mesons, the energy spectrum of the y-rays which are pro- 
duced as a result of the disintegration of these mesons will, in 
the laboratory system, have a maximum at 6 = 8’, 8’ = 4mc’, 
where m is the rest mass of the 7’-meson. Express the rest 
mass m of the 7’-meson in terms of 8, and 8, which are two 
arbitrary values of the y-ray energy on either side of the above 
maximum and correspond to equal values of the distribution 
function. 

Hint: Use the y-ray energy spectrum deduced in 
Problem 558. 

560. <A particle of energy & and rest mass m, moves to- 
wards a stationary particle of rest mass my. Find the velocity v 
of the centre of mass relative to the laboratory system. 

561*. A particle of rest mass m, and energy &) undergoes an 
elastic collision with a stationary particle (rest mass my). 
Express the angles of scattering %,, 4, of the particles in the 
laboratory system in terms of their energies $;, &» after the 
collision. 

562. Use the solution of the preceding problem to express 
the energy of the particles undergoing the elastic collision in 
terms of the scattering angles in the laboratory system. 
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563. <A particle of rest mass m is elastically scattered by a 
stationary particle of cqual rest mass. Express the kinetic 
energy T, of the scattcred particle in terms of the kinetic energy 
Ty of the incident particle and the scattering angle 94. 

564. Use the result of Problem 562 to find (on the non- 
-relativistic approximation) the dependence of the final kinetic 
energies 7; and 7» of theeparticles undergoing an elastic collision 
on the initial kinetic energy T) of the incident particle, and the 
scattering angles 9;, $6, in the laboratory system. Assume that 
the target particle was stationary prior to the collision. 

565. Particles of rest mass my, and m, undergo an elastic 
collision. Their velocities in the centre of mass system are vj; 
and v3, the angle of scattering is 9’, and the velocity of the centre 
of mass system relative to the laboratory system is V. Deter- 
mine the angle x between the directions of motion of the particles 
after the collision in the laboratory system. Consider in par- 
ticular the case m, = mb». 

566. A photon of frequency w» is scattered by a uniformly 
moving free electron. The momentum of the electron pp is at an 
angle $9 to the direction of motion of the photon. Find the fre- 
quency w of the scattered photon as a function of its direction of 
motion. Consider in particular the case where the electron was 
originally at rest (Compton effect). 

567*. Particles of type 1 having a velocity v, in a system S 
are scattered by stationary particles of type 2. Find the trans- 
formation law for the scattering cross-section doy to a reference 
system S’ in which particles of type 2 have a velocity vj and 
particles of type 1 a velocity vj. Consider in particular the case 
where vj and v» are parallel. 

Hint: The scattering cross-section doy, is defined as 
the ratio of the number of particles scattered per unit time by a 
single scattering centre into a solid angle dQ, to the intensity of 
incident particles Ij, = my¥9, where nm, is the number of incident 
particles per unit volume and vo is the initial relative velocity of 
particles of type 1 and 2 (cf. Problem 499). 

068. Determine the rest mass m ofa particle given that it 
disintegrates into two particles of rest masses my, and my). It is 
known from experiment that the momenta of the two particles are 
Pp, and pf» and the angle between their directions of motion is 4. 

969. Determine the rest mass my of a particle given that it 
is one of two particles produced as a result of the disintegration 
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of a particle having a rest mass m and momentum p. Assume 
that the momentum po, the rest mass mp», and the direction of 
motion v2 of the second particle produced in the disintegration are 
also known. 

570. <A particle of rest mass m, and velocity v collides with 
a stationary particle of rest mass my, and is absorbed by it. Find 
the rest mass m and the velocity V of the resultant particle. 

571. Astationary body of rest mass m, disintegrates into two 
particles with rest masses m,; and m>. How is the disintegration 
energy A& = (mp - m; - m2)c* shared between the two particles? 

972. Find the distribution of the disintegration energy A8 in 
the rest system of the disintegrating particles between (a) the 
alpha-particle and the daughter nucleus in the alpha-decay of U2, 
(b) the #-meson and the neutrino in the disintegration of the 
m-meson (n > # + v), and (c) the y-ray and the recoil nucleus in 
the emission of y-radiation. Consider in particular the case 
A = 20, A& = 2 MeV. 

973. A stationary excited nucleus of rest mass m (excita- 
tion energy A&) emits a y-ray. Find the frequency w of the 
y-ray. 

574*. A particle of rest mass m collides with a stationary 
particle of rest mass m;. The collision results in the production 
of a number of particles with a total rest mass M. If m + m, < 
< M, then at low kinetic energies of the incident particle the reac- 
tion will not proceed, because it would violate the law of conser- 
vation of energy. Determine the minimum kinetic energy of the 
incident particle at which the reaction becomes energetically pos- 
sible, i.e. the threshold kinetic energy 7 for the reaction. 

575. Find the energy thresholds 7, for the following reac- 
tions: (a) ™-meson production in nucleon-nucleon scattering 
(N+ N—-N+N +17), (b) photoproduction of 7-mesons on nucleons 
(N+ y-~N + 7), (c) production of a K-meson and a A-hyperon 
(x + N—A + K), and (d) proton—antiproton pair production in the 
scattering of a proton of rest mass m,, by a nucleus of rest 
mass m. Consider in particular the case of proton—proton 
scattering. Estimate the threshold for the production of an anti- 
proton in the collision between a proton and a nucleus of mass 
number A, assuming that m = mA. 

576. Find an approximate expression for the energy thres- 
hold 7» of reactions in which the change in the rest mass AM of 
the colliding particles is a small fraction of their total rest 
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mass M (this situation occurs in the case of a collision between 
two non-relativistic particles). Use this formula to determine 
the energy threshold 79 of the following reactions: (a) photo- 
disintegration of the deuteron (y + H? — p +n) and (b) the reac- 
tion Hed + He} > Lif + p. Compare the approximate expressions 
with the exact expressions (cf. Problem 574). 

577. Show that the electron—positron pair production by 
y-rays is only possible if a particle of finite rést mass partici- 
pates in the reaction. (This particle remains unchanged in the 
reaction, its sole purpose being to take up a fraction of the energy 
and momentum, so that the corresponding conservation laws may 
be satisfied.) Find the threshold 7, for the pair-production 
reaction. 

578. Show that the annihilation of an electron—positron pair 
with the emission of a single y-ray is forbidden by the conserva- 
tion of energy-momentum, but the annihilation of a pair with the 
emission of two photons is not forbidden. 

579. Use the law of conservation of energy-momentum to 
show that the emission and absorption of light by a free electron 
in a vacuum is impossible. 

580*. Show that the uniform motion of a free charged 
particle of rest mass m, charge e, and velocity v in a medium 
with a refractive index n(w) may be accompanied by the emission 
of electromagnetic waves (Cherenkov effectt). Express the 
angle # between the direction of propagation of the wave and the 
velocity v in terms of v, w, and n(w) (cf. Problem 727). 

Hint: The energy and momentum of a photon in a 
medium with a refractive index n(w) is 8 = iwand p= n(w)hw/c. 

081. Show that a free electron moving with a velocity v in 
a medium, can absorb electromagnetic waves of frequency w pro- 
vided v > c/n(w), where n(w) is the refractive index. 

082*. A particle which, in general, may have a complicated 
structure and may contain a number of electric charges (for 
example an atom), moves with a uniform velocity v through a 
medium with a refractive index n(w). The particle is at first in 
an excited state, and then emits a photon of frequency w (in the 
rest system) when it undergoes a transition to the ground state. 


{ An analogous effect may occur for a neutral particle which has a finite electric 
or magnetic Moment. 
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The photon is observed in the laboratory system at an angle % to 
the direction of motion of the particle. Find the frequency w of 
the photon in the laboratory system (this is the Doppler effect in 
a refracting medium). Consider in particular the case wy — 0. 

Hint: Neglect terms which are of the second order in 
h and assume that fiuy < mc’, where m is the rest mass of the 
particle. 

583*. The particle considered in Problem 582 moves with a 
uniform velocity through a medium. The particle is in the 
ground state and the remaining conditions are the same as those 
of Problem 582. Show that the emission of radiation may still 
occur, accompanied by the excitation of the particle. Elucidate 
the conditions necessary for this behaviour, and find the fre- 
quency w of the emitted radiation. 

584. The beam current in an accelerator is J and the 
kinetic energy at the output of the accelerator is T. Find the 
force F exerted by the beam on a target placed in its path, and 
the power W dissipated in the target. 

585. A body moves with a relativistic velocity v through a 
gas containing N slowly moving particles of rest mass m per unit 
volume. Find the pressure p exerted by the gas on a surface 
element of the body which is perpendicular to its velocity. 


2. The motion of charged particles in an 
electromagnetic field 


The force acting on a particle of charge e, which is moving 
with a velocity v in an electromagnetic field E, H is given by the 
Lorentz formula 


F=eE+—v XH. (XI.12) 


The change in the kinetic energy of the particle per unit time is 
given by 


PeySer weg = (XI.13) 


where & is the energy of the particle (cf. Section 1). 

The magnetic field does no work on the particle, since the 
force associated with it is always perpendicular to the particle 
velocity. The quantities F and d&/dt may be used to set up the 
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following 4-vector (the Minkowski force) 


a ( F F F-v 
i 2’ 2 7 
V 1 —< € V 1 — > 
The 4-force may be expressed in terms of the electromagnetic 
field tensor: F; = (e/c)Fy,u,, where u, is the 4-velocity of the 
particle and Fj} is the field tensor. 


The four-dimensional form of the differential equation of 
motion of a particle is 


(X1.14) 


apy 


tPF, orm Sth E Figg, (X1.15) 


dt c 








On resolving these equations along the space and the time 
axes, we obtain the equations of motion in the three-dimensional 
form, and the law of conservation of energy: 


p=eE+“vXH, T=ev-E. (XI.16) 


where T = 8 - mc? is the kinetic energy of the particle, p is its 
momentum. m is the rest mass, and the dot over the symbols 
indicates differentiations with respect to time ¢t. The equations 
given by (XI.16) hold for any velocity of the particle. 

The relativistic Lagrange function for a charged particle in 
an clectromagnetic field having a potential y, A is of the form 


L=—mey 1—~—u. (X1.17) 


In the non-relativistic case 





L=™ _u. (X1.18) 
In general 
U=—=A-v+ey. (XI.19) 


The quantity U plays the role of a potential energy of inter- 
action between the particle and the external field. The equations 
of motion of the particle may then be written in the Lagrangian 
form 
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where q;, q; are the generalised coordinates and velocities. 

The current associated with the orbital motion of a point 
charged particle round a given centre may be characterised by 
the magnetic momentt 


m =x, (X1.21) 


where x = e/2mc is the gyromagnetic ratio, m is the mass of the 
particle, andl= r xmvisthe angular momentum. The particle 

will experience a couple N = m XH in an external magnetic 

field H, and this will produce a change in the angular momentum 1 
which is given by dl/dt = N._ It follows that the rate of change of 
the magnetic moment is given by 


2m _ um CH. (XI.22) 


In addition to the angular momentum and the magnetic 
moment associated with orbital motion, micro-particles also 
exhibit an intrinsic (spin) angular momentum s and a magnetic 
moment mg which are either parallel or anti-parallel and are 
related by 


My = %S- (XI.23) 


For an electron xg = e/mc < 0, where e is the charge on the 
electron and m its mass. The rate of change of 1p is given by 
an equation similar in form to Eqn. (XI.22), except that x is re- 
placed by x9 and m by ny. 

The neutron is not electrically charged but does, neverthe- 
less, possess a spin magnetic moment mp. According to quantum 
theory, the direction of this moment in an external magnetic field 
H(r) can only be parallel or anti-parallel to the field, and the 
initial orientation of the moment is conserved under certain 
conditionst. The motion of neutrons with magnetic moments 
parallel (or anti-parallel) to the field can then be looked upon as 


t The classical theory described below can only be applied to micro-particles with 
certain reservations, A rigorous theory of motion of elementary magnetic moments 
can only be developed on the basis of the quantum theory. 

+ This will be true if the angle of rotation of the field per unit time in the system 
in which the neutron is at rest is small compared with the precession frequency wz = 
= 2nipft/h of the magnetic moment a, in the field H (adiabatic approximation), 
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the motion of classical particles in a force field with a potential 
energy 


U= =F MH, (X1.24) 


where H = |H(r)|. The energy U is usually very small and 
hence a magnetic field will only have an appreciable effect on the 
motion of very slow (cold) neutrons. 


==25600-55- 


586. Write down the relativistic equation of motion for a 
particle acted upon by a force F by expressing the momentum 
explicitly in terms of the velocity v. Consider in particular the 
following cases: (1) the direction of the velocity remains con- 
stant, (2) the magnitude of the velocity remains constant, and 
(3)U0 K ¢. 

587. Derive the expression relating the force F on a par- 
ticle in the laboratory system and the force F’ in the rest system. 
Assume that the velocity of the particle v is given. 

588. <A body of rest mass m is stationary relative toa 
rocket which moves with a relativistic velocity v in a circular 
orbit of radius R. Find the force F on the body as measured by 
an observer in the frame in which the body is instantaneously at 
rest. 

589. Two charges e and e’ move parallel to the x-axis with 
equal constant velocities v. Using the results of Problem 535, 
show that the electromagnetic force between the charges may be 
derived from the so-called convection potential y = (1 - B*)e/R 
whcre 





R= V (x, — x24 C — BI, — yn)? + (2, — 22) 


Yj, Y2 are the position vectors of the two charges, and the force F 
is given by F = -e’ grady. What will happen when v — c? 

590. Find the convection potential y» for an infinitely long, 
uniformly charged. straight conductort. The linear density of 
charge in the frame in which the conductor is at restis x. The 


ft The convection potential of a system of charges moving as a whole is defined as 
that function of the coordinates which, when differentiated, yields the components of 
the Lorentz force in the laboratory system per unit test charge moving together with 
the system of charges. 
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conductor moves without rotation at an angle a to its axis with a 
velocity v (in the laboratory frame). Consider in particular a = 0 
and a = 7/2. 

591. An infinitely long, uniformly charged, straight line 
carrying a charge x per unit length in the frame in which it is at 
rest moves with a velocity v in the direction parallel to itself. A 
point charge at a distance vy from the line moves with an equal 
velocity in the direction parallel to the line. Find the electro- 
magnetic force F on the point charge for an arbitrary velocity v. 

592. The distribution of electrons in a parallel beam is 
axially symmetric and is characterised by a volume charge den- 
sity P in the reference frame in which the electrons are at rest. 
The electrons are accelerated by a potential difference V and the 
total beam current is J. Find the electromagnetic force F on 
each of the electrons in the laboratory frame. 

Hint: Use the result of Problem 591. 

593. Find the spread Aa over a path length L of the electron 
beam considered in the preceding problem, assuming that it is 
due to the mutual repulsion between the electrons. Assume that 
the broadening is small (Aa<« L) and that the cross-section of 
the beam is circular with a radius a. 

094*. A particle of charge e and rest mass m moves with 
an arbitrary velocity in a uniform constant electric field E. At 
the initial instant of time, t = 0, the particle was at the origin 
and had a momentum py. Determine the three-dimensional 
coordinates and the time ¢ of the particle in the laboratory sys- 
tem as functions of its proper time tT. By eliminating 7 express 
the three-dimensional coordinates as functions of ¢ (the problem 
can also be solved directly by integrating the equations of motion 
in the three-dimensional form). Consider in particular the non- 
-relativistic and the ultra-relativistic limits. 

995. Find the trajectory of a charged particle of charge e 
and rest mass m in a uniform constant electric field E, using 
the results of Problem 594. Consider in particular the non- 
-relativistic limit. 

596. Find the range / of a relativistic charged particle of 
charge €, rest mass m, and potential energy & in a retarding 
uniform electric field E which is parallel to the initial velocity 
of the particle. 

597*. A relativistic particle of charge e and rest mass m 
moves in a constant uniform magnetic field H. At the initial 
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instant of time, t = 0, the particle was at the point with position 
vector rp and had a momentum pp. Determine the law of motion 
of the particle. 

598*, A non-relativistic particle of charge e and rest 
mass m moves in constant crossed electric and magnetic fields 
E= (0, E,, Ez) and H= (0, 0, H) respectively. At the initial 
instant of time, ¢ = 0, the particle was at the origin and hada 
velocity v= (v9x, 9, vgz). Determine the functions x(t), y(t), 
and z(t) and sketch out the possible trajectories of the particle. 

Hint: The substitution u = x + zy will simplify the 
integration. 

599. A relativistic particle moves in parallel uniform con- 
stant electric and magnetic fields E and H (E|| H||z). At ¢ = 0 the 
particle was at the originandhada momentum Py = (fox, 9; oz). 
Determine the quantities x, y, z, t as functions of the proper 
time 7t of the particle. 

600. Determine the law of motion of a particle in mutually 
perpendicular uniform constant electric and magnetic fields E and 
H. Use two methods, namely, (a) the Lorentz formula and assume 
that the motion of a particle in a purely electric or purely mag- 
netic field is known (cf. Problems 594 and 597), and (b) integrate 
Eqn. (XI.15). 

601. Find the kinetic energy T of a particle as a function of 
the proper time 7 for the types of motion considered in Problems 
594, 599, and 600. 

602. <A particle having a small initial velocity vg (vg « c) 
moves in crossed constant uniform electric and magnetic fields 
E = (0, Ey E,), H= (0, 0, 4), E<«< H. Determine the law of 
motion of the particle by using the Lorentz transformation and 
assuming that its motion in parallel electric and magnetic fields 
is known (cf. Problem 599). Use the results of Problem 530 and 
compare with the result of Problem 598. 

603. Determine the law of motion of a particle of charge e 
and rest mass m in the field of a plane electromagnetic wave 
E(t’), H(t’) where ¢’ = t - (n-r)/c and n is a unit vector in the 
direction of propagation. Assume that at t = 0, the particle was 
at rest at the origin. 

Hint: Note that the proper time Tt of the particle is the 
same as the argument t’ of the plane wave. 

604. <A non-relativistic charged particle of charge e and 
mass m passes through a two-dimensional electrostatic field 
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whose potential is g = k(x? = y*) where k = const > 0 (i.e. a 
strong focusing lens). Assume that at ¢ = 0 the particle was at 
the point (x9, yo, Zo) and the initial velocity vg was parallel to the 
z-axis. Determine the motion of the particle. 

605. Find the differential equation of motion for a relati- 
vistic particle in an electromagnetic field, starting from the 
Lagrange function in terms of cylindrical coordinates. 

Hint: In evaluating the time derivative in the Lagrange 
equations, note that the derivative is taken along the trajectories 
of the particles, so that 7, a, z should be looked uponas functions 
of time. 

606*. A potential difference V is maintained between the 
plates of a cylindrical capacitor whose radii are a and b (a < )). 
An axially symmetric magnetic field, which is parallel to the axis 
of the capacitor, is set up between the plates. The inner plate 
(cathode) emits electrons with zero initial velocity. Find the 
critical magnetic flux @,, at which the electrons will no longer 
reach the anode. 

607. <A long straight cylindrical cathode of radius @ carries 
a uniformly distributed current J and emits electrons with zero 
initial velocity. Thecathode is surroundedby a long coaxial anode of 
radius 6 whichis maintained at a potential V relativetothe cathode. 
Find the minimum potential difference between the cathode and the 
anode which will ensure that the electrons will reach the anode in 
spite of the effect of the magnetic field due to the current J. 

608. An infinitely long straight cylindrical conductor of 
radius @ carries acurrent ¢ The surface of the conductor 
emits electrons whose initial velocity vp is parallel to the axis 
of the conductor. Find the maximum distance b from the axis 
of the conductor which the electrons can reach. 

609. Solve Problem 607 by using the Lorentz transformation 
from the frame in which there is only one field (E or H). 

Hint: Use the results of Problems 533 and 608. 

610*. A relativistic particle of charge -e and rest mass m 
moves in the field of a stationary point charge Ze. Find the 
equation of the trajectory of the particle. Investigate the possible 
trajectories when the angular momentum K > Ze*se. 

Hint: Use the law of conservation of energy and the 
equations obtained in Problem 605. 

611. Investigate the possible trajectories of the particle 
considered in the preceding problem if K < Ze?2/c. 
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6i12*. A relativistic particle of charge e and rest mass m 
moves in the field of a heavy point charge Ze. Find the tra- 
jectory of the particle and discuss the solution. 

613. Show that when a particle moves in an attractive 
Coulomb field (cf. Problem 610) its velocity will tend to c when 
r 0 (Ze? 2 Ke). 

614. Determine the trajectory of the relative motion of 
non-relativistic particles of charges e, e’, masses fy, mM», and 
energy 8. Investigate the solution. 

615*. Find the differential scattering cross-section o(6) for | 
non-relativistic particles of charge e in the field of a stationary 
point charge e’. Assume that the velocity of the particles ata 
large distance from the scattering centre is v9. 

616. Determine the angle 6 through which a relativistic 
particle of charge e. energy &> mc”, and angular momentum 
K > |ee’|/c is deflected in the Coulomb field of a heavy stationary 
charge e’ (cf. Problems 610 and 612). 

617. A relativistic particle of charge e, rest mass m, and 
velocity vo at large distances is scattered through a small angle 
by the Coulomb field of a fixed charge e’. Determine the dif- 
ferential scattering cross-section o(@). 

618. An electron of charge e and rest mass m travels 
through the evacuated space above a plane uncharged surface of 
a dielectric of permittivity «. Initially the electron moves ina 
direction parallel to the surface of the dielectric with a velocity v 
and at a distance a fromit. Find the projected distance x from 
the initial position to the point at which the electron will enter the 
dielectric. 

619*, While an electron is being accelerated in the betatron, 
the magnetic field is continuously increasing, giving rise to the 
induced e.m.f. which accelerates the electron in a stationary 
orbit. Show that in order to accelerate an electron in an orbit 
of constant radius, it is neccessary that the total magnetic flux 
cutting the orbit should be twice the flux associated with a mag- 
netic field which is uniform within the orbit and zero along the 
orbit (the 2:1 betatron rule). 

620*. Show that. to within terms of the order of v’/c?, the 
cnergy of the retarded interaction between two charged particles 
is of the form 


0 \e2 | 


1 ; 
Ui) = aa vet (vy mf, 
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where R is the relative position vector of the two particles, n= 

= R/R, and vy, v2 are the velocities of the particles (this is the 
so-called Breit formula; an analogous expression is used in an 
approximate quantum description of the retarded interaction). All 
the quantities on the right-hand side of the equation are taken at 
time f. 

Hint: Use the expansions for the Lienard—Wiechert 
potentials (cf. Problem 658) and retain only those terms which 
are independent of the accelerations and their derivatives. Carry 
out a gradient transformation of the potentials in such a way that 
the scalar potential becomes identical with the Coulomb potential. 

621. Find an approximate expression for the Lagrange 
function for two interacting particles, having charges é,, é, and 
rest masses m,, mo, by taking into account the retarding effect 
to within terms of the order of v?/c’. 

622. <A particle having a magnetic moment m and gyromag- 
netic ratio x is placed in a uniform magnetic field H. Deterrhine 
the motion of the magnetic moment of the particle. 

623*. A particle of charge e and rest mass m executes a 
periodic motion in a centrally symmetric electrostatic potential 
y(r). The intrinsic magnetic moment in the rest system of the 


é 

particle is m= ree where 8 is the spin of the particle. In the 

laboratory system the moving particle has in addition an elec- 
1 

tric moment p = co” Xm), so that it experiences both a force and 


couple due to the electric field. Determine the couple N and the 
corresponding potential energy U of the magnetic moment in the 
electric field averaged over one period (retain only those terms 
which are linear in v/c). The effect of magnetic forces on the 
translational motion of the particle may be neglected. 

624*,. A particle of charge e, rest mass m, and intrinsic 
angular momentum 8 executes a periodic motion in a centrally 
symmetric electrostatic potential g(7v) (cf. Problem 623). Find 
the differential equation for the average (over one period) change 
in the angular momentum 8 per unit time. What is the nature of 
this motion? 

625. A neutron (magnetic moment 11, kinetic energy &) 
enters a magnetic field defined by H = const, x 2 0 and H = 0, 
x <0. Under what conditions will the neutron be reflected from 
the field? 
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626. Investigate the possible trajectories of a neutron (rest 
mass m, dipole moment mp ) in the field of an infinitely long 
straight conductor carrying a current J. 

627. A beam of cold neutrons (velocity vj, magnetic 
moment mp, rest mass m) is scattered by the magnetic field of an 
infinitely long straight conductor carrying a current 7. Deter- 


mine the differential scattering length l(a) = a where s(q) is 


the impact parameter for which the neutron is scattered through 


an angle a. 
Hint: Use the method employed in the solution of 


Problem 615. 


Chapter 
12 


EMISSION OF ELECTROMAGNETIC WAVES 


1. The Hertz vector and the multipole expansion 


The problem of the determination of a variable electromag- 
netic field in a vacuum for a given distribution of charges p(r’, t) 
and currents j(r’, £) may be solved by evaluating the retarded 
potentials 


e(r, n= | o(r=2) dV’, (XII.1) 


jin’, ¢—— 
A(r, pat ay, (XII.2) 


where R= |r --r’|, r is the position vector of the point at which 
the field is to be determined, r’ is the position vector of the field 
source, and dV’ is a volume element of the field source. These 
potentials satisfy the d'Alembert equations: 


1 Op 








Ape oa: Of = ABP, (XII.3) 
1 072A 4x. 
AA ——> +a =——j. (X11.4) 


and are related by the Lorentz condition 
livA++- 2% =0 (XII.5) 
c ot i : 


The number of unknown functions may be reduced if the 
potentials A(r, t) and g(r, £), which are related by Eqn. (XII.5), 
are replaced by the single vector function Z(r, £) which is known 
as the Hertz vector, or the polarisation potential, and is related 
to A and ¢ by the expressions 


g=— div Z, (XII.6) 
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1 
A=: (XII.7) 
The distribution of charges and currents can then be con- 
veniently described with the aid of a single vector function P(r’, ¢) 

which is related to Pp and j by the expressions 


p= —divP, (XII. 8) 
j=. (XII.9) 


This definition of P ensures that the continuity condition div J + 
+ 90/dt = 0 is satisfied. The quantity P is often referred to as 
the polarisation (but must not be confused with the polarisation of 
a dielectric). 

The Hertz vector Z satisfies the d'Alembert equation 


age. 24 oS yep, (XIT.10) 


ce Ot 
The vectors E and H are given by 


E =curlcur} Z — 4xP 


Hat . Ocurl Z (XII.11) 


c ot 
In order to determine the electromagnetic field for given p 
and j with the aid of the Hertz vector, the polarisation vector P 
must first be determined from (XII.8) and (XII.9). Owing to the 
analogy between Eqns. (XII.3)—(XII.4) and (XJJ.10), the Hertz vector 
can then be expressed in terms of P in a way similar to that 
whereby qg and A are expressed in terms of P and j: 


Z(r, pdf a ah (XII.12) 


If a system of charges and currents is confined to a finite 
region, its linear dimensions are of the order of a, and if the 
wavelengths A which contribute significantly to the spectral expan- 
sions of the potentials are such that 


-<l ond <1, (XII. 13) 


then the integrands can be expanded in powers of a/A and a/r. 
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If one retains only the first term of this expansion then 





Z(r, y= PE), (XII.14) 


where t’ = t - (r/c) is the retarded time of the centre of the sys- 
tem. The quantity 


p(t) = f r’o(r’, t’) dV! (XII.15) 


is the electric dipole moment of the charge distribution (cf. Prob- 
lems 643 and 644). The corresponding expression for A and » 
can then be obtained with the aid of Eqns. (XIJI.6) and (XII.7). 

The field at large distances 7 from the system of charges is 
of particular interest. In this case we have the following in- 
equality in addition to (XII.13): 


PoE. (XII.16) 


This defines the so-called wave zone. The field can then be 
determined by expanding the vector potential in powers of a/d. 
To within terms of the order of v’/c’, this expansion is of the 
form 


Pey , Qe) | me) xn 
AC = aap (XII.17) 
where n= r/* is a unit vector in the direction of propagation of 
the electromagnetic waves and where the dots represent differen- 
tiation with respect to t’. The magnetic dipole moment is given 
by 


m= afr x jaV! (XII.18) 
and the components of the quadrupole moment are 


Qa = Yap Qua = f{ e(r’) xi x. dV". (XII.19) 
B 


The form of the dependence of the vector potential in the wave 
zone on the distance 7 from the system is a characteristic 
feature. It ensures (see below) that the energy flux at infinity 
remains finite. This means that the vector potential describes 
the emission of electromagnetic energy. 
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The second and third terms of the vector potential, which 
represent the electric quadrupole and the magnetic dipole respec- 
tively, are smaller by a factor of a/A as compared with the first 
term (electric dipole) and may be neglected unless there are some 
special reasons responsible for a large reduction in the first term. 

In the wave zone, the field in a sufficiently small region will 
be of the form of a plane wave travelling away from the source. 
The corresponding field strengths may be evaluated from the 
formulae 


H=+AXn, E=HXn. (X11.20) 


The angular distribution of the emitted radiation may be 
characterised by the amount of energy flowing into a unit solid 
angle per unit time and this is given by 


pee = H?p?, (XII. 21) 


The total intensity I is obtained by integrating (XII.21) over all 
directions. 

Using the expansion given by (XII.17), the final expression 
for the total intensity is given by 


I= He 0 + ger [3 YO —(NEn) + cay. xr. 22) 
a3 ) 


==7-000-=2> 


628. Use a direct substitution to verify that the retarded 
potentials satisfy the d'Alembert equation and the Lorentz con- 
dition. 

629. Use the results of Problem 32 to obtain the formula 
given by (XII.22). 

630. Write down the equations which are satisfied by the 
electromagnetic potentials yg and A if the Lorentz condition (XJI.5) 
is replaced by the condition div A = 0 (this is the so-called 
Coulomb calibration). 

631. Show that when the Lorentz condition is satisfied then, 
in the wave zone, the scalar potential of a finite radiating system 
may be expressed in terms of the vector potential by the formula 
g= nA. 
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632. Using the solution of Problem 545 [Egqns. (2) and (3)], 
find an expression for the loss of angular momentum per unit time 
by a system radiating as an electric dipole. 

633. Find the equations for the lines of force of the electric 
and magnetic fields of a point electric dipole oscillator having a 
dipole moment p= Pgcoswt. Investigate the change in the field 
configuration between the wave zone and the region in the 
immediate neighbourhood of the oscillator. 

Hint: If the polar axis lies along py then the electro- 
magnetic field of the oscillator is of the form 


E= IES : ee (er =) 4k sin (kr — of)| ; 


ind/ 1 Le 
pa (+ = #2) cos (ler — wt) + = sin (kr — wf)], 
E,=H,=H,=0, 

H,= _ Poh? cos (kr — wf) + Polk sin (kr — wf). 


r r2 





634. Find the electromagnetic field H, E due to a charge e 
moving with a uniform velocity on a circle of radius a. Assume 
that the motion is non-relativistic, the angular velocity is w, and 
the distance to the point of observation 7 is much greater than the 
radius a. Find the time average of the angular distribution and 
of the total intensity of the radiation, and investigate its polari- 
sation. 

635. Investigate the effect of interference on the emission 
of electromagnetic waves by a system of charges in the following 
situation. Two identical electric charges e move with a uniform 
velocity at an angular frequency w on a circular orbit of radius a 
in such a way that they remain at the opposite ends of a diameter. 
Find the polarisation, the angular distribution, and the intensity 
of the radiation. What will be the effect of the removal of one of 
these charges? (cf. the solution of Problem 634). 

636. Howshould the position of the particles in the preceding 
problem be adjusted on the circle in order that the intensities of 
the electric dipole and quadrupole radiations should be equal? 

637. Two electric dipole oscillators vibrate with the same 
frequency w but their phases differ by 7/2. The amplitudes of 
the dipole moments are both equal to py and are at an angle ¢ to 
each other. Assuming that the distance between the oscillators 
is small compared with the wavelength, find the field H in the 
wave zone, the average angular distribution, and the average 
total intensity of the-emitted radiation. 
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638. Investigate the polarisation of the radiation field due to 
the oscillator system considered in the preceding problem, using 
the method employed in the solution of Problem 387. 

639*. Find the time average of the energy flux at large 
distances from the charge considered in Problem 634, retaining 
terms of the order of y°. Find the couple N on a totally 
absorbing spherical screen of large radius with the charge at its 
centre. 

640. Auniformly magnetised sphere of radius a and magneti- 
sation M rotates with a constant angular velocity w about an axis 
passing through the centre of the sphere and making an angle 
with the direction of M. Find the electromagnetic field E, H and 
investigate the polarisation of the field. Determine the average 
angular distribution and total intensity of the radiation. 

641. A uniformly charged drop pulsates with its density 
remaining constant. The surface of the drop is described by 


R (8) = Ryo (t + GP, (cos §) cos wf}, 


where a<«< 1. The total charge on the drop is gq. Find the 
average angular distribution and total intensity of the radiation 
emitted. 

642. An electric charge qg is arranged in a continuous 
spherically symmetric distribution in a bounded region and 
executes radial pulsations. Find the electromagnetic field E, H 
outside the charge distribution. 

643. Find expressions for the electric dipole, electric 
quadrupole, and magnetic dipole terms in the expansion for the 
Hertz vector, which hold for an arbitrary dependence of the 
charges and currents on time at distances 7 > a and A > a (the 
condition 7 > A need not be satisfied). 

644. Find, in vector form, expressions for the electromag- 
netic field strengths due toelectric and magnetic dipole oscillators 
at distances which are large compared with their dimensions. 

Hint: When differentiating with respect to r, note that 
the moments should be taken at the retarded time t’ = t - (r/c) 
and are, therefore, functions of r. 

645. Two identical electric dipole moments lie along a given 
straight line and oscillate in antiphase with a frequency w and ampli- 
tude pp. The distance between the centres a is such that A > a. 
Find the electromagnetic field at distances y >a. Find also the 
average angular distribution of the radiation and its total intensity. 
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646*. A standing current wave of amplitude JZ» and fre- 
quency w is excited in a linear antenna of length / with nodes at 
the ends. The number of current half-waves in the antenna is m. 
Find the average angular distribution of the emitted radiation. 

647. Find the total radiation intensity J and the radiation 
resistance R = 21/7? of the antenna considered in the preceding 
problem. 

Hint: The result can be expressed in terms of the 
integral cosine 


x 
Ci(x) =C+In xp f Sta) ae, 
0 


where C = 0.577 is the Euler constant. 

648. Atravelling current wave J = Jy exp [i(ké - wt)] pro- 
pagates in a linear antenna of length 1, where k = w/c and ¢é is 
the coordinate of a point onthe antenna. The loads at the ends 
of the antenna are chosen so that there are no reflected waves. 
Find the average angular distribution and the total intensity of the 
radiation. 

649*. A standing current wave of the torm J = Jy sinna’ x 
X exp (-twi) is excited in a circular wire loop of radius a. Find 
the electromagnetic field E, H in the wave zone. 

650*. The centres of two electric dipole oscillators of fre- 
quency w and equal amplitudes Py || x lie on the z-axis at equal 
distances from the origin and distances a = \/4 from each other. 
The phase difference between the oscillators is 7/2. Find the 
average angular distribution of the radiation. 

651. A system of charges B having a charge density P(r, f¢) 
and current density j(r, £) is reflected in the z = 0 plane in such 
a way that (a) each point r= (x, y, z) transforms into r’ = 
= (x, y, -z), and (b) the charge density changes sign so that 
p(r, 4) = -p’(r’, t) where p’ is the charge density in the reflected 
system B’. Find the law of transformation on reflection of the 
current density j(r, £) and the electric (p, Q) and magnetic (1m) 
moments of the system, and also the electromagnetic field E, H. 

652. Show that the electromagnetic field due to an arbitrary 
system of charges B, placed near a perfectly conducting plane, 
may be obtained as a superposition of the fields due to B anda 
system B’ reflected in this plane (cf. preceding problem). Con- 
sider in particular the radiation emitted by an electric dipole 
oscillator having a moment p(/) = pof(t), where | Dy | = 1, f(t) is 
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an arbitrary function, and the dipole is at a distance b « A from 
the plane, and is at an angle gj = const to it. Use the electric- 
-dipole approximation. 

653. An electric dipole oscillates with a frequency w and an 
amplitude pp. It is placed at a distance of a/2 from a perfectly 
conducting plane where a « A and py is parallel to the plane. Find 
the electromagnetic field E, H at distances 7 > A and the average 
angular distribution of the emitted radiation. 

654. Show that if a function u(7v, $, @) satisfies the Helm- 
holtz equation Au + ky = 0, then the Hertz potential for a mono- 
chromatic electric wave (H;= 0) offrequency w = kc in a source- 
-free space is of the form Z = ur + grady where x = ho (ru)/ar. 
Find also the components of the electromagnetic field E, H along 
the axes of a spherical system of coordinates interms of u(7, $, a) 
(the function u is known as the Debye potential). 

Hint: In showing that AZ + k*Z = 0, note that 
Ay + Ry + 2u = 0. 

655. Show that the field due to a bound electric dipole 
oscillator placed at the point ro (rp || pp) and having a moment 
Pp exp (-iwt) may be described by a Debye potential (cf. Prob- 
lem 654) which is of the form u = (po/79f) exp (ikR), where R = 
=Yr- fo. 

Hint: The Hertz vector Z = ur + grad x corresponding 
to the potential u differs from the expression (po/R) exp (ikR) 
[cf. Eqn. (XII.14)] but leads to the same expressions for the 
fields E, H. 

656. An electric dipole oscillator placed at a distance Db 
from the centre of a perfectly conducting sphere of radius a has a 
dipole moment py exp(-iwt). The dipole lies along the line 
joining it to the centre of the sphere. Using the Debye potential u 
(cf. Problem 654), find the electromagnetic field E, H and the 
average angular distribution. 


2. The electromagnetic field of a moving point charge 


A point charge e moving with a velocity v(t’), whose position 
vector at time ¢’ is ro(¢’), will give rise to an electromagnetic 
field whose potentials at a time ¢ at a point having a position 
vector r are given by the Lienard—Wiechert formulae 


é ev 
o(r, )=ROI—R- vip ie A(r, OD= TRER-VID a (XII. 23) 
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where R= r-fo. The retarded time t’ is defined by 
c(¢—t’)=|RI. (XII.24) 


The field strengths derived from the Lienard—Wiechert potentials 
are 


1— 82 _ = y 
E(e, Dae GOW 4 mx tn—vldxiL | gxrT.25) 
H=nXE les 
where 
R 
ee ar 


The first term in the expression for E and the corresponding 
term of H describe a field which falls off as R~* (quasi-stationary 
field) and moves together with the charge. The second term in E 
and the corresponding term in H describe a field which falls off 
as R™~' (radiation field). The energy flux associated with the 
latter field is independent of R. This means that the radiation 
field is not rigidly attached to the charge responsible for it. At 
large distances from the charge, 7.¢. in the wave zone, the 
quasi-stationary field is negligible compared with the radiation 
field. As can be seen from Egn. (XJI.25), the condition that the 
radiation field should appear is that the acceleration should be 
finite (v # 0). 

The intensity of radiation in the direction n= R/R in the wave 
zone is given by 


d/, (t) 
dQ 





e? eee 


= EP OR = py (Fe + 
~~ An ~~ 4ne3 Le(l—n-v/c)> 


v? (1 — v?/c2) (n- v)? 
Te (oomswigr (i —n- v/c)é |. (XII.26) 


If the velocity, v, of the charge is small compared with the 
velocity of light, then the radiation field can be expanded into a 
multipole expansion and can be calculated with the aid of 
Egns. (XII.17)—(XII.22). 

As a result of the emission of radiation, the accelerated 
particle loses energy and momentum which are transferred to the 
electromagnetic field. The loss of the 7-th component of the 
4-vector of energy-momentum of the particle p; = (p, i&/c) per 
unit proper time T may be expressed in terms of the 4-velocity u; 
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and the 4-acceleration w; of the particles is given by 


d 2e? 
— ft = Fs why. (XII.27) 





The energy lost by the particle per unit time in the laboratory sys- 
tem, z.e. the rate of loss of energy d@/dt’, differs from (XII.27) 
by the factor y= (1 - v*/c*)- 2, since dt’ = ydt. The intensity of 
the radiation as determined with the aid of (XII.26) is not in its 
turn identical to the rate of loss of energy (cf. Problems 663 — 
669). 

The vector potential A(Ro, ¢) dueto a charge executing a periodic 
motion in a closed orbit r = ro(t’) with a period 217/ wy may be 


expanded into a Fourier series: A(Rpo, ¢) = >, A, exp (-iwglt). 
[=-« 

At large distances from the orbit, the Fourier component A; is 

given by 





piktRe : : ; 
A, =e cRoT ef [lwot! ~K-ro(t’)] y (¢’) dt’, (XII.28) 
where 
wat, ete 


The integral in the above expression may be evaluated over the 
whole trajectory of the charge. 

Charged particles which experience a collision move with a 
finite acceleration and, therefore, emit electromagnetic energy. 
The law of motion of the colliding particles, and hence the radia- 
tion emitted on collision, depends on the form of the interaction 
and the impact parameter, s (if the potential energy of the inter- 
action between the two particles is a function of the distance 
between them only). The energy emitted in all directions when 
a beam of particles is scattered can be conveniently characterised 
by the total effective emission 


x= 2n f AW(s)s ds, (X1I.29) 
0 


where AW(s) is the energy emitted in a single collision between 
two particles and s is the corresponding impact parameter. 
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The angular distribution of the radiation may be characterised 
by the differential effective emission dx, which is defined by 


fo =] 


dz. a [AW, (s)} 
gee | ag cas, 





(X11.30) 


where d[AW,(s)]/dQ is the energy emitted per unit solid angle in 
the direction n for a single collision of two particles with an impact 
parameter s, which is averaged with respect to the azimuth in the 
plane perpendicular to the particle beam. There is an analogous 
formula for the effective differential emission per unit frequency 
interval dx,,/dw. When dipole radiation predominates, then 
Eqn. (XII.30) becomes 


dx 

Th = gir A+ BP, (cos 9), (XII.31) 
where P2(cos $) = 3 cos’ - 5 is the Legendre polynomial (cf. 
Appendix II), $ is the polar angle between the direction n of the 
radiation and the direction of the particle beam, and the quantities 
A and 8 are given by 


oO +co 
Axi f onsas [ p? dé, 
0 oo 


co oes (XIT.32) 
1 7 
s=5f Qnsds f (p? — 3p?) dt. 
0 -o 


The low frequency spectrum of the radiation emitted during a col- 
lision occupying a time interval Tt may be found from (wt « 1) 


atVe — ald e(v.—v,)], (XII.33) 


where the sum is evaluated over all the colliding particles and 
Vi; Vo are the velocities of the particles before and after the col- 
lision (v4, vg «c). 


SeeQ0Gsss> 


657*. Derive the Lienard—Wiechert potentials [cf. Eqn. (XII.23)] 
from the general formulae for the retarded potentials. 
Hint: The charge distribution in a point particle maybe 
characterised by a volume charge density P(r’, £) = eé[r’ - ro(t)] 
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where Yro(f) is the position vector of the particle at time ¢ and é is 
its charge. In evaluating the volume integral with respect to dV’= 
= dx'dy’dz’, itwillbe necessary to use the new variable R; = r’ - ro. 

658*. Find the expansion for the Lienard—Wiechert poten- 
tials in powers of R/c by expanding the general expressions for 
the retarded potentials (XII.1) and (XII.2) in powers of 1/c. 

659. Derive the potentials due to a uniformly moving point 
charge from the Lienard—Wiechert potentials by expressing the 
retarded time ¢’ in the latter in terms of the time ¢t of observation 
of the field (cf. Problems 535 and 711). 

660. Find the field strengths due to a uniformly moving 
point charge using the general formulae (XII.25). Express the 
field ‘in terms of the time, ¢, of observation by eliminating the 
retarded time t’ (cf. Problem 535). 

661. A charge e moves with a small velocity v and accelera- 
tion V in a bounded region. Find approximate expressions for the 
electromagnetic field E, H due to the particle at a point whose dis- 
tance from the particle is large compared with the linear dimen- 
sions of the region within which the particle is moving. Determine 
the position of the boundary between the quasi-stationary zone and 
the wave zone. 

662. Determine angular distribution and the total intensity 
of the radiation emitted by the charge considered in the preceding 
problem. 

663*. Express the energy lost by radiation per unit solid 
angle by a particle in terms of the intensity (flux) given by the 
Poynting vector. Solve the problem (a) analytically, by consider- 
ing the relation between the retarded time, ¢’, and the time of 
observation, ¢, and (b) geometrically, by considering the form of 
the region of space within which the electromagnetic energy 
emitted by the particle in a time dt’ is localised. 

664. Show that if a particle executes a periodic motion, then 
the average rate of energy loss per period is equal to the average 
intensity of the radiation. 

665. Prove the formula given by (XII.26). 

666. Find the total rate of emission of energy in all direc- 
tions by a charged particle, and express it in terms of (a) the 
velocity v(t’) and acceleration v(t’), and (b) the velocity v(t’) and 
the external field E, H producing the acceleration of the particle. 
Assume that the mass, m, and the charge, e, of the particle are 
given. 
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667. Express the rate of loss of momentum by a radiating 
charged particle in terms of the total rate of loss of energy. 

668. A radiating particle is observed from two reference 
systems which experience uniform relative motion. Compare 
the total rates of energy loss in the two systems. 

669. The velocity v of a relativistic particle at a retarded 
time t’ is parallel to its acceleration V. Find the instantaneous 
angular distribution of the emitted radiation, the total instan- 
taneous intensity, and the total rate of emission of energy. 

670. The velocity of a particle decreases from vp to zero 
in atime interval tr. Find the angular distribution of the radia- 
tion emitted during this time interval, assuming that the decelera- 
tion is constant. Determine the length of the pulse as recorded 
by stationary instruments. 

671. A relativistic particle of charge e, rest mass m, and 
momentum p moves in a circular orbit in a constant uniform 
magnetic field H. The radius of the orbit is a= cp/eH. Find 
the total rate of loss of energy by the particle. 

672. Find the instantaneous angular distribution of the 
intensity of radiation emitted by a relativistic particle whose 
velocity at the retarded time ¢’ is perpendicular to its accelera- 
tion. Sketch out the polar diagram for v<c andv~c. Deter- 
mine the directions in which the radiation intensity is zero. 

673*. A particle of charge e and rest mass m moves with a 
velocity v on a circular orbit in a constant uniform magnetic 
field H. Find the average angular distribution of the intensity of 
the emitted radiation. Investigate the ultra-relativistic case 
Oe: 

Hint: Use the results of the preceding problem. Trans- 
form to polar coordinates with the origin at the centre ofthe circular 
trajectory and the polar axis parallel to H. 

674*. Find the Fourier components Ap, Hp of the radiation 
field due to a charge e moving ona circular orbit of radius @ with 
a relativistic velocity v. Investigate the polarisation of the 
Fourier components. 

Hint: Use Eqns. (11) and (9) of Appendix III. 

675. Explain the presence of higher harmonics in the spec- 
trum of the field radiated by a charge moving with a constant velocity 
in a circular orbit (cf. preceding problem). What will be the 
change in the intensity of these harmonics when B = v/c > 0? 
What will then be the form of the radiation field? 
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676*. A charge e moves ona circular orbit of radius @ with 
a velocity v = Bc. Find the spectral expansion of the intensity of 
the radiation emitted in a given direction. 

677*. N electrons move simultaneously on a given circular 
orbit (cf. Problem 674). Consider the effect of the interference 
between the fields produced by these electrons on the intensity of 
the n-th Fourier component of the emitted radiation. Consider 
the following special cases: (a) the distribution of the electrons 
over the circular orbit is random, (b) the electrons are uniformly 
distributed and lie at angular distances 27/N from each other, and 
(c) the electrons are arranged in a bunch whose dimensions are 
small compared with the radius of the orbit (the result will then 
depend on the ratio of the wavelength to the dimensions of the 
bunch). 

678*. Two particles having charges e;, €2 and masses 
M4, My (@/my, # €o/my) execute elliptical motion (cf. Problem 614). 
Find the time average of the total intensity of the radiation 
emitted by them. 

679. Find the average rate of loss of angular momentum of 
a system of two particles executing an elliptical motion (cf. pre- 
ceding problem). 

Hint: A general formula for the change in the angular 
momentum was obtained in the solution of Problem 632. 

680*. Find the effective differential emission dx,/dQ for the 
scattering of a beam of particles with charges e;, masses my, 
and velocities vg by a similarly charged particle of charge e» and 
mass my. 

Hint: In evaluating the integrals for A and B given by 
(XII.31) replace the integration with respect to t by integration 
with respect to y where dt = dr/r, ¥ = vo[1 - (2a/r) - (s/r)?]2. 
s is the impact parameter, and 2a is the minimum distance of 
approach of the two particles (this distance is reached when 
s = 0). Integrate first with respect to s and then with respect 
to y. In evaluating B, it will be necessary to use the equation 
for the trajectory of the relative motion, and this will be found in 
the solution of Problem 614. 

681*. A particle of charge e;, and mass m is scattered by 
another particle of charge @, and mass much greater than m. The 
impact parameter is s and the kinetic energy of the incident 
particle is large compared with the potential energy of interaction 
€;@,/r. The velocity v of the incident particle may, therefore, 
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be looked upon as constant during the entire event and need not be 
small compared with the velocity of light. Find the angular dis- 
tributionof the total emission dAW,/dQ and consider in particular 
the case B = v/c « 1. 

Hint: Usethe gencral formula for the angular distribu- 
tion of total radiation (XII.26). The acceleration of the particle v 
should be expressed in terms of the Coulomb force acting upon 
it and also the velocity v, using the formulae v = c*p/& and 
p= eyeor/r?. 

682. Determine the total loss of energy AW and momentum 
Ap by the particle during the collision considered in the preceding 
problem. Obtain these quantities both by direct integration of the 
angular distribution found in the preceding problem, and by using 
the formulae obtained in the solution of Problems 666 and 667. 

683*. A particle of charge e; and rest mass m collides with 
a heavy particle of charge e,. The impact parameter s is large, 
so that the kinetic energy of the particle during the motion is large 
compared with its potential energy, and its velocity is much less 
than the velocity of light. Find the spectrum of the radiation 
emitted by the particle. 

Hint: Use Eqn. (15) of Appendix III. 

684. A beam of particles cach of charge e and velocity 
v <c is scattered by a perfectly hard sphere ot radius a. Find 
the effective emission dx,, in the frequency range dw. Find also 
the total effective emission x. 

685*. A beam of particles having charges e, and masses my, 
is scattered by a particle of charge e, and mass my (e;/m, - 
= @,/m,). Express the effective differential emission dx,/dQ in 
terms of thecomponents Qog of the quadrupole moment of the sys- 
tem. Give the result in a form analogous to (XII.31) and (XII.32). 

686*. Find the total cffective emission x for a beam of 
charged particles (charge e, rest mass m, velocity vg) scattered 
by a similar particle. 


3. Interaction of charged particles with radiation 


A radiating system of particles. transmitting encrgy and 
momentum to the radiation field, expericnces a reaction duc to 
this field. If the radiation is of the electric dipole type, then 
each particle of charge e expericnces a radiative deceleration 
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(radiative friction) and the corresponding force is given by 
2e=~ 
i= gap. (X11.34) 


where p is the electric dipole moment of the system. For a 
single charge having a velocity v «<c 


= 2 5. (XII.35) 


In the ultra-relativistic case when v ~ cthe radiative friction is of 
the form 


fe=— aay (Ey HP +E, FASS, (KIT. 36) 


where the x-axis is taken in the direction of the velocity of the 
particle, E, H are the components of the external field in which 
the particle is moving, and 8 = mc?/(1 - v?/c2)2 is the energy of 
the particle. 

The radiative friction as given by Eqns. (XII.34)—(XII.36) is 
only approximate. The concept of radiative friction can only be 
used if the corresponding force is small compared with other 
forces acting on the particle in its rest system. This condition 
is satisfied for a particle of charge e and mass m, moving ina 
given electromagnetic field E, H, provided 





> ry. (XII. 37) 
H< a = = (XII. 38) 


where A is the wavelength of the radiation emitted by the particle 
and 7) = e*/mc? = 2.8 x 1073 em is the classical radius of the 
electron. These conditions indicate that classical electro- 
dynamics gives rise to internal contradictions at small distances 
(large frequencies) and in strong fields. It should, however, be 
noted that owing to quantum effects, classical electrodynamics 
ceases to hold even before these internal contradictions become 
important. This occurs at distances of the order of Ag = h/mc = 
= 1377 and in fields H ~ e/Agry = m*c4/137e?. 

An electromagnetic wave incident on a system of charges 
will give rise to an acceleration of these charges. As a result, 
the system becomes a source of secondary waves and scatters the 
incident radiation. The scattering process may be characterised 
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by the differential and total scattering cross-sections which were 
defined in Section 2 of Chapter VIII. 

The electromagnetic field due to a moving charged particle 
possesses energy, momentum, and therefore mass (electromag- 
netic mass of the particle). The problem of the electromagnetic 
mass of elementary particles cannot be resolved on the basis of 
classical electrodynamics. However, the classical theory gives 
a satisfactory descriptive account of the idea of the electromag- 
netic mass, and Problems 687 to 690 will illustrate the funda- 
mentals of this theory and also the associated difficulties. 


----000---- 


687*. Find the momentum of the electromagnetic field due to 
a particle of charge e moving with a uniform velocity v. The 
particle may be looked upon as a solid sphere of radius 7p in its 
own rest system S’ (the Lorentz contraction will occur in the 
system in which the velocity of the particle is v). Introduce the 
electromagnetic rest mass my of the particle, which is related 
to its field energy at rest by the Einstein relation, and discuss 
the difficulties which arise in this connection. 

688. Find the energy W,, of the magnetic field and the total 
electromagnetic energy W of the particle considered in the pre- 
ceding problem. 

689*. Find the force F which a charged, spherically sym- 
metric particle exerts on itself when it undergoes an accelerated, 
translational motion at a low velocity v<c. Retarded effects 
and the Lorentz contraction may be neglected. 

Hint: Calculate the resultant force on small elements 
of charge de of the particle, using the Lienard—Wiechert expres- 
sion for the field strength (XII.25). 

690*. Find the correct expression for the self force F ona 
charged, spherically symmetric particle (cf. preceding problem). 
In deriving this expression, allow for the finite velocity of pro- 
pagation of the interaction by including terms which are linear in 
the time of propagation of the interaction between the elements of 
the particle (t’- #). Consider in particular the limiting case of a 
point particle. Estimate the contribution due to higher order 
terms in this limiting situation. 

691. Calculate the lifetime T which characterises the 
Rutherford model of the hydrogen atom, assuming that the 
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electron in the atom moves and radiates as a classical particle. 
Assume that the electron moves towards the proton in a quasi- 
-circular spiral, so that at each instant it radiates as if it were 
moving on a circular orbit, i.e. assume that the radius of the 
orbit is a slow function of time. Investigate the conditions under 
which this approximation is satisfactory. (Initial radius of the 
atom may be taken to be 5 x 107° em.) 

692. A relativistic particle of charge e and rest mass m 
moves on a circular orbit in a constant, uniform, magnetic 
field H, and loses energy by the emission of radiation. Find the 
energy of the particle and the radius of its orbit as a function of 
time, assuming that at time ¢ = 0 the energy is & (cf. Prob- 
lem 691). 

693. An electron is accelerated in a betatron and travels on 
an orbit of constant radius a. The induced electric field respon- 
sible for the acceleration is due to an alternating magnetic field 
of frequency w. Find the critical energy of the electron &, at 
which the energy lost by the emission of radiation is equal to the 
energy communicated to the electron by the induced electric field. 

694*. A particle of charge e and rest mass m is attracted 
towards a fixed point with a force -m ar, Free oscillations 
commence in this harmonic oscillator atatime ¢t = 0. Find the 
law of attenuation of the oscillations by assuming that the radia- 
tive reaction is small. Determine the form of the spectrum of 
the oscillator and the width of a spectral line (natural width). 
Find the relation between the uncertainty in the energy of the 
emitted photons and the lifetime of the oscillator. 

695. A gas consists of atoms of mass m. Owing to the 
thermal motion of the atoms and the Doppler effect, an observer 
at rest relative to the container will record a frequency which is 
different from the frequency w of the radiation emitted by these 
atoms at rest. Neglect the natural line width and find the form 
of the spectrum emitted by the gas at a temperature T. 

Hint: The velocity distribution of the atoms may be 
assumed to be Maxwellian, i.e. given by 


= met 
Sr =(zar)’ eB dv, dv, do, 
where dN/N is the fraction of molecules whose velocity v lies 
within the range dv,dv,dvz and k is the Boltzmann constant 
(1.38 x 1076 erg deg‘). Since the velocity of the molecules is 


EMISSION OF ELECTROMAGNETIC WAVES 17) 


much smaller than the velocity of light, all terms of order higher 
than v/c may be neglected in the formula for the Doppler fre- 
quency change (cf. Problem 511). 

696. An emitting atom, which may be described by the har- 
monic oscillator model, is in translational motion ina gas. As 
a result of collisions with other atoms, there are discontinuous 
changes in its oscillations. The probability that the atom will 
not undergo a collision between time t and 7+ dr is given by 
dW(r) = 4T exp(-3I,)dt, so that the average time between col- 
lisions is T= 2/f. Neglecting the natural line width, find the 
form of the spectrum emitted by the oscillator. 


697*. A group of waves of total intensity S = i Sydw (S is 


the total amount of energy passing through a unit area) is incident 
on a three-dimensional isotropic oscillator. The spectral width 
of the group is large compared with the natural width of a spectral 
line of the oscillator, y, and the velocity of the electron is much 
smaller than the velocity of light. Find the energy absorbed by 
the oscillator from the wave group, taking into account the 
braking radiation (bremsstrahlung). What will be the effect on 
your result of the polarisation and the direction of propagation of 
the waves making up the group? 

698. Find the total amount of energy AW absorbed by a 
one-dimensional oscillator of natural frequency wy from a group 
of waves of spectral density S,, in the following three cases: (a) a 
linearly polarised plane group of waves in which the E vector is 
at an angle $ to the axis of the oscillator, (b) an unpolarised 
plane group of waves travelling at an angle 6 to the oscillator 
axis, and (c) an isotropic radiation field (plane waves with any 
polarisation and direction of propagation are incident on the 
oscillator with equal probability). 

699*. A linearly polarised wave is incident on an isotropic 
harmonic oscillator. Assuming that the velocity of the electron 
is much less than the velocity of light, find the differential and 
total scattering cross-sections, taking into account the radiative 
friction force. Consider in particular the cases of weakly and 
strongly bound electrons. 

700. A plane, circularly polarised, electromagnetic wave is 
scattered by a free charge. Determine the scattered field H and 
investigate its polarisation. Find also the differential and total 
scattering cross-sections. 
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701. An unpolarised plane wave is scattered by a free 
charge. Find the degree of depolarisation p of the scattered 
wave as a function of the scattering angle 9. 

702*. A linearly polarised wave is scattered by a free 
charge, and moves with a relativistic velocity v in the direction 
of propagation of the wave. Find the differential scattering 
cross-section. Consider also the scattering of an unpolarised 
wave. 

Hint: Use Eqn. (XII.26) and express Vv in terms of E 
and H. 

703*. An isotropic, harmonic oscillator having a natural 
frequency w 9, charge e, and mass m is placed in a weak, uni- 
form, constant magnetic field H. Determine the motion of the 
oscillator, and investigate the polarisation of the radiation 
emitted by it. Note that this harmonic oscillatcr is a model of 
an atom in an external, magnetic field, and hence the solution of 
the problem will be equivalent to the classical theory of the 
Zeeman effect. 


4. Expansion of an electromagnetic field 
in terms of plane waves 


An electromagnetic field is a function of the two independent 
variables rand ?¢. In many instances it is convenient to use the 
Fourier expansion for the field. The following expansions are 


frequently employed. 


(1) Expansion in terms of monochromatic waves: 
f(r, H= f fa (nye do, (X1I.39) 
1 ; 
fol ae f f(r. tele at. (XIT.39’) 
(2) Expansion in terms of plane waves 
f(r, = fi fy (ty e™* (dk), (XII.40) 
1 
fO=aBpef f(r. He-* (ar), (XII.40’) 
where (ak) = dkydky dkz. 
(3) Expansion in terms of plane monochromatic waves 


fir O= f Fuwe? *5-©4) (dk) do, (XII.41) 
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fw =o f LO t) e-!(k-r-e4) (dr) dt. (X1I.41’) 


It follows from Maxwell's equations that the frequency w is 
a function of the wave vector k. The equation w = w(k) is known 
as the dispersion relation. Since the field components f(r, ¢) are 
real, we have 


Fo=fie N=Sfie SHS ee (XII.42) 


Egns. (XII.40) and (XII.41) describe the field in all space. It 
follows that the integrals in these formulae are to be evaluated 
over all values of the wave vectors, and over all space. 

Egns. (14) and (15) of Appendix I are very useful in con- 
nection with the Fourier expansions. In particular, Eqn. (15) of 
Appendix I and Eqn. (XII.42) may be used to show that 


f POat=4n ff. P dw, 
-2 0 (XII.43) 


f P(r, hdr) = (ny ff fifa P ato. 


The expansion into plane monochromatic waves is of major 
importance in quantum electrodynamics where each of these 
waves is identified with a photon, i.e. with a particle moving 
with the velocity of light. The energy 8 and the momentum p of 
photons are related to the frequency w and the wave vector k by 
the formulae 


&=hw, p=hk. (XII.44) 


-~--000---- 


704. Prove the expressions given by Eqn. (XII.43). 

705. Find the relation between the Fourier components of 
the fields E, H and the potentials A, g (consider all three forms 
of the Fourier expansion). 

706. Write down Maxwell's equations for the Fourier com- 
ponents for the three forms of Fourier expansion considered 
above. Assume that all space is filled by a homogeneous iso- 
tropic dispersive medium with permittivity c(w) and magnetic 
permeability U(w). 
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707. Write down the d'Alembert equations and the Lorentz 
condition for the Fourier components of the potentials A(r, t) 
and g(r, f). Consider all three forms of Fourier expansion and 
assume that all space is filled with a homogeneous isotropic 
medium with parameters ¢«(w) and p(w). 

708*. Find the plane-wave expansion for the potential » of 
the Coulomb field due to a fixed point charge. 

709. Find the plane-wave expansion for the electric field 
due to a point charge. 

710. <A point charge moves with a velocity v = const ina 
vacuum. Expand the potentials gy, A and the fields E, H into 
plane monochromatic waves. 

711*. Find the potentials g(r, t), A(r, t) due to a point 
charge in uniform motion (cf. solution to Problem 535), using the 
plane-wave expansions for these potentials obtained in the pre- 
ceding problem. 

Hint: In order to evaluate the integral with respect to 
k carry out the substitution 2, -k, {1 - (w/c?))72, ky Ry, 
k,—k,z. Assume that the x-axis is parallel to the direction of 
the velocity and use the plane-wave expansion for the field of a 
fixed point charge (cf. Problem 708). 

712*. A neutral point system of charges moves in a vacuum 
with a uniform velocity v. Find the electromagnetic field poten- 
tials g(r, ¢), A(r, ¢) by using the Fourier expansion in terms of 
plane monochromatic waves and assuming that the electric and 
magnetic dipole moments of the system in the laboratory frame 
are given. 

Hint: The electric charge density and the current den- 
sity of the system are given by 


== cearl(md (r — vf} + < [pd(r — v4), 
p = — div [p5(r — vé)]. 


713. Find the potentials of the field due to a uniformly 
moving magnetic dipole having a moment nty in its own rest sys- 
tem for moll v and mo 1 v. 

Hint: Use the transformation formulae of Problem 538. 

714. Find the field due to a uniformly moving electric 
dipole of moment py) in its own rest system, using the results of 
Problem 712 (cf. solution to Problem 537). 

715. Show that the plane-wave components of the Fourier 
expansion of an irrotational vector are parallel to k, while the 
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Fourier components of a solenoidal vector are perpendicular 
to k. 

716*. Find the equations which are satisfied in a vacuum by 
the irrotational and solenoidal parts of the electromagnetic field 
vectors E and H. Show that the irrotational part of the electric 
field E, (r, £) represents the instantaneous (unretarded) Coulomb 
field determined by the charge distribution at the same instant of 
time for which E, is defined. 

717*. Find the plane-wave expansion for the vector poten- 
tial A(r, tf) in a vacuum when p= 0, j= 0(g= 0). The field 
occupies all space. Write down the Fourier amplitudes of 


these waves in the form Ax (t) = = qkr(E)eur» where e,, is a 


unit vector which characterises the direction of polarisation of 
the given transverse wave, so that k-e,, = 0 (cf. beginning of 
Section 1, Chapter VIII). Onthis representation there will be 
two independent polarisation unit vectors (A = 1, 2) for each k. 
The unit vectors e,, and ex, are orthogonal, i.e. Cy Oke = 
= ek,-€x, = 0. Find the equations which are satisfied by the 
complex “coordinates” q,,(t). Express the fields E, H, the 
energy W, and the momentum G of the field in terms of gq, and 
qkx- 

718*. Using the results of the preceding problem, express 
the field vectors A, E, H in terms of the real oscillator coor- 
dinates 


= - lot * pi 
Qe, qe Oh ayeler. 


Find also the energy W and the momentum G of the field in terms 
of these coordinates. 

719*. The electromagnetic radiation field may be described 
in terms of the oscillator coordinates gq, (cf. Problem 717). 
Write down the differential equations for the interaction between 
the field and a charged, non-relativistic particle. 

720. Find the rate of change in thc energy of a radiation 
field due to the interaction of a particle with the field. Express 
the rate of change in terms of the oscillator coordinates gy, and 
the forces F, y(t) (cf. solution of the preceding problem). 

721*. A particle of charge e executes a simple harmonic 
oscillation r = r9Sinw jf, where rp = const. Use the field 
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oscillator method (cf. Problem 719) to find the angular distribu- 
tion and the total intensity of the emitted radiationf. 

722. <A particle of charge e moves with a constant angular 
velocity wp on a circle of radius @j. _- Using the field oscillator 
method (cf. Problem 719), investigate the polarisation of the 
radiation emitted by the particle, and hence find the angular dis- 
tribution and the total intensity of the radiation (cf. Problem 634). 

723*. A linearly polarised wave of frequency w is incident 
on a harmonic oscillator whose natural frequency is wa. Using 
the field oscillator method (cf. Problem 719), find the differential 
and total scattering cross-sections (neglect radiative friction). 
Investigate the polarisation of the scattered radiation. 

724. Find by the field oscillator method the differential and 
total scattering cross-sections for linearly polarised, circularly 
polarised, and unpolarised monochromatic waves scattered by a 
free charge (cf. Problem 719, and also 699 and 700). 

725. <A free charge scatters (a) an unpolarised wave of fre- 
quency w, and (b) a circularly polarised wave. Investigate the 
polarisation of the radiated field, using the field oscillator 
method (cf. Problem 719, and also 699 and 700). 


{t The problem can, of course, be solved in a much simpler way (cf. Section 1 of 
thischapter). The method suggested in the problem is closely related to that employed 
in the solution of the analogous problem in quantum electrodynamics. 


Chapter 
13 


THE RADIATION EMITTED DURING THE INTERACTION 
OF CHARGED PARTICLES WITH MATTER 


In this chapter we shall use the methods of classical macro- 
scopic electrodynamics to discuss energy losses by fast particles 
in matter. 

The macroscopic theory does not take into account the spatial 
dispersion of the permittivity and magnetic permeability, and 
may be used whenever the medium may be looked upon as con- 
tinuous, z.@. when the incident particle interacts simultaneously 
with a large number of atoms. This means that the macroscopic 
equations may be used to determine the energy communicated to 
those electrons in the medium which are at sufficiently large dis- 
tances 7 from the trajectory, so that 7 > a, where a is of the 
order of the interatomic distance. In condensed media, the 
quantity a is of the order of the linear dimensions of the atom 
(~ 1078 em). 

The velocity of the particle v should satisfy the condition 
Vv >> Vgz, Where vg; is the average velocity of the atomic elec- 
trons. At lower velocities, the particle will transmit its energy 
mainly to electrons near its trajectory, where the macroscopic 
equations do not hold. 

Energy losses due to ionisation and excitation of atoms in the 
medium are referred to as ionisation losses. For a particle 
moving through a plasma, a considerable proportion of the energy 
lost is used in the excitation of oscillations of the electron gas as 
a whole (longitudinal plasma waves; cf. Problems 456 and 739). 

The medium is also found to have an important effect on the 
emission of transverse electromagnetic waves by moving par- 
ticles. Thus, if the velocity of a charged particle in a non- 
-absorbing dielectric exceeds the ambient phase velocity of light, 
then the Vavilov—Cherenkov radiation will be produced. 

The electromagnetic field produced in a medium by a moving 
particle may be determined from Maxwell's equations. The 
charge and current densities for these equations may conveniently 
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be written in the form p = e6[r - ro(t)] and j= erod[r - ro(t)], 
where e is the charge of the particle and ro(¢) is its position 
vector. The integration of Maxwell's equations for a dispersive 
medium is carried out by expanding the required quantities (field 
vectors) in terms of Fourier integrals with respect to the coordi- 
nates andtime. A system of algebraic equations is then obtained 
for the Fourier components (cf., for example, Problem 726). 

In order to find the energy of the Vavilov—Cherenkov radia- 
tion emitted per unit length of the trajectory of a particle, it is 
necessary to determine the electromagnetic field due to this 
particle in the medium, and to compute the energy flux through a 
cylindrical surface of unit length and infinite radius surrounding 
the trajectory of the particle. The time integral of this energy 
flux will give the total energy emitted by the particle per unit 
path length in the form of electromagnetic waves. If the radius a 
of the cylindrical surface is finite, then the time integral of the 
energy flux will include not only the Vavilov—Cherenkov radiation, 
but also the energy communicated to electrons at distances 7 > a 
from the trajectory of the particle. 


----000---- 


726*. A particle of charge e moves with a constant velocity 
through a homogeneous isotropic medium of permittivity e(w) and 
magnetic permeability # = 1. Determine the components of the 
electromagnetic field due to this particle. , 

727*. A particle moves with a constant velocity v = Bc ina 
non-absorbing dielectric. Using the results of the preceding 
problem, investigate the field due to this particle at a large dis- 
tance from its trajectory. Show that a sufficiently fast particle 
will emit transverse electromagnetic waves (Vavilov—Cherenkov 
effect). Find the conditions under which this radiation will be 
emitted, and the total Cherenkov loss per unit path length. 

728. A particle of charge e moves with a constant velocity 
through a medium whose permittivity is given by the approximate 
formula 


w2 


Pp 
rr 





€ (w) = {-+- 


2 
® 


Determine the Vavilov—Cherenkov energy emitted per unit path 


length when the particle velocity satisfies the condition veg > ¢?, 
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where € 9 is the static permittivity. Find the range of angles 
within which the radiation is concentrated. Obtain a numerical 
estimate, assuming that 

@==6-105 sec, e),=2, ve. 

729. Derivethe condition cos @ = (Bn), giving the direction 
of propagation of the Vavilov—Cherenkov radiation, by considering 
the interference between waves emitted by the particle at various 
points along its trajectory. 

730. The Cherenkov radiation emitted by a particle may be 
looked upon as the result of a resonance between natural oscilla- 
tions in the medium and an impressed force associated with the 
moving particle. Find the condition for the appearance of the 
Vavilov—Cherenkov effect by comparing the frequencies of the 
natural oscillations of the medium and those of the exciting force. 

731. Show that the minimum velocity vmin of a particle 
at which the Vavilov—Cherenkov effect becomes possible in a 
particular direction, satisfies the condition 


Umin COS @ = Ug (Wn)s 


where vg is the group velocity of electromagnetic waves in the 
dielectric, wy, is the frequency at which the refractive index has 
a maximum, and @ is the angle between the direction of emission 
and the velocity of the particle. The dielectric may be regarded 
as non-absorbing. 

732*. A particle moves with a constant velocity v = Bc ina 
non-dispersive medium which has a permittivity « and magnetic 
permeability #. Determine the electromagnetic potentials ¢ 
and A. Consider the two situations v < vy and v > vg, where 
Ug is the phase velocity of electromagnetic waves in the medium 
under investigation. 

733. A straight-line conductor lying along the x-axis is 
displaced along the y-axis with a constant velocity v in a non- 
-absorbing medium of permittivity e«(w) and magnetic permea- 
bility #(w). The conductor is electrically neutral in the labora- 
tory frame, and carries a current g in the direction of the x-axis. 
Find the condition for the emission of the Vavilov—Cherenkov 
radiation. Determine the total energy of this radiation per unit 
path length, and find the retarding force f acting per unit length 
of the conductor due to the field produced by it. 

Hint: The vector potential has the single component 
A,(y, Zz, #). 
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734. Two point charges e; and ée, move with equal constant 
velocities v along the same straight line, but at a distance l 
(measured in the laboratory frame) from each other. Assuming 
that the motion takes place in a medium of permittivity e(w) and 
magnetic permeability » = 1, find the energy of the Vavilov— 
Cherenkov radiation emitted per unit path length. Consider the 
cases €; = €) = e, and €;= -€2= e. By passing to the limit, 
find the Cherenkov energy losses for a point electric dipole lying 
along the direction of motion. 

735*. Two point charges, +e and -e, separated by a constant 
distance J, move with a constant velocity v in a medium of per- 
mittivity ¢«(w) and permeability # = 1. The line joining the 
charges is at an angle a@ to the direction of motion (/ and a are 
measured in the laboratory system). Use the method employed 
in the preceding problem to find the Vavilov-Cherenkov energy 
emitted per unit path length when / is very small. 

736*. A magnetic dipole moves with a constant velocity 
v = Bc in a non-absorbing medium which has a permittivity &(w) 
and permeability #(w). The magnetic moment measured in the 
laboratory system is m and is parallel to the direction of the 
velocity. Determine the Vavilov—Cherenkov energy losses per 
unit path length. 

Hint: Use the Fourier transformation to integrate the 
equations for the potentials. A moving magnetic dipole gives 
rise to a current j(r, t) = ¢ curlm d(r - vt). 

737*. A fast particle of charge e moves through a non- 
-absorbing dielectric of permittivity 


2 


e(w) == 1-+—2 


2 2° 
a—®@ 





where wy = 4ne*N/m. Determine the energy lost per unit path 
length at distances from the particle trajectory which are greater 
than the interatomic distance a. The parameter @ should be 
chosen so that the macroscopic equations will hold in the region 
y > a. Explain the physical significance of the various terms in 
the expression for the energy loss. 

738*. A charged particle of velocity v = Bc moves through a 
plasma of permittivity 
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where wy = 4ne’*N/m. Find the energy losses per unit path length 
due to distant collisions, z.e. collisions for which y > a, where a 
is the distance at which the macroscopic equations begin to hold. 

739. Show that the longitudinal plasma waves considered in 
Problem 456 take the form of an oscillation of the electron cloud 
relative to the set of ions. To dothis, consider an electrically 
neutral (on the average) plasma filling a rectangular parallelepiped 
of volume V= 4@,@2@3. Find the equations of motion for the 
Fourier components P, of the electronic charge density (the 
positive ions may be looked upon as fixed). Show that for small k 
the density P, will execute harmonic oscillations with the “plasma 
frequency” wp = (4ne’N/m)*, where N is the average number of 
electrons per unit volume, and e, m are the electronic charge and 
mass. Estimate the range of values of k for which the above des- 
cription will hold. 

740*. A point charge e moves in a vacuum in a direction per- 
pendicular to the boundary of a perfect conductor. Determine the 
spectral and the angular distribution of the radiation emitted when 
the charge enters the conductor. The acceleration of the charge 
due to its interaction with the image induced in the conductor may 
be neglected. 

Hint: The field in the vacuum is due to the charge and 
its image moving towards each other with equal constant veloci- 
ties. When the particle reaches the boundary of the conductor, 
its charge is instantaneously screened by the free electrons in the 
conductor, and this is equivalent to a sudden deceleration of the 
charge and its image at the same point, 7.e. on the boundary of 
the conductor. 

741*. A point charge e has a velocity v = Bc and moves ina 
vacuum in a direction perpendicular to the boundary of a non- 
-absorbing dielectric of permittivity e(w) (4 = 1). Neglecting 
the acceleration of the charge due to image forces, determine the 
spectral and angular distribution of the radiation emitted into the 
vacuum (z > 0 in Fig. 100) when the particle enters the dielectric. 

Hint: The charge and current densities produced by the 
moving particle should be replaced by the equivalent set of har- 
monic oscillators. In order to determine the field in the wave 
zone, use the reciprocity theorem pp: E, (B) = py: E,(A), where 
Ep (A) is the field produced at the point A by the harmonic dipole 
oscillator p, at B, and E, (8) is the field produced at B by the 
oscillator p, at A. Fresnel's formulae may be used to calculate 
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E, (8). since the point of observation A is at a large distance 
from the point at which the charge cnters the dielectric (wave-zone 
approximation). 


Answers and Solutions 


Chapter 
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VECTOR AND TENSOR CALCULUS 


1. Vector and tensor algebra. Transformations 
of vectors and tensors 


1. cos @= n-n’ = cos a cos a’ + sina sin a’ cos (f - 8’). 

3. Since 6b; (i= 1, 2, 3) are the components of a vector, it 
follows that when the system of coordinates is rotated, 6; = a;p54.- 
Substituting b; into ab% = inv and comparing with a,b; = inv, 
we find that a, = a;, ay, i.é. a, transform as the components of 
a vector when the system of coordinates is rotated. Since the 
invariant (a scalar) does not change sign on reflection, the com- 
ponents a; and 6; should either both change sign (polar vectors) 
or should both remain unaltered (pseudovectors). 

10. (aX b)y=!(2_14,;—2 4,6), (AX dD), , = 1! (496,,—2,,5), 

pol 


3 
@-b)= YC i'c_o,, 4=V dry 


p=] 
11. The tensor reciprocal to e;}, satisfies the conditions 


=8,,. (1) 


Creer 
The above is a set of algebraic equations involving the components 
of the reciprocal tensor TK The solutions are of the form 


aaa a (2) 





where A;, is the cofactor of the element e;; in the determinant 
le |. It follows from Eqn. (2) that the necessary condition for 
the existence of the reciprocal tensor is|e«| # 0. Bearing in 
mind the well-known property of determinants A, ;e,) = drz\ el, 
we see that the reciprocal tensor must, in addition to Eqn. (1), 
also satisfy the conditions 


Cie eg = Oy (3) 


If ez, is a symmetric tensor defined along the principal axes: 
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ez, = €6;), (no summation over i), then 


ej, = a ik’ 
e() 
14. T;); form a tensor of rank a: 
15. Inthe transformation e; ~e;, the coefficients a;, = 
= e;-e, in e; = a@;,e, represent the components of the new unit 
vectors along the old unit vectors. On evaluating the components 





Fig. 28. Fig. 29. 


(Figs. 28 and 29) we obtain the following transformation matrices: 
(a) transformation from cartesian to spherical coordinates: 


sin§cosa sindsina cos § 
a=|cositcosa cos#sina —dsin§ |, 
— sina COS G@ 0 
sin8cosa costcosa —sina\ 
a~'=(sinSsina cosdsina cosa |; 
cos 3 — sin‘) 0 


(b) transformation from cartesian to cylindrical coordinates: 


cosa sina OQ cosa —sina 0 

* F eo | 3 
a=| —sina cosa Qf, a =I sina cosa Q 
0 0 1 0 0 1 


16. Let g represent the matrix relating the components of 


the vector in coordinate systems S’ and S (A; = gipAp,). We 
then have: 


(a) for the case of reflection 


—! 0 0 
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(b) for the case of rotation 


cosa sina 0 
g(@)= —sina cosa Q], 
0 0 1 
where a is positive in the clockwise direction (on looking in the 
direction of the z-axis). 
17. Using the results of the preceding problem we have 
& (2,00) = & () & OE) = 


COS a, COS a, —COS § sina, sina); sina, cos a, + cos 6 cos a, sin ay; sin 9 sin a, 





= | — cosa, sina, —cos 8 sina, cosa,; —sina, sina, -+-cos § cosa, cosay; sin 8 cosa, }. 
sin a, sin 8 — sin 0 cos a, cos 0 
nes 1 i(uta).  isinO 4, 1 , 
pilpeosWe iF); aly 2 =H (ln e088) e =) 
D (a,0a,) =] — ae eft; cos 0; 75 sin 8e7 2% 


—< (1 — cos Bye! (1-2); _ et sin be ~ ‘2; =a + cos 8) e7! (ate) 


19. Since the matrix corresponding to rotation through zero 
angle (identity transformation) is the unit matrix 1, it follows that 
for a rotation through a small angle |e;;,| <«< 1. In order to 
prove the relation €;, = -e&,;, we can use the invariance of 
y? = 674%; X- with respect to rotation. Since x}= ajyx, = 
= x; + e;,xp,, it follows that to within terms of the first order 
we have y= x? + 2€;74%;7 x}. It follows from the invariance of 
y’ that Ertkx7;x_ = 0 for arbitrary x;, and this is only possible 
when e7, = -exz- Consider now the vector 6g with components 
69; = 2€ikL EL. Wethen have r’ = r+ 69 xr, and it is clear 
that 5¢ is a vector representing an infinitesimal rotation whose 
direction is parallel to the axis of rotation and whose magnitude 
is equal to the angle of rotation. 

22. The proof is the same for any number of transforma- 
tions. Let the transformation matrix be a and its determinant 
|a|. Since the matrix @ is orthogonal, there are ne equations 
of the form a;,.Q@,,= 6;1- Since the left-hand sides of these 
equations contain the elements of the determinant which is equal 
to the product of two determinants | @|, we have | a@|-|a]| = [1] = 
= 1, or|a@|?=1. Hence, |a|= #1. 

It will now be shown that for rotations|@|= +1. Fora 
rotation through a zero angle (identity) |a| = |1|= 1. Since the 
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elements of the matrix @ are continuous functions of the para- 
meters defining the rotation (e.g. the Euler angles; cf. Prob- 
lem 17), it follows that the result | @| = 1 will also hold for finite 
rotations. 

The form of |@| which corresponds to reflections is 


The negative signs of the diagonal elements correspond to re- 
flected axes. It is clear that | a@| = +1 for an even number of 
such axes, and|q@l = -1 for an odd number. 

24. Of all the 27 quantities e;;,,, only six have non-zero 
values. The remainder have at least two identical subscripts, 
and in view of the skew-symmetry, they are all equal to zero 
(Cizh = ~@itk = 0). The finite components are 


€193 == C39 = Cog) = — C39) = — Cnn = — C192 = I. 


Consider now the expression 414; 9,0@3,€;,41- Recalling the 
definition of a third-order determinant and the definition of e;,7, 
we may rewrite this expression in the form a1; Q9,Q@3,e€;/1 = 
= |a@| = +1= e4)3. On interchanging two subscripts on the 
left, e.g. 1 and 2, we have 

yy Ap jg == — yp May Fail ets = — Prag = Eng *- 
It is clear from these equations that e;;, transform on rotation 
as atensor of rank 3. The quantities e;;,; remain unaltered on 
reflection and hence they form an axial tensor of rank 3. This 
tensor has the interesting property that its components are the 
same in all coordinate systems. 

25. The tensor A;; may be written in the form of the table 


0 Ay — As 
Ain =| — An 0 Ag 
Ay — Ag3 0 


Let Ag3 = Ay, Ags, = Ag, and Ay, = Aj. These three equations 

may also be written in the form A; = gern Akl where €;};) is 
a skew-symmetric unit tensor of rank 3 (cf. preceding problem). 
Since A;,, is a tensor of rank 2, it follows that the quantities 
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A; (i= 1, 2, 3) form avector. The vector A; is called dual 
with respect to the tensor A;,. 

26. (A XB); = ej3,4,4,B 1, curl; A= e7,18A,/8x,. AB 
and curl A may be looked upon as skew-symmetric tensors of 
rank 2, or as their dual vectors whose components do not change 
sign on reflection (pseudovectors). 

28. a) a*(b-c)-+(a-b)(a-c); b) (aX b) Xe] - [(a’ X b’) Kc’). 

30. (a-a’)(b- b’)(c-¢’)+(a-b’)(b-c’)(c «a+ 

+(b-a’)(c- b’)(a-c’)—(a- e’)(c- a’) (b - b‘)—(a- b’)(b- a’) (ec - ce’) — 

—(b-c’)(c- b’)(a- a’). 


31. Consider the proof for a vector and a tensor of rank 2. 

(a) Since the components of the vector should, by defini- 
tion, be the same in all systems of coordinates, it follows that 
for any rotation A; = Aj, i.e. 


AL= A, y= Ay, A, =A,. (1) 

Let us rotate the system of coordinates about the z-axis through 

an angle 7. Since, in general, the transformation formulae for 
rotations are Aj = @;}A;, we find that 

A,=—A, AV=—A, AL=A,. (2) 


Zz 


Eqns. (1) and (2) are consistent only if A, = Ay= 0. Next, con- 
sider the rotation of the coordinate system about the x-axis 
through an angle 7m. As before, we can show that A, = 0, i.e. 
the vector A = 0 if its components are independent of the choice 
of the coordinate system. 

(bo) An arbitrary tensor of rank 2 may be written down in 
the form of a sum of symmetric and skew-symmetric tensors: 
Tix = Sip + Aix. The skew-symmetric tensor is equivalent to 
a pseudovector (cf. Problem 25), and in view of the above pro- 
perty of a vector, its components are independent of the choice of 
the coordinate system only if they are equal to zero. We shall 
therefore consider the symmetric tensor S;,. 

Let us select a coordinate system in which S;);, has the dia- 
gonal form A‘6;,. Ifthe A“) are not all equal, then the com- 
ponents of the tensor will depend on the choice of the axes, i.e. 
on which subscript (1, 2, or 3) is used to represent a given axis. 
The components of the tensor will be independent of the choice of 
the axes only if A“) = ,»@) = »®) = ). The tensor will then be of 
the form Adj,p. 
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32. The required mean values are given by the following 


integrals 


may | mae, nity =e fan, 42 be (1) 
However, instead of the direct evaluation of these integrals it 
is more convenient to use a method based upon the transfor- 
mation properties of the quantities under consideration. It is 
clear that the quantities 77, 777}, and so on, are tensors of rank 
1, 2, 3, 4, ...., respectively. On the other hand, it follows from 
their definition [Eqn. (1)] that these quantities should be indepen- 
dent of the choice of the coordinate system. They will therefore 
be expressed in terms of tensors whose components are indepen- 
dent of the choice of the coordinate systern. 

Consider n;. Since the only vector whose components are 
independent of the choice of the coordinate system is the zero 
vector (cf. Problem 31), it follows that n; = 0. 

The tensor n;n} should be capable of being expressed in 
terms of a symmetric tensor of rank 2 whose components are 
independent of the choice of the coordinate system. The only 
tensor satisfying this condition is 6;;. 

We therefore have 


ny =, p. (2) 


nny = = 1= 3h, haz. 
Similarly, 
nnpn, =0, 
—_—— ] x 4 
AjN ph ihn = TS Big Bim + 611 84m t 8im Opn: (3) 
1 | l 2 y) 
a Gc aR a a a 
1 
<5 Ma: b)(¢ - d) + (= €)(b - d)-+-(a - d)(b - c)). 
34. n-n’, (nXn’)-L 


85, n-l, n’-h my (my X& n,), 
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2. Vector analysis 








1 tila 4 fs) 
36. V..=xz—~e (sind ats 
a1 + V5 ; oa r 0% resin da 


o O sind oO 
Vo = cos t— — —— =. 
37. divr=3, curlr=O0, grad(l-r) =I, (-V)r=1. 
38, curl(w K r) = 2w. 


41, gradg(r)=—9; dive (r)r =39-+79; 


cos$ oO 4. i °.), 


curlg()r=0; U-YeMr=lyet oy, 


Here, and also below, differentiation with respect to y is indicated 
by an apostrophe. 


const 
r3 





42. e(n= 

43. div(r-a)b=a-b, curl(r-a)b=aXb, div(a:r)r = 
=4(a-r), curla-r)r=aXr, div(a& r)=0, curl(a & r) = 2a, 
dive (aX r)=0, curlg(@Xn=(Qe+re)a— LO) » 
divr X (aX r)=—2(a-r), curlr X(aXr)=—3(r X a). 

44. grad A(r) r= A+ —(r- A’), grad A(r)-B(r) = 


== (A’-B+A -B’), dive (NA()=L(r-aAy+2r- Ay, 


curl (A) =Z (PX A)+ ZEEXAY, DEMAND =LEG’A+ EA. 








45. —grad ( BS) = curl ( px =); the components of this 


vector along the basic unit vectors e,, eg, e, are respectively 
equal to 


2p cos § psind 
ees aaa | oe a | 0. 
r r 


The vector lines are formed by the intersection of the two families 
of surfaces @ = Cy, y= CySin#. 


; 2 2 o.. 2 OA, 
47. (AA), = 4A, — 72 A, — Fagin og (Si 949) — tag Ga 
_ Aa 2 OA, 2cos9 OA, 
(BA)y = 449 — aginty + 7 ae sin? 0 Oa 
A, 2 dA, 2cos3 dAp 





(AA), =44,.— 7 ante + 72 sin da r2sin?9 oa‘ 
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A, 2 OA, 
48. (MSA), =AA eee ae 
2 OA, 





(4a), =44,— 48 +4 
(AA), = 4A,, 


49, f Grade -eurlA) dV = f(A X grad 9) dS = f geurlA dS. 


, 
Oa 


50. Here, as in a number of other cases, it is convenient 
to consider the scalar product of the integrals with a constant 
vector ¢c: 


c- f (a: nds = $ (c : r)a,dS = f div ((c - r)a)dV = 
=(a-: c) fave -c)V. 
Since ¢ is an arbitrary vector it follows that fa@ -n)rdS=aV. 


Similarly, f (a- r)ndS =aV. 


51. neds = f grade dV, Gn Xa)dS = fourladv, 

in -b)adS = fib -Vyadv. 
55. Using the method of Problem 50, it is easy to show that 

Fedi= fn >< grady)dS, where n is a unit normal for the surface. 
06. f (grad X grad f)- nd. 
61. a) A+2; b)A+Bintang; c) A+Ba. 
62. a) A+BlInr; b) A+ Ba; c) A+ Bz. 
1 

Bd... seek (6 +2?) (n9-+47) 6 +2?) ii 


(6? — a?) (c? — a?) 


_ 


= (5 + 67) (yn +87) 6 +67) 72 
y=+|“Saame@m | a) 


1 
=+[(t2 (n +c?) (6 +07) i 
= (a? — c?) (b? — c?) —~ Toy 


1 C—=nE=9 V@=9@=8 | V€—8 C—1) 
a OR, = QR, os OR. 2, 
7 4 
= Goer ons (I OR 5 (Re e+ 
Sets ee —_— oO y 
+6—9R, = >(R, nie 1) Rez (Rc 3)]: 


where R,, = [(ut+ a’)(u + b°)(u + cy. It is clear from Egn. (1) 
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that to each set of values of —, 7, £ there correspond eight sets 
of values of x, y, z. 

The orthogonality of the ellipsoidal coordinate system can be 
proved by finding gradé, grad7, grad¢ and evaluating the scalar 
products gradé+ grady and soon, which all turn out to be equal 
to zero. The quantities gradé, gradyn, gradg may be found 
directly from the equations defining &, 7, ¢ by taking the gradient 
of both sides of these gama and using Eqn. (1). 








4 Peteymte) (E +a”) (n +07) 
65. z= +[etoaron, p= [State py, 
1 V7 1 Vey _ 
a eae a ly aay a 


q 


where R:=V (+ 2%) (E+ ec), R= V@+a?)(—7— ; 
4 0 0 ri) 7) 1 0 
eee 





(@ + a?) (6 +2?) E+ 67) (C+ 0? 

66. x=2t =| Zz? — 63 ie [=> [4 tele L7? 
1VE—o _ _1V&—£ 

ha RR’ tis: Map RR! 


where R.=VE@E+ 0%), R.=V E+ a?)(—C — 89); 


4 é ri) é ) 1 @ 
d= ae[Re ge (Re Ge) A Re Se (Rez) | + Se 
= = a =*. a sin 7 
67. a=h,= cosh €—cos 7 ’ — cosh E— cosy ° 


(cosh  — cos 7)? Es ( 1 - xz) 
ee a? 0€ \cosh E—cosy o€ + 
1 oO sin y =) gz 
= sin 7 i wares On ae a (oe) “Oa? |. 
68. The surfaces p = const are the toroids 


(Vx? y? — acotanp)" +2? =(F sinh ) 





and the surfaces & = const are the spherical segments 





ce — at tte (she). 


h a io asinhs 
A, = &“~ cosh p—cos€ ’ 2 ~~ ‘coshp— cose’ 
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ELECTROSTATICS IN VACUUM 


69. = —2np2", E, = — 4npze, (121 < $). 


pees ig z 
Py = x mPa (4|2| a), E, = — 2npa =e, (Iz1>$), 
where the z-axis is perpendicular to the surface of the plate. 
4nxp 


70. p(x. y 2) = EPR py 608 2x cos By cos zz. 


2na 


71. When z2z>0: p= e™ sin ax sin By; 


When z< 0: = 2% ev sin ax sinBy, A= Va?-+ 82, 
The exponential decrease in the potential along the z-axis is due 
to the fact that the plane contains charges of different sign. 
72. For the volume charge distribution 


2 2 
a= R dr=x(1— a), E\= st (r<R); 
R 
a= dra — mint, Ey= (r>R). 


The simplest method of solution involves the electrostatic 
Gauss theorem. In the solution involving integration of the 
Poisson equation, the Laplace operator must be expressed in 
terms of cylindrical coordinates. Owing to the symmetry of the 
system, ¢ is a function of 7 only. 

In the case of the surface charge distribution y, = 0, Po= 
= -2x In(7/R). 

73. og = -2xlnyr, E = 2x/r, where x is the charge per unit 
length. The arbitrary constant in the potential is chosen so that 
y = 0 when y= 1. 

g z—at+V(ze—a) +x? + y? 
14. ot = gn Sa 
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75. Substitute 
— =—_ . a me 
Z,=2+4, 2=2z2—4, 1,=) xt y+ 20, Gr Gaur: 


It follows from the solution of the preceding problem that 


rr, = 2a SEO — const (1) 
(remember that z; - z2 = 2a). 
Egn. (1) shows that the equipotential surfaces are ellipsoids of 


revolution whose foci lie at the ends of the segment. 


3 2 
76. aO=4(5— ge) E, =< (7 < R); 


gin=, ER=5 (¢>R) 
17: nin=—. E,=0 (7 <R); 
4 


78. The electric field in the cavity is uniform and is given 
by r 


4 4 4 
E> tr ae mp (r —a) =z pa. 


79. g = 4ra(R,— Rj); 


= q Ry F =, 4 >i) 
A=) 7 = RR In R, when r<R;; E, = (R,— Ry rt' 
q rR . q. 
2 = pte (i—m R St) when R,<r<Ro Ey = Tri gt 


when rp ky. 


The field of a sphere with a uniform surface charge distribution 
is obtained by letting Rz —- R; = A at constant charge q. 

80. The energy W for the charge distributions of Problems 
76, 77, and 79 is respectively given by 


nea i Sa ne, 5 a et 
We se OR eR, Roe 


By compar ing the contributions to the energy W given by the 
fr 2) 
integrals J and f it may be shown that most of the energy is 
0 A 
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localised outside the charge distribution (83% in the case of a uni- 
form sphere of charge). 


81. p= frye ar tan f peryr' ar’; 
0 r 


E(r) = ant f p(r’) r” dr’. 
0 





83. The field due to the electron cloud in the atom is given 
by 


The potential of the total electric field in the atom is given by 


e(r=e()+ 2. 
84. The field strength is a maximum on the surface of the 
nucleus: 


Z Z < 
Emax =e =6.4x 1938 — V cm", 
AB 
85. Use the fact that the surface density is given by 


p(r, % a)=0(8, a)8(r —a). 


RY R? 2 
86. a= I R?+-a?A,.— RA,,,). 
87. e= BG VR +2 _|z)), 
2q z z 
E.=E£.= = — | —_ — —"  ]}, 
=£,=0 E=2( SD -pese) 


where z is the coordinate of the point of observation measured 
from the face of the disc. 


88. If the positively charged half of the ring occupies the 
region x > 0 inthe xy-plane, then for x, y « (R? + z°)/R it is 
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found, after expanding the integrand of Jf x/r42)dl into a series, 


that 
4qR 
b a 2° 
n(R? 4.2%)? 
and hence 
E.=— 4qR a E,=0, ars Lik 
n(R? 4.22)? x (R? $22)? 


When z > R the field is the same as the field due to an electric 
dipole which lies along the x-axis and has a moment equal to 
4qR/n. 


z-rginb 


dl=Rdz' 





Fig. 30. 


89. Owing to the symmetry of the system, the potential 
will be independent of the azimuthal angle a ‘and hence the 
xz-plane may be drawn through the point of observation without 
loss of generality (Fig. 30). Therefore, 


lig = V r+ R? — 2rR sin 9 cosa’ 


and 


P(r, Nar fae", 
: V r?-+ R? — 2rR sin 3 cos a’ 


where x = g/2mR. 
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Substituting a’ = 7 - 26 and 


en 4rR sin $ 
oe r?+ R24. 2rR sin 8’ 


we have 


2 
4xR d3 2kx 
4 =k ff ———_— K (k). 
Tees) V t+ R?+2rRsind ¥ V 1— &? sin? 8 V rRsin$ “ 


90. a ee ee 
) 9 = VeEF 
where z is the distance of the point of observation from the plane 
of the ring. 


b) Let 7’ be the distance from the point of observation 
to the ring. For rv’ «< R we have 


2 
r’ 


—~ p2~ 
1~ vo. 





K (k) =!n SR and 9(r)=— 2xInr’ +const, 


which is the same result as for a linear charge. 


91. g=Foycos® = (r <R), 





n= : — cos (r>R). 
Inside the sphere the electric field is uniform and has an intensity 
Ez = -4109/3; outside the sphere the field is the same as for a 


dipole with a moment 470)R3/3. 

92. Owing to the axial symmetry of the field, the Laplace 
equation in terms of cylindrical coordinates (the polar axis along 
the axis of symmetry of the system) is of the form 





ov rer t aene (1) 


We shall seek the solution of Eqn. (1) in the form of the power 
series 


9(r, 2)—= BY ag(z)r", ap(2)=9(0, 2) = O(2), (2) 
a= 
where €(z) is the potential along the axis of symmetry of the sys- 
tem. Substituting Eqn. (2) into Eqn. (1), rearranging and equating 
to zero the coefficients of the resulting series, we obtain the 
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recurrence relations for the coefficients a,(z), and hence 





P(r, j= Y¥ (—1)" 0 (2) (F)"=oH— Po ~@+ eget 


aed (nil)? 
n=0 
E,=—2 =f m+ 
Ke oe =o ves 
E,=0, £,=—%=—o (+... 


93. The multipole moments to be computed are 
] / 4 * 
fin 4x i) x + (nm 
Qin = Y at gee Vim( >» a) R da. 


Using Eqns. (1) and (5) of Appendix II we find that 





— a an — 2n 

g(r, = 2 Vc re () P,, (cos) when r>R, 
n=0 

er, ss Dh iy a (ey P,, (cos?) when r<R. 


Both formulae hold at ry = R (8417/2). 


94. a) gaz qa? ==" — ogc? Le 





re 
3qa? sin? $ cos a sina 
ae 
6qa'P, (cos 9 15 cos$ — 9 cos$ 
95. a) Cae pia ib hci af ) = | nar eee 4 
ligabcxyz l5gabe sin? § cos $ sina cosa 
b) poe aera meee. posinesene 
4x 
96.  9(r. 9, 9= Mast er “aT Yim (%, 40) Yim(®, 4) when r < roi 
4n th 
o(r, 9, ene rial Yim(%o, 2) Yim (9, a) when r > ro. 
{im 


97. (x, y 2~t+g EOE Oe 


In the case of an ellipsoid of revolution a = 5 and 


e(r, = Lt £4 glee ais aie ) 


In the case of a sphere a = 6 = c and @ = q/r. 
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98. In spherical coordinates (polar axis along the axis of 
symmetry of the system and the origin at the centre of the rings) 
the potential is 


q(a?— 5?) Py, (cos §) 
2 
This expression represents the potential of a linear quadrupole in 
which two charges of -q each are at a distance of 4(a? - b*)? from 


the central charge of 2g. 
99. Since 6(r) = 0 everywhere except at r= 0, we have 


=— fp’ 1)8(r)aV = — Gp’ - ny d(r)aS =o. 
Also, 


raf xo msnv=—f xo, SO a= f pr nav. 


The latter transformation involves integration by parts. The 
repeated subscript m represents summation. The resulting sur- 
face integral becomes equal to zero since 6(r) = 0 whenr #0. 

In view of the definition of the 4-function we have 








1 Ox, ; 
Pa Pn By = Prban = Pa: 





All the multipole moments of higher order are proportional to the 
components of r at r= 0 and are therefore equalto zero. For 
example, in the case of the quadrupole moment 








, 0b a , 
Q=—f x20, 2O av = f 0m 9, Ba = pix, + pie, 


a3 


= 0. 
f= 


100. On integrating by parts m times, we have 
a ° tA 7 1 / 
e=g(—Iy f 80) TT @- a =a TL yt. 
i é 
-161. The simplest method is to use the formula 


gy = ga? (3z’* - x*)/78 (cf solution to Problem 94) and express 2’ 
in terms of x, y, and z (Fig.31). The final result is 


2 
g= [13 (x sin cos 8 +- ysin 7 sin B-+ zcos 7)? — r?J. 


This result may also be obtained by using the fact that the 
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components of the quadrupole moment form a tensor of rank 2. 
In the coordinate system (x’, y’, z’) the components of the quadru- 
pole moment are 


Qee = Qhy = Qry = V2 = Q)2=0, 
Q.2 =— 2qa’. 


The transformation matrix is of 
the form 


cosycosB —sinB eran 


a={cos7sin cosB sin ysin8 





— sin _ 0 cos ¥ 


Fig. 31. This matrix may then be used to 
evaluate the components of Qag 
in the (x, y, z) system using the expression 


, 
Qa = x Oa ApsQz2, 
h 


and Eqn. (II.8). 
102.  @— 159ehe? (y2__ 2) sin 28 + 2xycos 28). 


2r? 


103. 9=46 sin? § sin 2a —3cos 23 — 1). 


104. According to the superposition principle we have 


9(r) = Perr) gy =|P : grad’ ———__ av’, 
v 


[r—r’ fs |r—r’| 


Application of Gauss' theorem to this expression yields 


Pr 
g(r) = ri 7,aS, where §S is the inner surface of the polarised 
ak aoe 


sphere and P, = Pcos?. Ifthe solution of Problem 91 is used 


it is found that 
4xPr 
?1 = —3— cos (r 


<R), 
Q> = sia cos® (r>R). 








a+. B, sin na 
nr® 


105. ¢(r)= —2xInr-+2 Y) Ansose 


a=) 


where x = fe(r’)ds’ is the total charge per unit length, A, = 
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= foc’? cos na‘dS' and Bp, = fe(r’yr'? sin na’dS' are the 


two-dimensional multipole moments of order n._ It follows from 
these formulae that the potential of a dipole in the two-dimensional 


case is given by 9 = 2p-r/r* where p = for')r’ds’ is the dipole 


moment per unit length of the distribution and r is the position 
vector inthe xy-plane. 


-106. fr, a) = — 2x Inr + YY 2 (2)"cos a (a—a,) when r>rq, 
ne] 
g(r, a) = — ax Inr + Y —(Z)" cosa (a — a4) when rr < fo. 
0 


T 
n=l 





, 


107. 9(r) > cosa = 7: 


where p is the dipole moment per unit length, r is the position 
vector in the xy-plane (vy > a), andthe z-axis lies along one of 
the linear charges. 

108. Along the axis of symmetry of the disc (the z-axis is 
drawn from the negative to the positive side of the disc), 





=719=25 ‘eee Lk eee = : 
@ *( VR) lz] 
2rars 
E,=Ey=0, £,=—— ~~. 
|z| (a? 2%)? 


109. a) In cylindrical coordinates 


b) o=2t(x—4a), £,=—iS_*, E,=£,=0. 


The field E is identical in form with the magnetic field due toa 
straight line current J = Tc. 


110. The equation of the lines of force is 
1 


1 
(zta){(z-ar+r) ? +@—a)[(z—aP+r] ?=C, 
where C is aconstant. The case of charges of different sign is 
illustrated in Fig.32a. Fig.32b illustrates the case of two 
charges of the same kind. The neutral point occurs at r = 0, 
z= 0. 
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a 





Fig. 32. 


111. It is convenient to use spherical coordinates. By 
letting @ tend to zero, expends into a series, and neglecting, 
terms of the order of a” and higher, it is found that r = C sin’ 9. 


112. r=CYVsin?9|cos8|, C=const. 
It should be remembered that in the case of a quadrupole of 
finite dimensions this formula will only hold at large distances 
(Fig. 33). 
OV 2(V2— 1) xq 
114. mayo an) Pa 3VI—De 
115. Consider a tube of force which is obtained by rotating 
_a line of force about the z-axis. Application of the electrostatic 
Gauss theorem to the volume bounded 
by the side surface of this tube and 
two z = const planes which do not 
contain charges, shows that the flux 
through any cross-section normal to 


Zz 


the axis of the tube $(z) = y Fi 2 (2) 
t 

(cf. Problem 113) is independent of z 
(when z lies between z}; and Zz, , 4). 
Here 2;(z) = 2m(+1 - cos a;) is the 
solid angle subtended by the negative 
side of the cross-section at the point 
Zz; at which the charge q; is located, 
and a; is the angle between the 

Fig. 33. z-axis and the position vector of a 
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point on the periphery of the normal cross-section whose coordi- 
nates are y,z. The positive sign should be taken for z > z; and 
the negative sign for z< z;. Ifonvarying z, the normal cross- 
-section of the tube passes over a charge q,, then $(z) will 


change discontinuously by +47q}, but at cos a; will remain 
t 

constant. Writing cos a; interms of z, z;, and 7, we obtain 

the required equation for the family of lines of force: 


qi (z— 2) — = 
peace Vrtena ae reer =C, C =const. 


117. Consider the cylindrical coordinate system whose 
z-axis lies along the axis of the cylinder (Fig. 34). Instead of 
the condition ¢ le = constant on the surface S of the cylinder, it 
is more convenient to use the condition dp/dal, = = 0 which is a 
consequence of it. After differentiation we have 


NX hy Xo 
R* + x? —2Rx, cosa ~ Re + x3 —2Rx cosa 


On rearranging and equating terms with and without cos a, we 
find that when x; = x2, any cylindrical surface whose axis is 
parallel to the charged filaments 
and lies in the plane of the fila- 
ments will be an equipotential 
surface, provided its radius 
satisfies the condition R? = x 4x». 





Fig. 34. Fig, 35, 


When x; = 0, the solution x, = 0 will also exist. This corres- 
ponds to cylindrical equipotential surfaces in the field due to one of 
the filaments. 
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118. Referring to Fig. 35, the radius & of the required 
sphere and the position of its centre are respectively given by 


The potential on the surface of this sphere is zero. 


e-u — ] 








119. eer 7 + gd ——— = — 4ng 8(r) + 
oe? ~or — | ate—ar 
+15(o>% 7 ) = — 4ng3 (1) +- q aes, * 


Thus, we have a point charge q at the origin and a spherical sym- 
metric volume distribution with a density 


qate-ar 


4ar_' feav=—q. 


= — 





120. The point charge ég at the origin is surrounded by a 
volume charge with a density 





= €o_ 
pe(r) = — nas e¢, 


This is the charge distribution in the hydrogen atom (cf. Prob- 
lem 83). 





&o 2 ~2 e 
121. se anil ff re 4ndr=:— —-. 
0 








Qn Qn 
ua g § sth N42 if J ab dl, dl, 
a ; Fie 4n?ab V c?-4a?-+-b2—2ab cos (a,—a) 
where the integration is carried out over all elements dl, dl, of 
both rings and a, @, are the angles which define the position of 


the elements. Integrating with respect to a» and substituting 
Q, = mw - 2a@ we have 





(a st CRY 
nV ab (2) 
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where 
= 


Sig oo 2 BE eo iko= | 
~ We+(a+o)- mi Me ae V1—&?sin?a 
0 


The function K(k) is the complete elliptical integral of the first 
kind. 

In evaluating the force F = -8U/8c = -(9U/8k)(8k/8c) it is 
necessary to use the formula 


dK (k E(k 
2K? am = ar K®, 


® 


2 
where E(k) = fa - k® sin’ a)?d a is the complete elliptical 
0 
integral of the second kind. Finally, 


Fa ek EW 


126. F=— Sar (Pp Sar (8-8) 4 a, Na oP XE 


r3 
127. Us pip, SOS ee core a eos cose 


where 9,= Z(r, py), $2 = Z(r, py), Y is the angle between the 
planes (r, pj) and (r, py), and 


sin $, sin $, cos-~ — 2 cos $, cos 9, 
ré 


F=3p\P, 


The force reaches a maximum when = %),= ¢ = 0, i.e. when 
the dipoles are parallel. 


128. Un =f pee, (e) av! = 


= 4n 7 tf tA \) * 
EV arin [Yin 0 9d = ¥ ain 
om i,m 


Chapter 
3 


ELECTROSTATICS OF CONDUCTORS AND DIELECTRICS 


1. Basic concepts and methods of electrostatics 











2 q 
129. 91 = Po = ae — 
_ Qe, qr _ Qe, qv 
PS eee. ee ae re 
Pio tt nN oes Qn q 
MS MSGS eS Va hae 
eee 2re; qv 
Po €)a) - € 999 -F 33 ars 


131. The boundary conditions (g= const on the surface of 
the conductor and gy = 0 when 7 — ©) may be satisfied by a poten- 


tial of the form gy = C/r where the constant C is determined from 


the condition $Dnds = 4nq, C = 2/(e, + €2). Hence the surface 
Ss 


distributions are 
— ge ae geo 
= Seat bay’ 2 Sea) pa)’ 
—_ _ ai—)) — __9(&2—1) 
Oxb =~ “Dna? (e, +2)’ ?ab = Ona? (e1 + &2) © 


132. c=[("£5P"4+1]5%). 


we. e=[LG-2 440-41 





The bound charges arc located on the spheres with radii @. 6. c: 
q &g— 1 
ob, b= Gxt eg’ 


3 aed “ab 1 t 
e,b 4xc? Ve, ey 
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where q is the charge on the inner electrode of the capacitor. 
The total bound charge on the capacitor is zero. 
135. The capacitance is 


BS 


c= 4zaln2 ° 


The surface density of bound charges is given by 


The volume density is given by 


3a 


Pb = ae pay 


where g is the charge at x = 0. 





# v2 
136. a) f= = Bnd? d2 , 
b) f= - = = (liquid dielectric), 
f= ef (solid dielectric); 
c) f= = =ef, (liquid dielectric), 
f= we e*fy (solid dielectric). 
(¢—1) bh, V? 
137. a) LS oa 
8xeh, [a _ Ao) | 
hy (e — 1) 
») Fe 2x (© — 1) hy hyq? [A = oe 





oe[e BERD] ST 


138. Consider the pressures at the points A and B in the 
liquid (Fig. 36). At B the pressure is equal to the atmospheric 
pressure farm. The pressure at A may be neue either from 
a (where 
Pam = bo, E = V/d), or by noting the fact that p, differs from 
the pressure at the surface of the liquid in the capacitor by the 


Egn. (IIJ.25), according to which ba = Pamt 
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EB? de 6-15 
hydrostatic pressure ygh_ so that Py = rgh + 7 ——-— ---— E* + 
82 OT 87 
+ Pam {cf. (II.23)). On comparing the two expressions we find 


that 


e—] 


n= 8xgt 





E?, 


139. The Maxwell stress tensor Tj is oriented so that the 
electric field E bisects the angle between n and Tj, (Fig. 37). 


| Ti | = w = cE*/8m for any orientation of the area. The stric- 
E2 
tional (Maxwell) stress is given by T;, = rere and is always 


directed along the normal n (‘negative pressure’). 





Fig. 37. 


140. a) Consider the cylindrical coordinate system illus- 
trated in Fig. 38a. Onthe xy, plane the field is radial and is 
given by E = 2qr/e(r* + a*/4)3. The force F acting on one of 
the charges, for example the left-hand charge, is given by 


cw 


s, . ae reQurdr q? 
F.= J] (ara e [ait -S- 


This is in fact the force acting between two charges in a uniform 
dielectric. However. if this calculation is carried out with the 
total stress tensor, then the force becomes F, + AF, where 
AF, = q’e ’a*t8e/8tT. The correction AF, is due to the stric- 
tionalterm. However, the theory which takes into account the 
electrostrictional stresses must also allow for the fact that the 
liquid will be drawn into the field, and for the associated increase 
E*r 9 

8a aT 

{Egn. (III.25)]. The resulting hydrostatic force is AF, = 


in the hydrostatic pressure, which is given by Ap = 
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2 

-“r3 ~ = -AF,. The total force between the charges is thus 
given by F, + AF, + AF, = -4q’/ca’ and is, therefore, equal to 
the force which is obtained without allowance for the strictional 
forces. Consequently it is the total force due to both electrical 
and mechanical effects. 

b) The same results are obtained by considering the 

stresses on the surface of a small sphere of radius R whose centre 
coincides with the point charge g on which the force is acting 


(Fig. 385). Consider the Maxwell stress T, = (Erk = + B’e,), 


te ag 
Ty 
A | 
Zia 
J ITSO 7 2 77] g Zz 





Fig. 38. 


where E = E, + Ey, and the field due to the charge on which the 
force is acting is E, = (q/eR*)e,, while the field due to the second 
charge is Ey = (q/ea’) {sin 6 e, -cosie,] and may be looked upon 
as uniform, since the distance between the charges is a > R. 
Hence the stresses on the surface of the sphere are such that 


F=f T.ds= 


The inclusion of strictional stresses does not modify this result 
owing to hydrostatic compensation. 





q 
ea® ©2" 


Tat. <q ee 


e—l’ 





where g is the acceleration due to gravity. 
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Stes Con (£1 — 2) q 
142. When z = 0, ld ar, cy ear : me 





_ ga &,—— £9 
yao 2a €,(e, + &) ' 








r=V x? y?-+ a? =r, le-0 = Salz=0 


When ce, —»~, the problem reduces to that of a point charge q 
placed in the dielectric ¢, just outside the plane surface of the 
conductor. The surface density is then o, —- - qa/2nrey. This 
limiting density is in fact the sum of the density of bound charges 
on the surface of the dielectric and the density of free charges on 
the surface of the conductor. 
2 €,;— Ee 

144. F=t. CTT 
When €; > € 9, the charge is repelled from the boundary between 
the dielectrics, and when e, < €» the charge is attracted. A 
charge which is at first in the medium with the higher permittivity 
is repelled and moves away from the boundary. A charge which 
is at first in the medium with the lower permittivity is attracted 
towards the boundary, passes through it, and having reached the 
second medium is repelled by it and moves to infinity. All these 
results will hold provided that frictional effects experienced by 
the charge while it is moving in the media are neglected. 

The above expression for the force F may be obtained in 
various ways: 

(a) by considering the interaction between two point charges 
q' and q"; 

(b) by calculating the force on the point charge which is due 
to bound charges on the separation boundary; 

(c) with the aid of the Maxwell stress tensor. 

In the latter case it is convenient to discuss stresses on the 
separation boundary, or on the surface of a small sphere sur- 


rounding the charge. 
2 
ae N W492 
= Tete) i TIE Pale 


2 


145. 
2 ame | W499 


99 
fi Ge ay dal? Dane yar 
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The fact that the forces acting on q; and q, are not equal is 
due to the fact that the two charges do not by themselves form a 
closed mechanical system: there are also bound charges on the 
separation boundary between the two dielectrics. The vector 
sum of the forces on the boundary and on the charges q,; and qo 
is equal to zero. 

146. If it is assumed that in the metal yg = 0, thenin the 
dielectric g = q/e7r; - q/er, (cf. Fig.10: charge gq at A, charge 
-qat B; e,=€, €2= °). The term -g/er, is due to the charge 
induced in the conductor and the bound charges on the dielectric. 
It is equivalent to the potential due to a point charge -q/e at a 
distance -a from the boundary. The charge -q/e is called the 
image of the charge qg/e in the plane z = 0 (the factor 1/e repre- 
sents the effect of the dielectric). 


ae ga oe q? 
tt Ga 
where r is the position vector in the plane z = 0. 
147. The field between the conducting planes is due to the 
charge systems shown in Fig. 39. 





Fig. 39. 


148. Suppose that the dipole is located at the point (0, 0, z). 
If the components of the dipole moment p along the x-, y-, and z- 
-axes are (p sina, 0, p cos a) then the components of its image 
p’ along these axes will be (-p sin a, 0, p cos a). 


_ (P-p’)? —3(p-F) (p’- 1) Ps, 2 
See age re gees nee), 

_ spr 2 ___—io—p’ sin?a 
Fi==— Tez (1 +cos?a), N,= he 


The factor 1/2 in the expression for U is due to the fact that the 
field E’ due to the dipole moment p’ is proportional to p. When 
p is increased by dp at constant orientation, the interaction 
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p 
energy increases by dU = -E’dp and hence U = fau = -$(E’- p) 
0 
(cf. solution to Problem 166). 


The dipole is attracted to the plane whatever its orientation. 
The couple N tends to align the dipole with the z-axis, either in 
the positive or the negative direction (a = 0, 7). The couple will 
also vanish when a@ = 7/2, but this equilibrium position is unstable. 

149. Consider a set of polar coordinates with the origin at 
the centre of the sphere and the z-axis parallel to Ey. The 
potential may be sought in the form of a series in Legendre poly- 
nomials (cf. solution of Problem 153). The final result is 





2 =— noite Eyrcos3 when r<a, 
= — of cos + TE E,a° cos 8 when fr >a. 








The electric field inside the sphere is uniform and is given 
by 


peu 3e, >E, when & > &, 
— 


& + 2e, < E, when & < &). 


Outside the sphere the resultant field consists of the external 
uniform field Ep and the field due to an electric dipole of moment 


9 ©) —— es 


Bee 6 + 2e, 





This secondary field is due to bound charges on the surface of the 
dielectric sphere with densities 


3 
on — ie. Te —T5— Eo cos, Ph = 0. 


It is easy to understand the reason for such a charge distri- 
bution by considering each small element of the polarised dielec- 
tric as an elementary dipole. 

150. For the dielectric with unaltered polarisation E = 
= 4rP/3 (cf. Problem 104). For a normal dielectric 


12ne 


= GF e—h P- 
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151. p==—E,-r+ 2 (r>a), 


r 


where p = R3Ep, R? is the polarisability of the sphere, and 
o= So Ey cos }. 


152. The force F on one of the charges may be found by 
multiplying g; by the field strength due to the second charge, q, 
in the cavity around g;. Since the cavity is small, the field inside , 
it is uniform and equal to 


3eE, 3q 


dl @efla' 


where Eo = q/ca® is the uniform field in the vicinity of the cavity. 
Hence, 
3q? 


FP=@tpat- 


This force is different from the force between charges in a uni- 
form liquid dielectric with the same permittivity (cf. Prob- 
lem 140). If by analogy with Problem 140 it were required to 
find the force on the plane of symmetry, then a calculation involv- 
ing only the Maxwell stresses would yield Fy, = q/ca*. This 
differs both from the force F on the charge itself and from the 
total electric stress force (the strictional term is ignored in view 
of its complicated form for a solid). An equal force will act on 
any region of the dielectric surrounding the cavity containing the 
charge. One part of this force, namely, 3q*/(2e + 1)a? acts on the 
point charge q and the other part, namely, -(2e - 1)q*/ (2e + late 
acts on the bound charges on the surface of the cavity. 

153. Let the origin of spherical polar coordinates be at the 
centre of the sphere and consider the potential in the form 





o(r, % =a + Bi (time! + i.) Pig (COS 9) 21, (1) 
where 7, is the distance between q, and the point of observation. 
The series in Eqn. (1) represents the field due to charges induced 
on the sphere. This field should vanish at infinity, and therefore 
aim = 9. Because of the symmetry of the problem, the potential 
is independent of the angle a, and hence terms with m # 0 
will also vanish. The remaining constants, 6; = bj», will be 
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determined from the boundary conditions. In case (a) the poten- 
tial of the sphere is 9(R, })= V= const. Using the expansion 
for g/7v1 given in Problem 96 we have 





e(R, n=-Y(e + P, (cost) =V 


re ait! an) 
and hence 5; = -gR?'**/eq'*! when / #0, bp) = VR - Rq/ea, so 
that the potential outside the sphere is given by 


__ @q VR gR 1 R2\!P (cos 9) 
g(r, N= L448 YD (S) ee. (2) 


The density of charges induced on the surface of the sphere can 
now be found and is given by 


co 


sel ={- eur! 1) 5 P,(cos8). (3) 








In case (b) the potential V is unknown and should be expressed 
in terms of the charge Q of the sphere. Clearly, 


Qa2 [a(R 9) R2sindad—eVR— IR, 


and hence V = (@/eR) + (q/ea). Using the solution of Prob- 
lem 96, Eqn. (2) may be rewritten in the form 


Ge, 4+2tr _ gf (4) 


~~ ery er,’ 


where 
—_ R r =YV 2 72 Qa’ 9. a’ = 
seca Gr a | r°-+- a" — 2a’r cost =—. 


Thus, in the region 7 > a, the potential due to the sphere and the 
point charge is equivalent to the potential due to four point 
charges lying along the axis of symmetry, namely, a charge q 
at a distance a from the origin and its three images, i.e. charges 
@ and q’ = qR/a at the origin and a charge -q’ at the point 
a’ = R*/a. The charge -q’ represents the effect of charges 
induced on the surface of the sphere which is nearest to q 
(Fig.40). The sign of these charges is clearly opposite to that 
of g. The charge +q’ represents the effect of charges on the 
distant side of the sphere and is, of course, of the same sign 
as q. If the sphere as a whole is neutral, then the term including 
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Q will vanish. When the sphere is 
earthed (V = 0), the potential is given 


by 
9= Gr (5) 


154. g(M)=2—E+V 


where (cf. Fig. 41) 


| fae emer ieee, ere 
Fig. 40. \i58, a ar ret Tr 


where ya a? 





(cf. Fig.42). The charge on the boss is given by 


0-4) —¥it} 





156. Outside the sphere 


in the conductor 
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in the cavity 








ee A a q 
Pate Fo nS | eR, 
(cf. Fig. 43) where 
7__9R. > R} 
q Se = ° a= a 
. 2i+1 r! 
157. ° 3) = ——— — . $ : 
pi(r, 9) Dpeeaearre ET P,(cos$) when r<R 
- t41 
_#8 — 7 &g—e, YY L _RU+ Py (cos 9) 
ie gas to Md te it le, alt! rit pe i 


where 7; is the distance between the point charge gq and the point 
of observation. In this case the potential cannot be derived from 
a simple set of images. 





158. 
ay ee Wl a p (cost). when FER 
age re gy Litaae Ruts , (cos ) when r < : 
sn ase eed Fook 
29M yd FD ritt ,(cost) when rDR, 


where 7; is the distance between the point of observation and the 


218 ANSWERS AND SOLUTIONS. CHAPTER III 


charge gq. Whena = 0, 
eas, 2 panes 1 en = 
71 or +(1 2) 4 12 = Or ‘ 


159. Let the surfaces of the inner and outer spheres be 
denoted by S; and S, respectively, and suppose that the potential 
of the inner sphere is zero. It is convenient to solve the problem 
in terms of polar coordinates with the polar axis joining the 
centres of the spheres and the origin at the centre of the inner 


A 





“Le 


Fig. 44. 


sphere. The equation of the surface Sy isthen y= a. In order 
to obtain the equation for S, we note that in the triangle OO’A 
(Fig. 44): 


Se eee ee Ea (1) 
bb VR? c? —2WR cos 9 


On expanding, and neglecting terms of order higher than c, we 
find that the equation of S» is 

R(8) = 6+ cP, (cos 4), (2) 
where 


P, (cost) = cos 4. 


The term cP, (cos 4) = ¢ cos $ in Eqn. (2) describes the departure 
from spherical symmetry and vanishes when c > 0. It is natural 
to seek the potential in the form of an expansion in spherical 
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harmonics (cf. Appendix II) and to retain only the first two terms. 
The second term, which represents the departure from spherical 
symmetry, should be proportional to c. Thus, 


B B 
@(r, 9) = (4, +) + ¢( Ayr +=?) cos o, (3) 
where A; and B; are determined from the boundary conditions 


Pls =const, 9|, =0, b £2 aS, = —4ng. 


The final result is 





1 1 3 
C) =4(-— 5) tal’ — Fr) 008 fh, 
and hence the density of charge on the inner sphere is given by 


g cos o; 


a SO 
~~ 4na? 4 (03 — a3) 
and the force on the inner sphere is given by 


= qe 
= aa 


a2h2c? 

161. When the charge g is increased by dq, the energy U 
of its interaction with the sphere increases by dU = y'dq, where 
gy’ is the potential due to charges induced on the sphere. How- 
this potential is proportional to q and hence 


160. AC= 


ever, 
q 
= __ const 5 1, 
y= [au = Sg Soe (1) 


vine magnitu de of y’ were independent of g, then the interaction 
would be larger by a factor of two. Using Eqn. (1) ang the 


er . 
ere of Problem 153, we find that 
= g@?R 
2e (a? — R?)’ 


and hence 
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_ 9 PR. 
a02 OE ~~ 9a. (a? — R2)’ 


p24 __ Ra? — RP) 


ca? cad (a? — RP 





When the two charges are of the same sign, Q@q > 0 and the force 
of interaction may vanish. When gq is sufficiently large, or a is 
very small, the force may even be negative (attraction). 

163. The test charge qg should be small compared with the 
charges on other conductors and dielectrics, and should not be 
too near to any irregularities in the medium, e.g. boundaries of 
conductors and dielectrics, so that the effects due to charges 
induced by the test body should be small. For example, in 
measuring the electric field due to a charged conducting sphere, 
it is necessary that the force due to the electrical image should 
be small compared with qQ/a’, where Q is the charge on the 
sphere and a is the distance between the test charge and the 
centre of the sphere. This leads to the condition (cf. solution 
of the preceding problem) 


Q (2a/R — 1)? 
| +|>2 (@/R) (@iR—1** 


This condition will be satisfied provided a/R is not too small and 
q/® is not too large. 

164. Theimage ofthe electric dipole p= p(singwe, + cos @e;) 
in the earthed sphere consists of a point charge gq = (pR/r?) cos @ 
and a dipole p’ = p(R/r)*(-sina e, + cos a e,) at the point A’ 
(Fig. 45) which is at a distance 7’ = 
= R*/r from the centre of the sphere. 


p’R (r? cos? a + R?) 
— 3k 
2k. 
+ R*)cos?a-+ 3R?I, 
p?Rr? sin 2a 
~~ Oe (r? — R2)3° 


U= 


N= 


In the limit r — R, we find on sub- 
stituting r= R+2z, Ro», 

z = const, that the results are iden- 
tical with those of Problem 148 

Fig. 45. (dipole near a conducting plane). 





ELECTROSTATICS OF CONDUCTORS AND DIELECTRICS 221 





3p 
165. s=—7p cos 9, 


where 9 is the angle between p and the line joining the centre and 
the point of observation. Induced charges give rise to a uniform 
field E = p/R? in the cavity. 

166. The forces acting on the irregularity may be obtained 
by differentiating the quantity 


U' = p> 2 mim (1) 


with Qim held constant. The quantity U’ differs from the true 
energy of interaction of the irregularity with the external field; 
the latter is defined as the work which must be done in order to 
produce a potential yg in the presence of the irregularity [cf. 
Ean. (1II.16)]. It must, however, be remembered that the moments 
Qin, depend on the external field. In particular, if the irregularity 
is in the form of an uncharged conductor or dielectric, then the 
true energy of interaction of the irregularity with the external field 
is given by 


U=5 ¥ Aim Qin: (2) 
i,m 


The factor 1/2 may be obtained as in the solution of Problem 161 
by recalling that Q), are proportional to ajm. In the determina- 
tion of the generalised forces with the aid of Eqn. (2), which 
involves differentiation with respect to the generalised coordinates, 
both Q1,, and az, must be looked upon as variable. 
167. Ug = qPo - p-Ep and 
1 = %— FT: Ep, ge=t+ es ' 
F=qE,+(p-y)E. N=pXeE, 


(the couple is evaluated about the origin). 

169. The body tends to occupy a position in which its poten- 
tial energy U = -3p-E is aminimum. Suppose that the coordinate 
axes lie along the principal axes of the tensor B;); sothat U = 
-3[(8E2. + BWEY + BEL). It is clear that if BO > pW > 
2 B) > 0, then U will be a minimum when E is parallel to the 
x-axis. When B™ < BY < B®) <0, the minimum occurs when 
E is parallel to the z-axis. 

170. The axis of the rod and the plane of the disc tend to 
become parallel to the field when ce; > €), and perpendicular to the 
field when £ < €9. 
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__ &g—e t+ Ru+t 
V1, Fate T Yate Te, #4 De, gaits’ 
Attraction occurs for €) < €, and repulsion for €» > €,. In the 


case of a conducting sphere ¢;,— ~. On summing the geo- 
metrical progression we find that the interaction energy is 
U = -q*R/2e,(R? - a*), and hence 


(cf. Problem 161). 
Consider now the calculation of the force with the aid of 


1 
Eqn. (111.16). In the integral U’ = >- f (2 - €1)E+E,aV’ the 
Vy’ 


volume V’ is bounded by a sphere S which is infinitely closetothe 
surface of the dielectric sphere and lies wholly inside the latter. 
The integral differs from the potential energy of interaction, U, 
between the point charge and the sphere by an infinitesimal 
amount. Instead of the total electric field E and the field of the 
point charge E, in the uniform dielectric e2, let us use the cor- 
responding potentials ¢ and y, andtakethe constant quantity ec» - 


outside the integral, sothat U’ = ot. [Ve- -Vp;,dV'. Using 
y’ 
Green's formula 


[¥¢- Vo,dV = bog Last f pAg, dV 


and the fact that inside the sphere Ag, = 0, we find the following 
expression for U: 


— 4 ‘al Rwze+1 
ea q >» Bee oe ae 





This expression is identical with that obtained from Eqn. (2) of 
Problem 166. Hence, the formula for F turns out to be identical 
with that given above. 





2 27-1 
Fe 
172 Cy. = oe 2 [cosh RR, 
_ LI ae 4b?x2 
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where 


| ee ee 
aVar—4ki 


The origin is at the centre of a straight line joining the axes of 
the cylinders and chosen as the x-axis. 


sales 


1 3 
174. c=Hfeosh ‘ RR, 


2 
175. Ifthe x-, y-, and z-axes are parallel to the principal 
axes of the tensor ¢€;);, then 
1 
e’ e x? y? 27-2 
SSS Si | —— 4H = : 
p(x, y, 2) r’ V AO), Re : i) + <a | (1) 
For an arbitrary orientation of the coordinate system, Eqn. (1) 
may be written in the form 


ée 
9 (r) = [> ———— 
V lei bepg xixe 


where | «;;,| is the determinant of the tensor ej}. 


See 
176. E=E,—Sa—*al "ite g, 


177. C= Se)/4nd, where z is measured along the normal 
to the plates of the capacitor. 

178. Ifthe x-and z-axes lie in the plane (Ep, n) and the z- 
-axis is parallel ton, then 


E €,, tan 9 


tan ) = —* — , 
"= "E,  1—ez, tan By 


where tan 8) = Eyx/Eoz. A given line of force in the dielectric 
will then remain in the plane (Ep, n). 


2. Coefficients of potential and capacitance 


180. Suppose that the charge on the first conductor is q, 
and the charge on the outer surface of the second conductor is 
q’ (the charge on the inner surface of the second conductor is -q; 
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this follows from the electrostatic Gauss theorem). Eqn. (III.28) 
then assumes the form 
Gy = CV, + C1.V0, (1) 


=O +9! = lV, + CoV5. 


and hence 


G = (Cy, # C49) Vy + (C42 + Cg) Vo. (2) 


Once q’ is specified, the field in the external space is defined, 
including the potential V» of the second conductor. Eqn. (2) 
should, therefore, hold for all values of V, at given qg’ and V», 
which can only be true if 


Cy Cy = 0. (3) 


The first of the equations in (1) then takes the form: 





G1 = Cy, V, — V9). (4) 
It follows from (2), (3), and (4) that 
C= Cy = — Cy = — Cy, 
C’ = Cy + Cy. 
181. s,—=—#—.  s,=——, 
7 C419 — Cte C1159 — Cia 
C12 
AY — 
ie C1192 — C19 
Te Nee 
183. se ee ee 
. . C1 + ge + 2C19 
Su Si tSi5 7 _ 4 
184. q,= Sis 8° 2=> 
Gg: — SuTSa 7 
W3—=q: 4 Sit — Sin BB 
2a a 3a? 
185. 94=—-|4. fy Se Ia = et 
<> C,C, (er V, — C,V,) (erV,—C, V,) 
186, De eC g8 
V—V V—V 
187. = 9 : sap ice F., 
87 q; q Vi— Vv, % q V,— V, 


189. The self-capacitance of the joined conductors is given 


by 
Cog = Ci + Co + 2C 49. 


The mutual capacitance between the joined conductors and the i-th 
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conductor of the system is 
Coy == C4, + Cy. 


190. The reduction in the energy is 





_ q—qdy r—s 
AW = 4 rb 


191. To within terms of the order of 1/7, the force F is 
ee Se EE 2 ee 
r3(C +46 (6 —a) 3? * 
192. When the sphere and the conductor touch, they assume 
the same potential 
Vy. = 951, +(Q— 9) S12 = 9512 +(Q— 9) Sy = Vo, 
and hence 


S22 — Sia q 


Sie Sin Oo (1) 


where s;, are the coefficients of potential and subscripts 1 and 2 
refer to the sphere and the conductor respectively. Let q; be 
the charge on the conductor after the k-th contact. Since the 
potentials are equal on contact, it follows that 


G51, + (QH+ Gp-1 — Ve) S12 = T9512 + (Q — 9p +9 p-1) Se 


Hence, using (1) we obtain the recurrence relation 
= q 
RW=ItoO Vr-1 (2) 


Successive application of (2) with k - © yields 





r= in nme $48 +(8 + et 


3. Special methods of electrostatics 


193. The Laplace equation assumes the form 


Fe (ReGE)=% R= VEF ACFE). 


This equation may be integrated subject to the boundary condi- 
tions: ¢ = const when & = 0 (surface of the ellipsoid), and 
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L 
gy —-O0Owhen & >”. Since r= (x? + y? + zy? = co when & ar 





we have 
co feo} 
og a3 tai f/f 
PO.) RB Oe ; 
é . 0 . 
and hence 
2 2 2 a 
Ay Yo 4 FZ) 2 
=-7-3| wt es +) ear cee, 
Dae Ong role a 4nabe 


The charge densities at the ends of the semi-axes are propor- 
tional to the lengths of the semi-axes, so that og:ap:d¢ = 


=a:b:c. 
194. When a= 6>c (oblate ellipsoid): 
a q 1 a? —c? 
?—Veoe Epc’ 
ee Maid. 
a1 C 
cos — 
a 


In particular, when c = 0 (disc), C = 2a/m. When a>b=c 
(prolate ellipsoid) 
ea! iv VE fat + Vat— 6? 
2¥Va—h VeEfai—y at—sH 
Vat?—b? 
7qt pi 
ta el a 2 


’ 


C= 


In particular. when 6 «a (a rod) 


a 
= in 2% 
6 





195. To start with, let us suppose that the ellipsoid is un- 
charged and, therefore, q= 0. Ifthe external uniform field Ep 
is parallel to the x-axis, then 


€ 2 2 § a?) 
= —-Eyx=—7 E, Gea 


The negative sign corresponds to x > 0 and the positive sign to 
x <0. Both @p and the potential g’ due to charges induced on 
the ellipsoid satisfy the Laplace equation. Substituting gy’ = 
= PF (s) into the Laplace equation we obtain the following 
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differential equation for the unknown function F(é): 


Sa t+ Sein +24] =0. 


This equation can easily be integrated. The solution satisfying 
the boundary conditions is 


fo *)R 
ery cannes 
g=0” ~‘TO 3 &: 


fake 


If the ellipsoid has a total charge gq, then the solution satisfying 
the conditions Plexo = const and -§ Pas = 4nq (S is a closed 


Ss 
surface surrounding the ellipsoid) may be obtained from the 
superposition principle (cf. Problem a 


1g 
ele =neot taf $- R 


196. The potential is of the same form as in the preceding 
problem. The integrals entering into the expression for the 
potential may be expressed in terms of elementary functions 
whenever the ellipsoid has rotational symmetry. The final re- 
sult is 





qt bee re os 2e 
ee eee "Vita? —e V 1+ &/a? 
Ce ean ii oy 
l—e 


where a and b are the semi-axes, e = (1 - b?/a2y? is the eccen- 
tricity of the ellipsoid, and the x-axis is perpendicular to the 
plane x = (a/e)(1 + &/a*)2(1 + t/a’)? (cf. Problem 66). The 
field strength reaches a maximum at the apex of the ellipsoid: 


Eo. 1 dy _ 2e(i—e?y _ 
Eo Eph Blo ce-# ty re ae os 
—e 





where n™) are the depolarisation coefficients (cf. Problem 198). 
For a sphere, e = 0 and Eya,x/Ey = 3. In the case of a long rod 
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(lightning conductor): 


and therefore a discharge is more likely to occur at the end of the 
rod rather than at any other point on it. 

197. The field at an arbitrary distance from the ellipsoid 
may be obtained by superimposing three fields of the form estab- 
lished in Problem 195 (the field Ey will be resolved along the 
principal axes of the ellipsoid). At large distances from the 
ellipsoid 


P= + on ’ 


?,= BME, Py= pe... ?,= B7E.. 





The principal values of the polarisability tensor for the ellipsoid 


are 
abe 


(x) __ 
P= 3n(*) ° 


pg” = abc 
3n) ° 








1 —e? 1 1 
198. nt) = “5 (in pte — 2) <5, 
1—n®) 
2 » 
where e = (1 - b?/a’)? is the eccentricity of the ellipsoid. When 
e — 1 (a rod), 


nan) = n(@) == 


n™) — 0, n&) = ni) — x 


When e <« 1 (nearly spherical shape), 
1 


I 2 1 
(+) —— — —_ -*. 22 (y) — n(2) — — — e2 
n 3 15°" n n 3 +g e 


199, n@= 14" tant, 


— n®) 2 
ne) =n) =A, e= (=) == 1 


For a disc 
n®) — a te ni) = ny) =Q, 
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200. P= %xtPyt Pz. Inside the ellipsoid, 
~! 


= ie ox (1 = * pte) 


Outside the ellipsoid, 


abc (©; — £2) f E404 R, R, 
E 


- 2leg +(e — £2) n'*)) 


where 


4 dé 
inp abe f eR: 
U 


The potentials g, and ~, are given by analogous expressions with 
x replaced by y and z, and a by b and c respectively. Inside 
the ellipsoid the field is uniform and is given by 

Eox€s Eves = 


[ele AC) je ee ee a nl) ie ee Sot — ni) 
3 


At large distances from the ellipsoid 








= — Ey: , 
where 
b 
Py>= BE p= = (x) 
(5 a ) 
and so on. 
201. Using Eqn. (IIJ.16) we have 
abe —)EX(2[e +, — €,) nj sin? 3+ fe, + &9 + (&,— &) 7] i 
6 [eg +e, +(e. — €,)] [e2 +(e, — €2) A) 
ou abe (&, — @)° ES (3n — 1) sin 29 


N=— oF = Bla FataG—llat Gaal 

Where 4 is the angle between the axis of symmetry and the field 
Ey), and a is the depolarisation coefficient with respect to the axis 
of symmetry of the ellipsoid (cf., for example, the solution of the 
preceding problem). It is clear from the latter formula that the 
external field tends to turn over the axes of symmetry of prolate 
(n < 1/3) and oblate (m > 1/3) ellipsoids into positions respectively 
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parallel and perpendicular to the field. For a conducting ellip- 
Soid ce, — ~, and 
abe (3n — 1) ES sin 29 

6n (1 —n) 


202. The potential energy of acharged drop in the form of an 
ellipsoid of revolution with an eccentricity e = (1 - b2/q*)? and 
volume equal to that of a sphere of radius R and charge gq may be 
written down in the form 

U()=f-+a8 = 


2 Vie. Ae ing t? 4 2nR% (vi- — 2 a ‘ (1) 
eVi—e 


where we have used the expression for the capacitance of a pro- 
late ellipsoid of revolution given in the solution of Problem 194. 
In order to investigate the stability of a charged spherical 
drop, consider the function U(e) for small values of e. The 
expansion for U up to terms of the order of e4 is 
U(e) = & + 4nR%a + & (80% — Je) : 
It is clear from this formula that if the charge on the drop is such 
that g< qc = (167R°a)2, then for small deformations the drop will 
tend to return to the spherical state and will therefore be stable. 
When q> q-_, the drop will be unstable because the deformation 
will continue to increase. The process ends with the division of 
the unstable drop into two or more parts. It is easy to verify 
that when the charged drop divides into two equal spherical drops 
the energy is reduced by a factor of 23. The process finally ends 
with the formation of stable drops. This is clear from the 
expression for the critical charge. As the dimensions of the drop 
are reduced, the critical charge decreases in proportion to the 
square root of the volume, while the total charge on the drop de- 
creases in proportion to the volume. It follows that the stability 
conditions are satisfied for sufficiently small drop radii. 
203. 

= — (tau Ee — ay —y7 (4 tan” ve —_ 1) ; 
where ge should be taken with the positive sign for z > 0 and the 
negative sign for z2 <0. At large distances from the aperture 
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& ~ r* and the field becomes 


E,a3z 
3nrs 


=> 





whenz > 0. 


This is the field of an electric dipole lying along the z-axis and 
having a moment p = E,a*/3n. Hence it is clear that the lines of 
force passing through the aperture close on the other side of the 
metal screen. 


— Fo fg @ wor 
204. os=— ¥a(" sin + oe eee z=— 0, 
1 
phe eae —— 4 — —  sin*? 2 \ when z=-+0, 
4x2 ra rr; 


where 7; = (& + a’)? is the distance between the centre of the 
aperture and the point of observation on the plane. 

205. The equation to be solved is Ag = -4nqgé(r - 19). In 
cylindrical coordinates the 6-function is given by 


B(r— = d(r—1) 8(a— DB). 


The Fourier component of the potential 9(7, a, z) 
+a 


Oy (r. ay => J g(r, a, z)coskzdk (1) 
-0O 
satisfies the equation 
1 oa 0 1 0 4 
carl #) i Be — Pee = — Br — 1) (a —1) (2) 





and the boundary conditions (cf. Fig. 11) 


Pn (r, 0) =9,(r, B) =, (3) 
@p (OO, a)=0. (4) 


Consider the homogeneous equation corresponding to (2). The 
particular solutions satisfying (3) arethe products Rp,(7) sin (nta/B) 
(n= 1, 2, 3, ....) where R,(7) is equal (apart from a constant 
factor) either to Inrja(kr) or to Knx(kv). The solution of the 
non-homogeneous Eqn. (2) will be sought in the form of a super- 
position of these particular solutions: 





S) Aalinn (Rr) sin when r <a, 
: (5) 


o,> 
nta 


8 


b3 BK nn (Rr) sin when fF > 4, 
B 


a=1 
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This solution satisfies (4) andis boundedat 7 = 0 (cf. Appendix III). 
In order to determine the constants A, and B, we shall first use 
the fact that the potential is continuous at r= %. This gives 


ao (kro) 
Bee 
An Kaa (ro) (6) 


8 


Secondly, we shall require that the potential given by (5) should 
satisfy (2). Substitute Eqn. (5) into Eqn. (2), multiply both sides 
by sin(mra/B) (m = 1, 2, ....) and integrate with respect to a 
between 0 and B. Since the functions sin (nta/8) are orthogonal 
in the above range, we have 





ld aRm mtn2 - 8q mny 
aa dr )—(# +i) Rn = — BB 1) sin, (7) 
where 
Aj,lmx (kr) when r <a, 
7 
Rn (r) = 


BK mx (kr) when r >a. 
eT 


The function R,,(7) is continuous at 7 = 7, but its first derivative 
with respect to 7 has a discontinuity at that point and changes by 


6 = Rin (ry +0) — Rim (Fp — 0) = RB Kime (RF 9) — RA! me (AF) 
B e 


The second derivative is Ry,(7r) = b6(7r - 79). 
Substituting this expression into (7) and rejecting terms which 
are bounded at 7 = 79 we obtain the second equation for Ap, Bp: 
8 nny 


BB,K ne (RIo) — RAg lan (Rg) = — oe sin. (8) 
8 t _ 





In simplifying the expressions for Ap, and B, it is useful to em- 
ploy the relation 


KONO — KOH. 


207. 





cosh +. cos aan 

tan” —_ 

cosh. eos ST 0 7 a+y |’ 
5} cos 5 cosh — cos = 








2 1 
g(r, a, z= Ror 
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where 


R= rater +2’ —2rr,cos(y—a =YV 2rr,- V cosh 7 — cos(7 —a), 


R= V retr +2’ —2rr,cos(y +a) =V 2rr, - V cosh 7 — cos (7+). 


208. a==const - Ge ) 


where y is the distance from the line of intersection. In the 
special case of two intersecting surfaces in the field of a point 
charge (cf. Problem 205), we have 


q Vary? sin tT (= s+ 5) 


8 8 = 
fa : aie Gay (S41) = const 
8(r2 +27) ° 8 


From this it is clear that 0 ~ 0 when y ~0 and B< t; a> 
when y ~0 and B>7a. Inthe special case where the charge lies 
on the line of intersection, ox vy’. 

209. Suppose that the charge g is at the origin and the z- 
-axis is perpendicular to the surface of the plate. The equations 
of the front and rear surfaces will then be z = a and z=a+ec 
respectively. The potential will be sought in the form 


n=q f d(envetelak + f A(t) Jy(hry) ef dk (—00 <2 <a), 
0 0 
G2 == f By (A) Jo(aryy oe“ dk + fBA(ernedk (@<z<d). ¢ (1) 
0 0 
G= f A(R) Jy (hry) eo“ dk (b<z<0o, where b=a+c). 
0 


The boundary conditions on the surfaces of the plate are equivalent 
to four algebraic equations for the coefficients A,, Ap, 8,, and 
B,. On solving these equations we have 


< e-kkb __ etka —_— G2 

Ai ecg AD Ge sae 

3 —_1—8) p,  s— sen o 
Ye 1 — 82e—2ke ‘ 25s. 1 — f2e-2ke : 


where B= (€ - 1)/(e + 1), b= a+c. At large distances from 
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the plate (z > 0), the field is of the form 


A eee pene Lee 
ute a+ey 


210. 
_. 2q ff sinhk (a—]z2|) 
@(M) —— € +1 | eosh ka — Jo (Rr,) dk, 


0 
where 74 = (x? + y?yt (Fig. 46). When 
(z2 + riz —0 (near the charge), 9g > 
+ 2g/(e + 1)(72 + z2)2 (cf. Problem 129). 
The potential g may be written down in 
the form 





_ 4 ¥ (yt 
" eft > V r? +. (z—2an)? 


The corresponding system of images is shown in Fig. 485. 

211. The use of bispherical coordinates will ensure that the 
surfaces of the inner and outer electrodes will have the equations 
& = &; and = &) respectively. To achieve this, the z-axis must 
be drawn through the centres of the spheres as shown in Fig. 47. 





The coordinates of the centres will then be z; = a cotanhé, and 
Z,= acotanhé,. The relations between the radii of the electrodes 
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and the quantities a, ,, ) area = ay sinhé;, @ = a» sinh &o, 
b = Z) - 2; = a (cotanh , - cotanhé,), and hence 

2 2 2 2 2 2 

= a,—a,;—6 _ an+6 —a, 

cosh 1=—a ob cosh alam Naame (1) 
In the space between the electrodes, the function % satisfies the 
equation 








ay , 1 a oy Lay 1, 
“or + Sing a (sl ny] + sin? 4 oe av? (2) 


Separating the variables in (2) and recalling the fact that ~ is 
independent of the azimuthal angle a, we find the following 
special solution which is bounded at 7 = 0, 7m: 


H@ W=[A,cosh(! +5)E+B; sinh (1 +5) t] P, (cos 7). 


where l= 0, 1, 2, 3, 
The function » will be sought in the form of the series 

ts) 

v(E, 1) = )'br(E, 7). The coefficients A; and By will be deter- 
L=0 

mined from the boundary conditions %(é>, 7) = 0, (&, n) = 

a2 
= V(2 coshé, - 2 cos7)~? = V )exp [-(+ 3)&1] Pi(cosn). The 


l=0 
final result is 


-(14+2)u 

ye ( 7) sinh (1+ 5) @-& 
9 (Ee, D=VV Tooke Team >, i 
sink (: +5) €:—e) 


t=0 


P, (cosy). 
(4) 


The capacitance is given by 


nx Qn 


— Mm 
Coy avd | ae oF he 


Substituting (4) into this expression, and remembering that 
Legendre polynomials are orthogonal, we have 


dn da, 





g=G, 


a 


— H+ a, sinh br >, e- 2+ cotanh(/ + aa a bo). 


t=0 
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2138. 
at 1 
‘ -(145)6 
on = +4 sinh §, Ne ( 7) cotanl (! +35)6 + &>), 


f=0 


2 1 
——— a+ a, sinh >, Pe +3) ie cotanh (2 + 5) (E,; + £4), 
1=0 
és a (ite) (E, +8) 


Cy = — Q, sinh &, 


where 


8? 4 a?—a 6? — a? + a2 
cosh 5 a ha ’ cosh = —354, 


The surfaces of the first and second conductor are given by 
— = -f, and — = £5 respectively, where a; sinhé, = a» sinhé». 
214. 
Cy, = 4, (1 4- ma + mas + mn), 
C9 = — a,n(1+4+ mn), 
Cop = 2. (1 ++ mn + min + mn’), 


where m = a,/b and n= a/b. 

215. Suppose that the potential of the spheres is zero and 
that the potential at infinity is -V. Inversion of the system with 
respect to a sphere of radius R = 2a, whose centre lies at the 
point of contact of the conducting spheres, yields a plane parallel 
capacitor with the earthed electrodes at a distance 2R from each 
other. (In Fig. 48 the spheres of inversion are shown by the 
dashed curves.) The inner regions of the spheres are then found 





Fig. 48. 
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to correspond to the outer regions of the capacitor. The centre 
of inversion in the capacitor corresponds to an infinitely distant 
point of the original system. A point charge gj = -RV is, there- 
fore, located at the centre of inversion. Inthe inverted system 
the field may be looked upon as being due to the following infinite 
system of images (cf. Problem 210, € = 1): point charges (-1)"qj 
which lie at the points z}, = 2Rn onthe z-axis. The latter passes 
through the centre of inversion, at right angles to the capacitor 
plates. Since we are interested in the capacitance, the total 
charge of the original system must now be determined: 


Ae 
n=1 n=l *n 


In summing up the series, we have made use of the well-known 
expansion for In2. Hence, the capacitance is given by 








n 


foe) —1)" 
=e = — q,In2=RViIn2. 
a=) 


C= = 2a1n2. 


In order to determine the potential from (II.32) and (III.33), con- 

sider a cylindrical coordinate system with the z-axis lying along 

the axis of symmetry of the system and the origin at the point of 

contact of the spheres. Inthese coordinates z’ = R*z/r’, 

ri = R*y,/r*, vr? = 7} + z? and the potential is given by 

co 212 

q _ Rg J snd a = De RR'Ci\ ak 
Sa ee 








0 


The term q/C is added in order to ensure that g(r) will vanish 
when 7 > &. 

217. The angle f at which the spherical surfaces intersect 
is given by B = 21 -|& -&,| if & and & are of the same sign 
and by B= 20 -|& + &| if & and &, are of different sign. If 
we choose the centre of inversion O on the line of intersection of 
the spheres, and let the radius of inversion be equal to 2a, then 
the result of inversion will be a set of two planes intersecting at 
an angle $8 with the line of intersection (z’-axis) and perpendicular 
to the plane of symmetry (a = 0, 7) of the conductor under investi- 
gation. Fig.49 illustrates the case §,>0, <0. After inver- 
sion, a charge qq = -2aV appears at O. It can easily be shown 
that y = &, if y is measured from the plane into which the 
spherical surface € = &, is transformed. Upon inversion, the 
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Fig. 49. 


surfaces = const become the half-planes a’ = const, where 
=(Te 0<ecr+y, ‘ 
lyme pen apy <a <p (when B>ety, =) 


The distances 7 and rv’ may be expressed in terms of the coordi- 
nates Pp, € of the point of observation M: 


tl 


2Qae 
i ——— ed , r’ = 2ae-P, 
V 2( cosh p — cos §) (2) 


The above equations are obtained by using the relations between 
cartesian and toroidal coordinates given in Problem 68, and the 
congruent triangles OO’M’ and OO’M. From the expression for 
the potential of a wedge given in Problem 206, and also Egns. (1) 
and (2), the following expression for the capacitance is found: 





© . 
Ca 4 = jim T@EY _ fe di fx ee 
ee re is 8 sinh & 8 cosh we cos 270 7 
( or p> 0, €>0) 0 2 B B 





cosh —-—1 


sinh hay 

eee Re:. B sinh ¢ 

8 4 Ps coshC—1 | 
6 
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218. 
a) Ca ae 20), 
9 
1 1 
b) C=2 SS Ss ee 
) R(1 7) iy 
where the integral is evaluated with the aid of the substitution 
x = exp (-¢/2). 
219. 
C=2 (5 = a): 
2 V3 
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STEADY CURRENTS 


i Vi— V2 
FT  V,—6° 





221. The resistance of the galvanometer coil should be equal 
to the external resistance R. 
222. 


R=3r when 2=2, 

R=er when n=3, 
47 

R= 5° when n= 4, 


The number of circulating currents which must be used may be 
reduced by making use of the symmetry of the circuit. For 
example, for n = 3, the number of circulating currents may be 


reduced to three. 
223. Consider the circulating currents indicated in Fig. 12. 


Kirchhoff's equation for the circuit B, A, Aj, Busy is 
R 
Frit Fen=(2+F) Ie (1) 


This second order linear difference equation has two linearly 
independent solutions, namely, exp (ka) and exp(-ka), where 


sinh f= ay +. (2) 


The general solution of (1) is of the form GF = A’ exp(ka) + 
+ B’ exp(-ka@). It will be convenient to rearrange the terms and 
rewrite (1) in the form 


TF y= Acosh (6 — &)a, (3) 
where A and B are constants. These constants can be deter - 


mined from the boundary conditions at the ends of the line. The 
Kirchhoff equation for the last cell is 


JI AR+R,+9N—-— 9,-;7=0. (4) 
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Substituting (3) into (4) and using (2), we obtain, after some re- 
arrangement, the following expression for 8B: 


R,gcoshna + V Rr sinh(n + 5) a 
R, sinhna+ V Rr cosh(n + 3) a 


tanh Ba — 


(5) 


The constant A may be determined from Kirchhoff's equation for 
the first cell: 


I(MR+R AN Iv =F. (6) 
After rearrangement the latter equation yields 


A= ——____&_____._ 
R; cosh 61 + Y Rr sinh (+5) 


The final expression for the current in the section A), Aja+, is 


&cosh(p — &) a 7 
Rk = a nda pee eps IN ( ) 
RicoshBa + V Rr sinh (8+) 2 
The constants a and # in this relation are given by Eqns. (2) and 
(5). 
For dry insulation when r > ~, @— 0, Egn. (7) assumes the 
expected form 


— & == 
Ts RERFGFDR - 
The ratio of the e.m.f.'s ensuring the same current through the 
load for dry and poor insulation can be obtained from (7) and (8), 
and is given by 


8 R;cosh Ba + V Re sinh( + x) a 
Co ee (9) 
= [Rit Ra + (a+ 1) Rjcosh(B—n +5) a 


When the load resistance is zero (Rg = 0), we have from (5) 
the simple result 
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224. Let J(x) and v(x) be the current and potential of the 
central conductor (relative to ground) at the point x. It follows 
that 





ds d 
g(x) 7, F=—e Zt, 
and 
ag Pe 
dx? p’ J 
225. 
I(x) = Ecoshs (x — xo) (1) 


Ri coshs.x%_ + V pp’sinh SXo’ 


where s = (p/p’)!. The constant x9 can be determined from 


R 
—_ 4 2 
Vor’ @) 


tanh $ (Xo —a)= 


When R; = Rg = 9, we have 


Ecosh s (x — 2) 


I V pp’sinhsa . (3) 


In the absence of leakage p’ > ©, xg -»>a, s ~ 0, and the current 
along the cable is 


ee eee 
Fo= Ri+ea+R,- 


The following substitutions must be made when using Egqn.(7) 
of the solution of Problem 223: 
= ee meee ee 
R=pdx,1r= 7, k= n= . 
It then follows from Eqn. (2) of the solution of Problem 223 that 
a@= sdx. The quantity # in that solution is related to xp by 
B = x)/dx sothat Ba = x9s. Substitution of these expressions 
into Eqns. (5) and (7) of the solution of Problem 223 leads to 
Eqns. (1) and (2) given above. 


226. 

t2V E;%QgV 

E — poses Le . D = —1 : ~ 

: aha + rh . hy + hy 
oa mV — £o%,V 

aS: why rh, * D,= Xho + rh, ’ 
F ‘ NV 
j=H=h= "2 


%yhg rah,” 
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At the boundary of separation between the plates 


E,—E, go Vl Dele Dy 


Ob a Fe (yg Fah) 
ata D,— D, __(&a%1 — £1%2) V 
a An ~~ 4n (xyhe + xh) ” 


The quantity V is greater than zero if the first plate is in contact 
with the positively charged electrode. 
At the boundary between the electrode and the first plate 


_ Dd _ £,-—D, 
Sag? (b= ae 


At the boundary between the electrode and the second plate 


D; _ E:—D, 


(= ,, lo ry 


227. 


tan 6, ry 


tanfp %' 


where f, and f2 are respectively the angles between the current 
flow-lines and the normal to the separation boundary in the first 
and second media. 

228. 


-_ Jzin> 
natin 

It is clear from this formula that the electric field in the 
space between the conductors is not parallel to the z-axis. The 
absence of a finite radial component of the electric field E, shows 
that the surface charges on the cylindrical surfaces of the con- 


ductors are given by 











A eE, Sy eJ2z 
Le Are |p a’ 
rae 4n?a* In > 
tas cE, eJ2 
2 —_—— = — ——_.. 
4” Ino 4n2a?bx In 


6 


When z = 0, the surface densities o, and o2 become equal to 
zero. The position of the section on which o, = oa, = 0 is 
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indeterminate. This section may be displaced if an additional 
constant charge is placed on the conductor. The relation between 
the charges q; = 2mao; and q2 = 21mbo, = -q, per unit length of the 
conductor and envelope (at the same value of z) and the potential 
difference between them 





T2 
V= [Ear — 22 
a 
is 
1 
= ; = const 
2Itn— 


The ratio q,/V is equal to the capacitance per unit length in the 
corresponding electrostatic problem (cylindrical capacitor). The 
magnetic field is, of course, of the same form as for an infinitely 
long straight conductor carrying a current J. 


where Rk = xo/lq(xquly + xqX_ly + xyxXgl9) and &) = Ely is the e.m.f. 
of the source. Inside the source the electric field acts in the 
opposite direction to the direction of flow of the current (Ep < 0). 

The charges responsible for this electric field are located on 
the separation boundaries between conductors of different conduc- 
tivities, and may be determined with the aid of the proper bound- 
ary conditions. For example, the charge on the boundary 01 is 
given by 


r2 
(ae (E, — E,). 


230. Consider, for example, the energy flux through the 
surface of conductor 0. The magnetic field near the surface is 
the same as the field due to an infinitely long straight conductor 
(H = 29/cr). The Poynting vector y = (c/4m)(E 9 X H) can be 
easily shown to be parallel to the outward normal to the surface 
of the conductor (Ep is the field strength in conductor 0 and its 
direction is opposite to the direction of the current; cf. Prob- 
lem 229). The energy flux through the surface of this conductor 
is therefore equal to 2m7lypy = FV, where V = Eplg is the potential 
difference between the ends of the conductor. The quantity JV 
is the difference between the work done by the e.m.f. and the 
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Joule losses per unit time in the source. The former is equal to 
&9 where & = Egly. 

The energy JV leaves the source, flows in the surrounding 
space (mainly outside the conductors), and enters conductors 1 
and 2 through their surface and is converted into Joule heat. The 
total amount of energy entering conductors 1 and 2 per unit time 
is JV, and JV, respectively. This may be easily proved with the 
aid of the Poynting vector, as indicated above. 


2 
231. The resistance is given by R = fe where dl is 
1 


parallel to the normal to the equipotential surface of area S. The 
limits 1 and 2 represent the bounding surfaces of the conductor. 


232. a) R= aa ($—3): 








4nx \a & 
ay ae oe | 1 (1 1\, 
by R= ae (5-4) ten (>—+4): 
1 b 
¢) = oat ee 
] 1 1 1 1 
233. Roa (is) t oe Ft 





4 
234, J,=—~ Gy, Rin = Fox Sie: 


€ 


235. C id 


—~ FreR * 


236. Q= DRT iT w 


237, R= (8n — 2812+ Sy) ee fut 26a t eas 
7% 4m Cp — C1 C 9p 


238. R=S "PR, +R, SPER +R, 


9 
where R,= 1/2mxa; and Rz = 1/2mxa, are the resistances of the 
joined conductors (cf. Problem 233). 
239. Let eg= (1 - b?/a?)? be the eccentricity of the ellip- 
soid of revolution, where b/a is the ratio of the semi-minor to 
semi-major axes. It follows that for an oblate ellipsoid 


1 1 
1/ 4 \3 (1—eye 
R=~(z27) (=4)é cos” 1—e> 


&o 
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while for a prolate ellipsoid 
1 
R= Ls : aed In dae 
* 


ps l—e, ° 
(6x2V) > ¢, 


For a given volume V, the most efficient shape is either a 
very elongated or a very flattened conductor. 

240. The current density in the space between the elec- 
trodes 


j=pv (1) 


is independent of x [v(x) is the particle velocity at the given 
point x]. The relation between the potential g(x) and the velo- 
city is 
_ 2e9 
= ae (2) 


(p = 0 when x = 0). 
It follows from (1) and (2) that p = j(-m/2eq)?, since the 


Poisson equation is 
a? ‘y / m 
ie =. 4xj —_— Veep . (3) 


Integration of Eqn. (3) subject to the boundary conditions 
dg/dx\,a) = 0 and gl y=g = @% yields 


1 lel, a¥ 
J=RaV “mw ltl? 





which is the so-called three-halves law (Child—Langmuir law). 
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276. when rf <a, 
241. H.=H,=0, H,= 27 





pr when @aor<d, 
QO when r>O. 


242. Let the z-axis lie along the axis of the cylinder so that 
the cartesian components of the vector potential A satisfy the 
following equation: 





lana (1) 


AA, =0, AA, =0, 4A, =— 7 


where jz = 0 when y > a and jz = J/na® when r <a. 

Since the current J does not enter into the equations for A, 
and A,, these components may be put equal to zero. A, will 
then depend only on the distance 7 from the z-axis. Integrating 
the equation for A, and using the continuity conditions for A, and 
Hq onthe boundary 7 = a, and also the condition that H must be 
finite at r = 0, we have for r< a, 








act (EP, eB, nee 


When r> a 





A,=C—2(po+2pInZ), B,= 


where C is an arbitrary constant. 
243. When r< a 


while when a <r<b 
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When yr > b 


A= in2=4e, 8,572. 


3 cr 








The remaining components of A and B are all equal to zero. Any 
two of the constants entering into the expression for A, may be 
expressed in terms of the third constant by using the continuity 
of the vector potential at the boundaries. 





27 (  ., a2 aes 
244. Hp =A (tan “+ tant S52), 


x 2y 
ae fica eae 2 
Hy ga sire ; =0 


The y-axis is perpendicular to the strip and passes through 
its axis. 


245. The repulsive force on each of the plates is given by 


os 4g2 4 @ 1 a? + 62 
f= (a tan eT ein 5 ). 





— 27 2 7 |, t+ y 
246. A= = r "(a—xy+ y?' 





_ GOA, —8F_ | axy 
a dy @ are: 
OA 27 {a—x a+x 
AL=— —t = ; 
af Ox ¢ ( re 1 re ) 


where the position of the two currents in the plane perpendicular 
to them is defined by the coordinates (a, 0) and (-a, 0) respec- 
tively; 7, and 7,2 are the distances from the points (a, 0) and 
(-a, 0) to the point of observation. 

247. (a) In the space between the planes H = 4mi/c, in the 
remaining space // = 0; (b) in the space between the planes 
H = 0, inthe remaining space H = 4ni/c. In both cases the 
magnetic field is perpendicular to the currents and parallel to 
the planes. 

248. Hy = 29d/c(b* - a’), Hy= Hz = 0 where the y-axis is 
perpendicular to the plane containing the axes of the cylinders. 

249. Inthe cylindrical system of coordinates whose z-axis 
is perpendicular to the plane of the ring and passes through its 


centre 
t 
Ae (4)"[(Z—#)Kwm—FEW|, A= A,=0, 


c 
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where K(k) and E(k) are the complete elliptic Legendre integrals 
and k? = 4ar/((a + ry + 27]. The components of the magnetic 
field are 


29 2 a? i +2? 
H — fo Nfs A 
A ec rV¥(a elo ee —r) +2? E()), 
2g 1 


a?—r?—z? = 
aaa ‘Tasers |S eG r+ a EW]. Me) 
On the axis of the ring (7 = 0) these expressions become 


—72 
H,=0. Fic 2-a24TF 


z 


3 
c(a? + 22)? 


250. The flux of magnetic induction remains constant along 
any such tube. Hence the equation of the surface of the tube is 


N=[B-dS=/vr, z)=const, 
Ss 


where the surface of integration S has a circular cross-section 
of radius 7 in the plane perpendicular to the axis of symmetry 

(the centre of the circle lies on the axis of symmetry). Since 
Aq is independent of a, Stokes’ theorem gives 


fe -dS= § A-dl=2zrA,(r, z) = const. 


The lines of intersection of these surfaces with the planes a= 
= const are the required lines of magnetic induction. 
251. The components of the magnetic field are given by 





fs) nae —1 n n 2n 2 a 

H, ~#%_y a H®) (2)(4) =H(2)—TH"(@)+..., 
av YD ene  \ Coa 

A =o = ein 4 @)(5) sag MA) tay 


H,=0. 


The vector potential can be expressed in terms of the magnetic 
field with the aid of Stokes' theorem and the relation H = curl A. 
The result is 


] a —] 7 an+i 
A,(r, j=tfusar=y GPT HAF) = TA... 
0 n=d 
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252. 


fg ee end. (cos 6, +cos 6,), 


where (cf. Fig. 50): 


cos 6, = 


h—z 


Va? + (h—2zy 


2 


» cos0,= 


253. The density of the surface current which is produced 
as a result of the rotation of the sphere is 


i= mon sin fe,, 
where the polar axis lies along the vector w. The vector poten- 


tial at all points outside the surface of the sphere satisfies the 


Laplace equation. 


In view of the symmetry of the system, the 


vector potential may be chosen so that Aq is the only finite com- 





ponent. Ag will then be indepen- 
dent of a. It follows that the 
equation for the vector potential 
is 


1 
MA, — agate Mc 9 (1) 


(cf. solution of Problem 47). Since 
the current density is proportional 
to sin #, it is natural to look for 

the solution of Eqn. (1) in the form 


A,(r, %) == F(r)sin fh. (2) 


Fig, 50. It will be seen below that F(7r) 


can be chosen so that it will 


satisfy both the above equation and the boundary conditions. We 
note that the vector potential (2) satisfies the condition div A = 0, 
which is necessary if (1) is tohold. Ag and H = curl A can be 
obtained by determining F(7) with the aid of Eqn. (1) and the 
boundary conditions. The magnetic field inside the sphere (7 < a) 


is H = (2e/3c)w. 


The field outside the sphere (7 > a) is 


__ 3r(m-r) m 
ee nae 


H 


where m = (ea’/3c)w is the magnetic moment of the system. 
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254. At all points where j = 0 it may be assumed that 
H = -grady. The equation curl H = 0 is then satisfied for all 
y and the equation div H = 0 yields Aj = 0. The latter equation 
may be solved subject to the additional condition 


where ! is a contour drawn round the current J. Consider the 
cylindrical coordinates 7, a, z and suppose that the solution is 
of the form ~ = ~(a). The final result is 


pecs 4. H,=2, H,=H,=0. 


255. (a) In order to ensure that the scalar potential »~ of the 
magnetic field is a single-valued function, let us choose a surface 
S drawn on the linear current 
and assume that the change in 7 
on passing through this surface 
is given by 


y™—wM=* g. (a) 


The points 1 and 2 lie infinitely 
near to each other while still 
remaining on opposite sides of 
the surface. The direction of 
the line drawn from 1 to 2 forms 
a right-handed system with the 
direction of the current (cf. 
Fig.51). The solution of the 
Laplace equation may be written in the form 





Fig. 51. 


ri Gle B08 Ces a 


where the integration may be carried out over an infinitely distant 
closed surface S’ and over all closed surfaces 2; at a finite 
distance from the origin, within which ~ and 8~/8n have discon- 
tinuities. In the example under consideration, the integral over 
the infinitely distant surface will vanish because the field source 
(linear current) has finite dimensions. There are no surfaces 
across which the normal derivative 9)/8n = -H, is discontinuous 
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since H, is a continuous function. It follows that the integral in 
Eqn. (2) should be taken over a Single surface © surrounding S. 
Let us shrink 2 until it coincides with S. Since rv}, 
ay 8/1 ‘ , 
, and are all continuous across S, Eqn. (2) will assume 
on an \r 
the form 


v=— 4 fywm—vorg (Fs. (3) 


where the integration is now carried out over the open surface S. 
Using Eqn. (1) we have 


re2 fE(se— 2 ff : 


The integral fr -aS/r3 represents the solid angle Q subtended by 
the linear current at the point of observation, and hence Eqn. (4) 
may be rewritten in the form 


J 
al ees Q, 


Q is positive if the radius vector r drawn from the point of 
observation to any point on the surface S and the direction of the 
current form a right-handed system. 

(b) Transform the line integral into a surface integral 
using the result of Problem 55. Thus, 


a=2 fasxv(4)= ee hae ) x as, 


where Vy represents differentiation with respect tothe coordinates 
of the point of observation M. Using the relation H = curl A we 


have 
=2 fs. ViVi =e? nf aS. Vin (5) 


[In carrying out the transformation, use was made of the result 
1 
A e = 0, and it was assumed that the point v = 0 did not lie on 


the surface of integration.] Comparing (5) with H= -gradw we 


have 
TJ 1 J r-d§ TF 
— * =—-)=S — =—— — g 
b - fas Vaz) a ~ 9. 
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256. F= 0, N= m XH where 


m= 2 [n-ds 


is the magnetic moment of the current-carrying conductor. 
257. r= as re 3 (om) (te) , 
3 
F, = —F, = [(m, - r)m,-++(m, - r) m, +-(m, - m,) r] — 
15 
— + (m, -r)(m,-r)r, 


where r is the position vector of the second loop relative to the 
first, F, and F, are the forces on the two loops, and the couples 
acting on them are given by 


N= ee ite mM, Xm, 


r3 * 


N, = 3 (m, +r) (m, X 1) ie m, X mM, ; 


rs r3 
It should be noted that N; # -N, and 
N, +N. -+(r X Fy) = 0. 


If the magnetic moments are parallel (m, = m,n, mp = mon, 
r = vr) where n and ro are unit vectors) then 


3mm, [2n cos $ — fq (5 cos? $— 1) 
F, = re et ap , 
where 9% is the angle between n and fp. 
259. The potential function of the current { in the field of 
Fi is 


2F Ty 
c2 





Uo, = In a-+ const, 


where a is the distance between the currents. The force per unit 
length of the second current is given by 


ps Set An is 
0a” cia - 





When the currents are of the same sign they attract each other. 
260. The force F and the couple N can be obtained by dif- 
ferentiating the potential function 


= FTF .a 4r? + a? -+- 4ar cosa 
ie cas ce | 4r? + a? — 4ar cosa * 
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261. N = 7 (sin eg — gcos¢). 
1 b 
262. L= Zlob epin—e. 
& 
264. 
I,J, OL 4nT I 6 
Lo n(b— Vb? — a?); ie cera = 2 (1 saa) 


265. It is convenient to use Eqn. (V.23). As in the solution 
of Problem 89, we have 


Ly = 42 Vab[(Z— 2) K(@)—ZE)], 





where 

; + 

K (A) = f E()= f VIR sinh ay, 
5 V 1 — R? sin? y 6 
pws 4ab 
(a-+ 6)? + 2° 
When / > a, 6 the parameter k is small so that 
putt, salle: 


It follows that the following approximate formulae for £ and K 
can be used: 


i 1 9 : I 3 
K(k) =$(1 + Zh +a), E(k) = $(1 — Zee oak’): 
Hence the first non-vanishing approximation for Lj is 


2n2q2h2 
Ly = B 





The latter result can also be obtained from the equation Li = 
= cb4o/S, by regarding the two rings as magnetic dipoles. 
266. Inthe notation of the preceding problem 


ART To | i te a?+ $24 ]2 
ae Verne | KO+ Ceer EO] 





267. .= 4nn’S. Fora solenoid having a large though finite 
length h, the total self-inductance (neglecting edge effects) is 
L = 4nn?Sh. 

268. The magnetic energy is given by 
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where dS; and dS» are elements of the surface of the solenoid, R 
is the distance between them, i(i; = i2 = i = ng) is the density of 
the surface current by which the actual current flowing in the 
solenoid may be replaced, and n is the number of turns per unit 
length. The integral can conveniently be evaluated in terms of 
cylindrical coordinates: 

h 


A 
29292 d 
wa =e fae, f az, se = 
0 0 V (Zz, — 2)? + 4a? sin? > 








8a 
2727292 
antatntg?h (122) 


c2 
where terms of the order of (a/h)* or higher are neglected. Hence 


8a 
A272? oe 
L= 4na"nh (1 mr)" 


When a/h «<1, this result will be identical with that obtained in 
the preceding solution: 


L= 4n2a?n2h = 4nn?Sh, 


269. Fora circular cross-section 
L = 4nN?(b— VB? — a?). 


The self-inductance per unit length of an infinite solenoid ¥= 
= L/2mb may be obtained by letting b — © at a constant number 
of turns per unit length n = N/2nb(cf. Problem 267): 


Sf = 4Ar'’n2a* = 4nn’S. 


For a rectangular cross-section 


26+a 


—9N2 
= 2N?h In 36 — 





When 5 > a, we have.¥= 41n’S as before. 

270. The magnetic energy per unit length of the system can 
be calculated with the aid of Eqn.(V.16). The vector potential 
for a straight conductor was obtained in the solution of Prob- 
lem 242. For conductor 1 (Fig.52) this potential will be written 


in the form 
gr: 
A\,= cC— 


ca? 


J 
A, =C—T(142Int) when ry, >a. 


when 7, < @, (1) 
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The vector potential due to conductor 2 is obtained by making the 
following substitutions in Eqn. (1): Fo -J, a-7b, 14-7 72. 
The magnetic energy is given by 


W = or | (Ae And dS,— a ope f Art Ane) dSy: (2) 
1 2 


2Qnca2 


Recalling the relation between the 
inductance and magnetic energy, 
we find that 


h? 
fF =1+2ln--. 





a 271. The total magnetic 
energy of the current flowing in 
the conductor consists of two parts: 


V=W,+W,, (1) 


where 
VW, =f f Hav 


is the total energy stored inside the conductor (the integration is 
carried out over the volume of the conductor), and 


w,=tf Hy dV 


is the energy stored in the remaining space. Let us suppose that 
we may introduce a parameter 7) which has the dimensions of 
length and satisfies the condition 


a<n<R, (2) 


where a is the radius of the conductor and R is the radius of 
curvature of the axial line of the conductor (which in general will 
not be a constant). It follows that at distances smaller than 79 
the magnetic field can be considered as identical with that due to 
an infinitely long straight conductor. In particular, inside the 
conductor 


29r 
ca? 


A, = 


(cf. Problem 242). This may be used to find the “internal” energy 
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W, which is given hy 


wa ee (3) 


In order to determine the “external” energy Wy, consider a sur- 
face S on an arbitrary contour lying on the surface of the conduc- 
tor and introduce a scalar potential 4. This potential will exhibit 
a discontinuity across S which is given by 


—y=tg. (4) 


The integral in the expression for Wy, may be transformed as 
follows: 


f@-Hav=— [Bgradyav=— f diviBydv= § 4B, dS, 


where the subscript 2 has bcen omitted and div B = 0. In the 
final integral the integration should be carried out over both sides 
of the surface S and the surface of the conductor S’ (cf. Fig. 53, 
which shows a cross-scction of the conductor). The integral over 
an infinitely distant surface will be zero in view of the finite 
dimensions of the conductor. Thus 


w,=—p f e,as+2 | Ue eng | »_B, dS. (5) 
S' 5 Ss 


The first of these integrals is zero because in view of Eqn. (2) the 
magnetic ficld on S’ is identical with the field due to a straight 
conductor and has, therefore, only a tangential component. The 
remaining integrals may he trans- 
formed with the aid of Eqn. (4) 
and the fact that B, is continuous. 
Thus 





Wy i B,dS. (6) 
Ss; 


Fig. 52. 


At large distances from the con- 

ductor (7 > 7,) the magnetic field 

is independent of the current distribution across the conductor and 
hence it may be assumed that the current flows along the axis. 
At small distances (a < 7 < 79) the field is identical with the field 

due to an infinitely long circular cylinder. and again it may he 
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considered that the current flows along the axis. Thus, the 
integral (6) represents the flux of magnetic induction due to a 
current flowing along the axis of the conductor through a surface 
drawn on a closed contour lying on the surface of the conductor. 
Using (V.22) we have 


J? ,, 
Wy = 557 L’. (7) 





Finally, using Eqns. (1), (3), and (7) and the relation between 
self-inductance and the magnetic energy, we obtain the required 
formula for the self-inductance: 


batty, (8) 
272. Using the result of the preceding problem we have 
Lt = 4nyb (In 2 — 2), 


where H/ is the magnetic permeability of the medium in which the 
conductor is located. The total self-inductance is 


L= 4b (pin — 29+ F 40), 


or 


when Ho = p= il. 
273. Ly=21—2Va@FP+ 20 in STENT 
274. Using the result of Problem 273 we have 
Ly =8[(—2VPFPLVIPEP + ain StVOEE 
—aln at+V 27+ Ph 
Vase |’ 
| 


P= eo livre ape 


26 
275. = In —_—_—_— 2—2}. 
L== yb + 8nb [In ay + V2— 2] 
276. Using Eqn. (V.13) in the integration with respect to 
the angles, and the relation njn, = 467, (cf. Problem 32), we 
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have: 
(1) for a uniform volume distribution of charge 


ea? 
5¢ 





oO, 


(2) for a uniform surface distribution of charge 


For a sphere whose radius is equal to the classical radius of 
the electron (2.8 x 10738 cm) and whose magnetic moment is equal 
to the magnetic moment of the electron as measured experimen- 
tally (0.9 x {07% erg gauss '), it turns out that the linear velocity 
at the equator of the sphere is v=aw= 1013 cm sec”! and is 
therefore greater than the velocity of light ina vacuum. This 
indicates that classical ideas cannot be used to describe electron 
Spin. 

278. Forthe secondary field, curl H’ = 0, i.e. it may be 
described by a scalar potential defined by H’ = -grady~. Hence 
the equation for the potential is the same as in electrostatics in 
the case of a non-uniform medium, 7.e. 


div (» grad p) = — 4np,, 


where 


1 
Pin = — Gq No: gradp 


represents the density of magnetic charges. On the boundary of 
separation between two media the tangential components must 
satisfy the conditions 





ane = OY, __ Ob, 
A, = A, or Ot —~ Or, 


while the normal components must satisfy the conditions 
, , 0 
Poon — piHin = (yi = 2) Aon or pa Gn re On 4T9 m- 


In the above expression 
1 
oy = Tn — p+) Hon 


is the surface density of magnetic charge. We note that the 
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expression for o,, may be obtained from the volume density of 
charge by means of the following formula 


o,, = limp,h. 
A>O0 


Let us replace the separation boundary by a thin layer of thick- 
ness h. The vector grad - will then lie along the normal to the 
layer and will be equal to (Hy - #y)/h, and hence 


1 pop F 1 
nm =—— 2 Aon Sup HM Baal = ge (Bi Pa) Hog 








279. H, => Pe Ho, H, = ae Ho. 


where Hy is the field due to the circuit in a vacuum and Hj, Hp, are 
the fields in the media with permeabilities Hy, Hg. 

280. The magnetic field in medium 1 is the same as the 
field produced in a vacuum by two straight currents 


J:=vI and g,— ht g, 
where J flows along the same conductor as the original current J, 
while #2 flows along a conductor which is a mirror image of the 
first conductor with respect to the separation boundary between 
the two media. The magnetic field in medium 2 is identical with 
the field produced in a vacuum by a current 


=. 2pitte 
I= By + be 


which flows along the same conductor as the original current J. 

281. The field vectors satisfy the relations curl H = 0 = 
= div B in all space, and hence it is possible to introduce a 
scalar potential » which is defined by H = -grad » and satisfies 
the Laplace equation. This reduces the magnetostatic problem 
to the corresponding electrostatic problem. The solution inside 
the sphere is (cf. Problem 149) 


3 
H, = p+? Hy . 
Outside the sphere the solution is 
H, =H) +H, . 


where Hg is the field due to a magnetic dipole whose moment is 
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given by 





oo ESE oy 
m= ao & Hp. 

Since the field inside the sphere is uniform, the magnetisa- 
tion is constant and is given by 


The equivalent volume current density is therefore zero, i.e. 
Jmo]== ¢ curlM=0. 
The surface current density is given by 
imol== ¢ [Nn XK (M, — M))}. 


This expression may be obtained from (V.3) by taking it to the 
limit (cf. the derivation of the boundary condition for the tangen- 
tial component H, from Maxwell's equations). Substituting 

M, = 0 and M; = M we have 


3c (x — 1) 


inol= n(n +2) Ay sin de,. 


It is interesting to note that the surface current may be obtained 
by rotating a sphere with a uniform surface charge about one of 
its diameters (cf. Problem 253). 

282. Consider a coordinate system whose axes lie along the 
principal axes of the permeability tensor. The field components 
inside the sphere will then be equal to (3/(u™ + 2)]Ho, where Hy 
is the external field. Inside the sphere Hy = Hp + Hg where Hg is 
the field due to a magnetic dipole having a moment m where 

pl) an | 


n,=——— a Hy». 
wl®) 42 


The couple acting on the sphere is N= m Xx Hp. 


a 2 
Lai) He 
(ate) _ (2) ss 
21 — Pe 6 
When /, > Hy the field in the cavity is considerably reduced 
(magnetic screening). 


283. H=|1— 
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a\3 

284 H=}1 eee 
i - (41 22) (21 + 42) (+) O° 
2 (41 — Ho)? - 


When /; >> #2 the field is considerably reduced (H « Hy). 
285. The magnetic field is given by H = curl A where 








7 Bor sina when r <a, 





A,= 7 In=+(1 4 tte. 2) By sina when rf > a. 


The z-axis lies along the axis of the cylinder; the remaining 
components of A are zero. 


7 27%a? (u — 1) 
288. S=ap@7—a) EF) * 
_ 2776 (u — 1) 
289. ff = 2a@—b)uqtl’ 
oe ab : 2TH seotts 
290. H, Te Hy Uo%s + post) ey U2520 Hy, 


where Hp is the field produced by the current in a vacuum. 

291. Outside the sphere the magnetic induction B and the 
magnetic field H are related by the usual formula By = 42H». 
According to (V.27), the magnetic induction inside the sphere is 
given by By = #,H; + 47Mp where Mbp) is the constant magnetisation. 
Using the scalar potential as in Problem 281, we have 





m-r 
f$=—Aer, Y=, 
where 
4xM 4xa3Mo 
H = — ——_? _, m >: =; - 
: 2b, + Hy 2p. # by 


Thus the field inside the sphere is uniform while the field outside 
the sphere is the same as that due to a magnetic dipole of moment 
m. 

292. The field inside the cylinder is 


4xMy 


i aie Mee, 





The field outside the cylinder is 


2r(m-r m 
Hos Ge ae 
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where M) is the constant magnetisation and 


__ 4na?M, 
Pot ei” 





293. The field inside the sphere is 


ne, 3 4nMy 
a p+2 Hye 
Outside the sphere the field is 
H, =H, Ser) im (1) 


where 


_ 4na’Mp , p—1 oy 
ot ae 





Since the external field is uniform, it follows that the resultant 
force on the sphere is zero. However, the sphere will experience 
a couple if the directions of My and Hp are different. This couple 
may be computed with the aid of the magnetic field stress tensor. 
The couple is given by 

N= } CreX el 1m IS ms (2) 

5 

where T),, is the stress tensor given by (V.26) and e;, is the 
skew-symmetric unit tensor. The integration is carried out over 
the surface of the magnet. Substituting (V.26) into (2) we have 
(in vector notation) 


N= gh (r XH) (My a8) — EG Hr X dS). (3) 


Since the centre of this sphere is taken as the origin, it follows 
that r and dS are parallel and the second integral in (3) is equal 
to zero. In order to evaluate the first integral let dS= ndS = 

= na’dQ, r = an, and substitute for H, from (1). This gives 


2 
N= 2 f (on X Hy) tm X nj (Hyon m-n) dg. (4) 
The components of the couple are therefore given by 
N;= 00 pp Hoy Hom! gh of 2e;_Hym,npn, = 


es 2 —— 
Flip gH gyglt ig Ge Pini, Mnyn, . (5) 
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Using the relation 7, %, = 346%m (cf. Problem 32) we find that two 
of the four terms on the right-hand side of (5) are equal to zero, 
while the remaining terms lead to the following expression for the 
couple 


N=m X Hp. 
Finally, when m is expressed in terms of the constant magnetisa- 
tion we have 


4na3 
N= Py My XH. (7) 


As can be seen from this formula, the induced part of the mag- 
netic moment [(H - 1)/(H + 2)]a*Hy does not contribute to the 
resultant couple. 








ca 8 Bee ds m? (1 + cos? 6) 
294. F= 16 p 4-2 a! ama | 
= b= . m? sin 8 cos 6 
N=" eo 8a , 


where a is the distance of the magnet from the plane and @ is the 
angle between m and the normal to the plane. When # > 1 (soft 
iron in a weak magnetic field), the result becomes identical to 
that for an electric dipole in the vicinity of a metal surface (cf. 
Problem 148). 

295. The required parameters may be obtained by replacing 
the electrical quantities by the corresponding magnetic quantities 
in the solution of Problem 201. In particular, for arbitrary co- 
ordinate axes, the internal field H; in the ellipsoid is of the form 

Hy, = Hoy — 4tN My 
where M is the magnetisation and Ny; are the demagnetisation 
coefficients. The principal values of the demagnetisation tensor 
were denoted by n'*? in Problem 197 and were referred to as the 
depolarisation coefficients. 

296. The formula obtained in the preceding solution will 
also hold for an anisotropic magnetic material. A further rela- 
tion connecting M and Hj, is 


Ay, + 40M, = yyy 
Combining these formulae we have 
Hop =O nm! tym 
where 
Bam = 8am — Nem + Nein 
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and hence 
Hix = OgmHom. 


where iia are the components of the reciprocal tensor. They 
may be determined with the aid of the formulae obtained in 
Problem 11. 

Consider a special case. Suppose that the coordinate axes 
lie along the principal axes of the ellipsoid. If the tensor H;;, 
referred to these axes has the diagonal form 


tie={O pO 0), 
0 0 pe 


then the tensor bey, and its reciprocal es will also be diagonal: 


[Me — 1 0 0 
bin = 0 [1 NO (pO — 17 0 
0 0 [1 N) (we) — 1)]™ 


Chapter 
6 


ELECTRICAL AND MAGNETIC PROPERTIES OF MATTER 


1. Polarisation of matter in a constant field 


297. B= 3a8/4. If the charge of the electron is distributed 
uniformly within a sphere of radius a) then f = a’. The model 
considered in this problem is very approximate and yields only 
the order of magnitude. Accurate quantum mechanical calcula- 
tions show that for hydrogen f = 9a}/2. 

299. It is clear from the symmetry of the molecule that one 
of the principal axes of the polarisability tensor will lie along the 
axis of the molecule, while the two other axes may be chosen 
arbitrarily in the plane perpendicular to the axis of the molecule. 
It follows that of the three principal values of the polarisability 
tensor, only two will be distinct. In order to determine these 
principal values, it is necessary to consider the following situa- 
tions separately. 

(a) The external field is parallel to the axis of the molecule. 
It is clear that the induced dipole moment of each of the atoms 
will be parallel to the external field. The dipole moments are 
given by 


p’=f’(E+E’), p’= 8" (E+ E”), (1) 


where E is the external field and E’ and E” are the additional 
fields produced at the centre of each atom by the other atom. The 
fields E’ and E” may be expressed in terms of the dipole moments 
of the corresponding atoms by means of the formula for the 
field strength due to a dipole having a moment p and the fact that 
all the vectors are parallel to the axis of the molecule. If p’ and 
p” are determined from (1), we have 


1 1 
Y= Te ERT Te ERY” 


Ba (a? + 28”) 8” "a8 (a? + 28’) 
where a= p’ +p" = BME, 
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(b) The external field is perpendicular to the axis of the 
molecule. Using a similar method, we have 


1 1 
a eee ee 


g(2) — 8°) = 
“BT a3 (a8— 8") 6” Ta (a* — 8’) 





When f’ = £” the above expressions assume the simpler form 








The average polarisability is given by 


Be hati sopey a. pr fod sly 
B= 5G + 29) a te | 


a> 


301. (a) The dielectric as a whole will be anisotropic. The 
principal values of the polarisability censor are [cf. (VI.4’)] 


(b) When the molecules are randomly oriented there will be 
no preferred macroscopic directions other than the direction of 
the external field. Hence, the average dipole moment of a mole- 
cule p will be proportional to the field & acting on the molecule: 


p=8é. 
On the other hand, 
P; 4 BipOr = B,,8,, 


where the averaging process is carried out over a macroscopically 
small volume. Jt follows from the last two expressions that 


B= Bi = Boo = Bas Bip = 0 (when i# &), 


and hence 


B= 5 n+ Ban + Cay): 


However, the sum of the diagonal components of the tensor 
is invariant and is equal to the sum of the principal values 
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BY) + pM 4 p® (cf. Problem 9). Hence, 
p= + (RY) +p +p), 


The polarisation coefficient a of the dielectric is related to B by 
the usual formula (VI.4’). 

302. If the axis of the molecule is at an angle @ to the direc- 
tion of the external field, Ey), then the energy of the molecule is 
given by 


1 : 
VW=—- JP a Ey = — 5 (8, cos? 6 + 8, sin? 6) £3. 


The number of particles per unit volume whose axes lie at the 
angle @ to Ey is given by the Boltzmann formula (VI.6). Inthe 
normalisation condition (VI.7), the quantity N should then repre- 
sent the number of particles per unit volume. The polarisation 
vector is given by P = Np where P is the dipole moment of a mole- 
cule averaged over the Boltzmann distribution. Since, in the 
absence of the field, the molecules are randomly oriented, p will 
be parallel to the direction of the external field. 

In view of the above considerations, p may be calculated 
from the formula 


0 


Ey f exp (-42) (8, cos? 0 + B, sin? 9) sin 0 dé 
[> dN = So 
W (6)\ 
f exe(- ar) sin 00 


Q 





where p, is the component of the dipole moment of the molecule 
which is parallel to the field. Since by definition the field is 
weak, it is sufficient to retain only those terms which are linear 
in a= [(B,; - Bo) Ep/ 2kT | <1. Moreover, P = Nf = @Eg, and 


hence 
1 2 (8, — ) Ef 
ia Gay ee), 


As can be seen from this formula, the relation between P and Ey 
is not linear and a is a function of Ey). Let us estimate the 
magnitude of the correction term at ordinary temperatures (T = 
= 300°K). Assuming that 8, - B, is of the order of 107*4 cm’, we 
have kT/(B; - B2) = 108. Thus, the correction term is small 
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provided Ey < 1000 V cm“}, Neglecting the correction term, we 


have the same expression for a as before: 
l 
a—= 4 N (8, + 28) 


(cf. Problem 301). 
305. The additional potential due to the quadrupole polarisa- 
tion of the dielectric is given by 


L f aeCyR 
Ps, f Ox; Se Qin WV, (1) 





where A is the distance of the point of observation from the 
volume element dV and the integration is carried out over the 
volume of the dielectric. On the other hand, the volume and 
surface charges will in general give rise to a potential 


ca [ears [Her festa @ 


where p’ is the volume density of charges, o’ is the surface den- 
sity of charges, and 7’ is the strength of the double layer. Com- 
parison of (1) with (2) yields 

,__ 1 @PQiz Sha OO r 


1 
P= 2° Ox 0x," ae eo ea (3) 





Thus, the quadrupole polarisation is equivalent to a volume den- 
sity p’ inside the dielectric, a surface density o’, and an electric 
double layer of strength r’ on the surface of the dielectric. Since 
the volume and surface densities in the dielectric are related to 
the polarisation vector by the formulae p’ = -div P’, o’ = Ph, it 
follows from Eqn. (3) that the quadrupole polarisation is equiva- 
lent to an additional dipole polarisation given by 


, 1 OQir 
Pr Drs Ox; 





and a double layer of strength 7;,. 

The formulae given by (3) can also be obtained from a con- 
sideration of the energy of the dielectric which is due to the quad- 
rupole polarisation. 

306. 


1 
aed are tox 2], 
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where x = 4nNB. The polarisability 8 for polar substances in 
weak fields is given by B = p/3rT, where p is the molecular 
dipole moment, k is the Boltzmann constant, and T is the tem- 
perature. When x < 1 the difference between the field acting on 
the molecule and the average field is very small and «= 14+ x = 
= 1+ 4mNB. 

307. The total magnetic susceptibility is equal to the sum of 
the paramagnetic and diamagnetic susceptibilities 


_ Nm? Nes 
X= BT — Gm" (1) 


This formula includes the magnetic moment of a rotator m which 
may be calculated as follows. In general, 


fk, (2) 


where K is the angular momentum of the particle. In the case of 
the rotator, K is related to the kinetic energy by the formula 


v=, (3) 


k~ 2ma? 


It follows that the average angular momentum is given by 
K? = 2ma’W,. (4) 


However, the average kinetic energy W;, may be found from the 
theorem of equipartition of energy. Since the rotator has two 
degrees of freedom, W),, = kT. Substituting (4) and (2) into (1) 
we find that x = 0. This result is in accordance with the general 
theorem which states that the total magnetic moment of a body 
obeying classical statistics is zero. A finite magnetic moment 
will be obtained only when it is assumed that there are discrete 
electronic orbits in atoms. This assumption lies outside the 
framework of classical theories. 

308. The concentration of ions N and electrons n is given 
by the Boltzmann formula (VI.6): 


as a nas 
N= Ne. Fs nner (1) 
where y(x, y, Z) is the electrostatic potential. The pre- 


-exponential factors are chosen so that as T — ~, when the inter- 
action between the particles becomes negligible, N and become 
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equal to Np and np respectively. Using (1), the charge density is 
given by 


ar eet . 
ee een cae xP jeer) 


(2) 
The potential g can be determined by solving the Poisson equation 


Zee ir) 


Ag = — 4ap = — dnd ZNoe — nye tT (3) 


In order to solve this equation, we shall assume that the inter- 


action energy is small in comparison with thermal energy, so 
that 


Zeo 
kT 





<i, 








|<. 


Expanding the exponentials into series, and retaining only those 
terms which are linear in gy, we have 
2 4ne? (Z?N 
pP=— 7% of — SEE oe) (4) 


where the gas is assumed to be electrically neutral, so that 
ZNy = m- Hence, Eqn. (3) may be written in the form 


Ap = xo, (5) 


The potential ~ can only be a function of the distance 7 to the ion 
under consideration. The spherically symmetric solution of (5) 
is of the form 


ew 


a a 
si 2 


r 








Cy = 0 because the potential must be finite at infinity. Cy, is 
determined from the condition that when 7 « x}, the potential 
should become identical with the Coulomb potential of the ion 
under consideration: 


Plein = r r’ 


Thus, the ion is surrounded by a cloud of electrons and other 
ions whose density decreases exponentially and whose mean 
radius x! decreases with decreasing temperature. 

The above method of calculating the potential is due to Debye 
and Huckel and has beenused in their theory of strong electrolytes. 


272 ANSWERS AND SOLUTIONS. CHAPTER VI 


The constant x7! is known as the Debye—Hiickel radius. 
309. The electric induction inside the plate is given by 


cosh xx. 
ED eek xh? 


D(x) = 
where x = (4ne2n9/ckT)?. When xk > 1, near the surfaces x = 
= th 

D(x) = Eye-* 4-140, 


and hence it follows that when |x - h| > ot, D(x) = 0, i.e. the 
field penetrates into the conductor to a depth x A charge 


1 OD _ 4 *Eo gn (h-irt) 
4x Ox — 4 


is concentrated in a layer of this thickness. The density of the 
“surface” charge which is considered in the macroscopic theory 
is obtained by integrating p. At x = h we have 


which is the same as the usual boundary condition at the surface 


of a conductor. 
__, sinh xx x=] / 8re?ny 
? = 90 Sah xh’ = ekT 


310. 
The magnitude of x? is found to be twice as large as in the pre- 
ceding problem, since there are two kinds of moving ions. 





2. Polarisation of matter in a variable field 


311. 
e= 1+ 4nrNat; p= 1 — 2nNa < 1. 

This type of dielectric is diamagnetic. The permittivity « and 
the permeability # are independent of frequency, since it is 
assumed that the spheres are perfect conductors. In order that 
the artificial dielectric should behave as a continuous medium, 
the wavelength must be much greater than both the average dis- 
tance between the spheres and the radius of each sphere. The 
difference between the effective field and the average field can 
only be neglected when the polarisability of the medium is small, 
i.e. when 4nNa° « 1, 
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312. The equation of motion for an electron is of the form 
mre + ar = eE,e-!*t, (1) 


The special solution of this equation corresponding to forced oscil- 
lations is of the form 


eE,e— iv! 


~~ mn (w? + iyo) : 


where y = 7/m. 

The dipole moment per unit volume is obtained by multiplying 
ry by the charge of the electron e and the number of particles per 
unit volume N. The polarisability of the medium a(w) and the 
permittivity e(w) can then be determined from 


‘ wo, 4ne”N 
eA Let ane (Oia? wo . 





(2) 


The relation between the resistivity p and the coefficient 7 may 
be found with the aid of Eqn. (1) and Ohm's law: 


l 
P= >= qr: (3) 
This result can also be obtained by comparing the permittivity (2) 


with the complex permittivity (VIII.8) expressed in terms of the 
conductivity: 


e(o) =e +1, (4) 


Separating the real and imaginary parts in (2) we find that 


w, e°Nx 


se’ —e] — 


= 


(5) 


It follows from (5) that e’ and o are functions of frequency. When 
w <« y they assume their static values 


eo 





— 4, ay 
a er gg G= > my 
It follows from (4) and (5) that the complex permittivity of a con- 
ducting medium becomes infinite at low frequencies (w— 0). At 
high frequencies it is of the form 

2 
Op 


e(w) =< (w) == 1 — a 





@ 
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This dependence of the permittivity on frequency at high fre- 
quencies will also hold for dielectrics. 

Let us estimate the order of magnitude of y = n/m for copper 
for which the static conductivity is o= 5x10!7 sec"', Eqn. (3) 
gives 


_. Ne? _ Nie’d 


1="om omA 





where No = 6 X 1073 (Avogadro's number), A =~ 63.5 (atomic weight), 
and d =~ 8.9 (density of copper). It follows that y ~ 10'4 sec™!. 
We recall that in the visible region of the spectrum the frequencies 
are of the order of 10" sec}. 

Thus, it may be concluded that in this example the conducti- 
vity remains equal to the static value right up to frequencies lying 
in the infra-red region of the spectrum. However, it must be 
remembered that at high frequencies, when the mean free path of 
electrons becomes comparable with the depth of penetration of the 
field into the metal, spatial non-uniformity of the field and the 
macroscopic permittivity « lose their meaning. 

The results obtained in this problem can be applied, within a 
limited range, to a metal and also to a semiconductor or an 
ionised gas (plasma), provided the motion of positive ions can be 
neglected. Calculations of the permittivity of a plasma with 
allowance for the motion of the positive ions are given in the solu- 
tion of Problem 321. 

313. Since the molecules of the dielectric are not spherically 
symmetric, the external field Ep will partially orient them and the 
dielectric as a whole will become anisotropic. Since & « Ey, the 
orienting effect of the alternating field may be neglected. Since 
the external electric field Ep is responsible for the anisotropy, 
one of the principal axes of the permittivity tensor will lie in the 
direction of this field, while the other two principal axes will be 
perpendicular to Ep. 

Let 8;);, represent the components of the polarisability of the 
molecule along these axes (i, k = 1 correspond to the axis parallel 
to Ey). The components £;, are given by the usual formula 


Big = 1% emPim = (F — BY) 2%, + 8%,,, 


where aj, are the cosines of the angles between the axis of sym- 
metry of the molecule and the principal axes of the permittivity 
tensor (Q@;] Gy = 53, inview of the orthogonality of the matrix aj;}). 
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In order to calculate the permittivity tensor per unit volume of the 
dielectric, it is necessary to find the statistical average of the 
quantities Bi with the aid of the Boltzmann formula, 7.e. it is 
necessary to average the product aj1Qy4- 

The quantities a,; can be expressed in terms of the polar 
angles of the axis of symmetry of the molecule in the dashed sys- 
tem $, 9: 

a, = cos$, a,)=sindcas¢, a,,—=sind sing, 

Using the same averaging procedure as in Problem 302, we 

have, to within terms which are linear in a = [(Bo - Bh)ER/ 2RT |: 


> 1 4 eae, 1 2 
a= 3 (1 +45 2): @,=a,=4(1-+a), 
2;,%,, == 0 when i #R 


where Bp and § are the static values of the polarisability tensor. 
Hence, 


Fr = 4 @—8)(1 +75 2) +8". 
=F, = 3 —B(1 — zea) +8". 


Neglecting the difference between the field acting on the molecule 
and the average field, we obtain the principal values of the per- 
mittivity tensor: 

et) — J + 4nNBi,, e(2) — ¢(3) — | + 4nNB,. 


This result shows that in a strong constant electric field, the 
dielectric will become anisotropic with respect to high frequency 
oscillations (for example, visible radiation). The appearance of 
anisotropy under the action of an electric field is known as the 
Kerr effect. This effect is a very rapid one: the relaxation time 
is of the order of 107! sec. It is determined by the time neces- 
sary to establish statistical equilibrium in the dielectric. The 
Kerr effect is widely used in technology for high frequency modu- 
lation of the intensity of light. 

The above problem was first solved by Langevin (1910). 

314. Assuming that the parameter pE,)/kT = a is small, we 
have, to within terms of the order of a’, 


ar 1 P 2 , 
B= (B—BY(1 + ag a?) +8" 

an ar 1 j 1. i 
B= i= 7-291 — 75 @)+¢ i 

e() = 1 + 4nN6r, ehc= ey 4 + 42Nf,,. 
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The symbols have the same meaning as in the preceding prob- 
lem. 

315. Let thefield amplitude & increase by d& 8, d6,, d&z). 
The work done on a molecule is then given by 


dA= 5 Re(p- d&)= 4 (p- d&'+-p* - 08), @) 


where p; = ByE} is the component of the dipole moment of the 
system. Since there is no absorption of energy, this work is 
used entirely to increase the average potential energy of the mole- 
cule in the external field: 


dA — dW. 


Hence, dA should be a perfect differential of a function of the 
field amplitude. dW may be re-written in the form 


aw = + > (Bin&, a&; ae B, 8; d&,). (2) 
i,k 


It is clear that this quantity is a perfect differential, provided 
Bik = Bhi: When this is so, 


— 1 ~€) a > 1 cy + 1 : 
w=) Bi, (8, 48; +8; 48,) = 5 318, 4 (8/8,)=4( FP -& ). 
ics rs 


Similarly, it can be shown that the magnetic polarisability tensor 
for a system in which there is no dissipation of energy is Hermi- 
tian. 
317. The equation of motion for an atomic electron which is 

bound to the nucleus by an elastic force is 

= é — iw Vv 

rojr = | Eye +(= xH,)]. 
where wy, is the frequency of natural oscillations. On solving 
this equation by the method of successive approximations we 
obtain the following approximate expression: 


eE ew 
Se i ES: 
m («6 _ «”) mc (wf — wo)? d 
In order to obtain the polarisability tensor for the atom we 
shall use the representation of the vector product involving the 
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skew-symmetric tensor e;,, (cf. Problem 26). This gives 


By, = 


ad 3 ae | ew, 
5—o) mc (ws — 


pci 

This tensor is Hermitian, in accordance with the general result 
established in Problem 315. The gyration vector (cf. Prob- 
lem 316) is now of the form 


ee ee ee ee 
a mc (wg—w)? Oo” m(o5—o’)? me 


where w, = e@H)/2mc is the Larmor frequency. 








318. 1 ‘ 
x(e*+e7) zle*—e-) 0 
a Shes +e a5 + = 0} 
Peet—er) Feet er) 
0 0 e 
where 
2 2 
i Eh ye et et en, ot ae STEN 
w(@ + 20,) — of wo? — «of P m 


The magnitude of the gyration vector is given by 


I 
& = 5 (e* — 7) 


and its direction is parallel to the z-axis. The result established 
in the solution of the preceding problem can be obtained from the 
above exact solution by assuming that 2w,w « | wi - w*|. 

319. Thetensor €;; is of the same form as in the preced- 
ing problem. However, its components c* and c° are given by 
the following expressions 


2 





°p 
etal — pedis i)" 
or 
O—1__ Pp 
el o? + iwy ' 
aie — — fo . i Se 
te Aer See 


Owing to the presence of “friction” (n # 0) in the electron gas 
there is dissipation of energy and the tensor e;} is not 
Hermitian. 
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320. 
j=—cE-+(E Xa), 
where 
__ &N __ eN 4 
some mye 0 Tn’ 


The magnetic field gives rise to a current whose direction is per- 
pendicular to the electric field (Hall current). The reciprocal 
relation (on the Same approximation) is 


E=+j+RG XH), 


where R = (ceN)~! is the Hall constant. The electrical conduc- 
tivity tensor is 


Gip = 5 Opp — Cj pO. 


321. Let m, r, and -e be the mass, velocity, and charge 
of an electron, and let the corresponding quantities for an ion be 
M, R, and+e. The equations of motion are 


mt = — eEe~!*! — © (r X Hy) — my (F —R), 
i o 4 (1) 
MR = eEe~! + = (RX Hy) — m7 (R—"), 


where Hy is the constant uniform magnetic field and my is the 
coefficient of “friction”. The frictional force is proportional to 
the relative velocity of the electrons and ions, i.e. to the dif- 
ferences (r - R) and R - vr) for electrons and ions respectively. 
The electric field E is a harmonic function of time, so that 
E = Ey exp (zw). 

The solution of (1) will be sought in the form 


paren) R= Rens (2) 


Let the z-axis be in the direction of Hy and introduce the cyclic 
components of the vectors rp and Ro: 


Roi= 75 


Substituting (2) into (1) we have, after addition 


+ ir (Rox + iRoy)- 


23 vl 
Fog Va (Vor oy) 


— tw (mr + MRy) = — [(Ro— Fo) X Hol. 
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The left-hand side of the latter equation may be re-written in the 
form 


— to [(M + m)Ro+ m (To — Ro)I- 
Neglecting m in comparison with M, we have 


oRo = (+ 2, +07) Si, (3) 


where 





HT 


Let us now divide the first of the equations in (1) by m, and the 
second by M, and subtract one from the other. Neglecting 
eE/M in comparison with eE/m, mys/M in comparison with ys, 
and e(R X H))/Mc in comparison with e(r X Hy)/mc, we have 


a pes é 
(— iw t+ 7 Flog) 54, F lon Ros. =F Eosy a 
eE 
met Orse 





= eet es 
wos = 


where wy = @H)/mc. Eqns. (3) and (4) can then be used to 
determine 8s. 

The polarisation vector P may be calculated from the for- 
mula P = Nesexp(-iwt) where N is the number of ions per unit 
volume, which is equal to the number of electrons per unit 
volume. 

The components of the permittivity tensor are 


et — | — z 





®p 
ieee aay OTT 
The component e'7) is of the same form as the scalar per- 
mittivity in the absence of a magnetic field, which was obtained 
in Problem 312. The permittivity becomes infinite when w- 0. 
The components e* will contain the extra term ay, 27, in the 
denominator when the motion of ions is taken into account. It 
may be neglected when Q,,/w «1, i.e. at high frequencies w. 
However, this term becomes important at low frequencies. When 
w 0 it is responsible for the fact that e* remains finite: 
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ea 1s wo/ wy Dy - This means that very low frequency waves 
may exist inaplasma (magnetohydrodynamic waves). The theory 
of propagation of electromagnetic waves ina plasma with allowance 
for the oscillation of positive ions is considered below in Prob- 
lem 457. 

322. In the system of coordinates in which the x3-axis is 
parallel to the special direction, the tensor T;; should be of the 
form 


This is in agreement with the results obtained in Problems 318, 
319, etc. 

324. Since the field is switched on at ¢t = 0, it follows from 
the principle of causality that P(t) = 0 when t <0. Denoting the 
permittivity by a= a’ + ia”, we have 

PO= [ ao) E (wet aw’ = 5 a(w’)e-f’t day’, (1) 


—oco —co 


where E(w’) is the Fourier component of the field E(t) = E)d(t). 
Next, multiply (1) by exp (wf) and integrate with respect to ¢ 
between -~ and 0. Since P(t) = 0 for t < 0, we have 


co 


I 
Ie f do’ a(w’) fe Phi) te (), (2) 


—oO 


Using Eqn. (17) of Appendix I, and separating the real and imagi- 
nary parts, we have 





e@at fEer ar, emt fee 


The Kramers~—Kronig relation follows immediately. 
325. 


fo] 


e’ (w) = | + —— 5 [toe 
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3. Ferromagnetic resonance 


326. 
M, = Asin (wot 4-4), M, = Acos(wof +a), M,=C, 


where wy) = yHp, a is the initial phase, A and C are constants 
related by the condition M? = M3, i.e. A? + C*= Mj, where My 
is the saturation magnetisation. The motion of the magnetisation 
vector takes the form of the usual Larmor precession. 

327. The solution of the equation 


4M _ _ 4M XH, -+ ©, (ZH — M) qa) 


will be sought inthe form M,.= m,,exp (-iwt), My = myexp (-iwf), 
M,= My) + m,exp(-iwt), where wis the unknown frequency and 
the z-axis is parallel to Hp. 

On taking the components of (1) along the coordinate axes, 
and substituting for M, we obtain a system of algebraic equations. 
The condition that these equations should be consistent is 


w? —(w + lo, = 0. 
The frequency w turns out to be complex: 
© == Wy) — lw,. 


The presence of losses gives rise to damped motion. The com- 
ponents m, and m,, exhibit a phase difference of 1/2. The 
vector M executes a damped precession about Hp. 

328. Let the z-axis be parallel to H. The resultant 
magnetic field will then have the components h,exp (-iwt), 
hy exp (-iwi), and Hy) + h,exp(-iwt). The solution of the 
Landau—Lifshits equation (VI.15) will be sought in the form 


== m_e- tut —= m.e- it Pen ai 
M,=m,e—'"', My==mye—', M,= M,-+m,e-'", (1) 


where Mp, is the saturation magnetisation. This form of the 
solution corresponds to the assumption that the Larmor preces- 
sion has been damped out and the oscillations are maintained 
by the high frequency (forcing) field. Hence, the quantities 
My, My, Mz should be regarded as small (of the order of h 
or lower). Substituting (1) into the Landau—Lifshits equation, 
and rejecting terms which are quadratic in k and m, we obtain 
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the components of m: 











2 . 
® £00 
m, X09 2 h, Xo 73 5} hy, 
wo” —o @) — © 
: 2 (2) 
i@W, o 
my =Y%o ——F h.+Y%o7 x hy, m,=0. 
oy — ©) — © 


It is clear from these formulae that ferromagnetic resonance will 
occur at w= wa. The infinite magnitude of m at resonance is 
due to the approximate method used in the solution of the Landau-— 
Lifshits equation. The exact solution (cf. Problem 330) should 
ensure that |M| remains constant, since it follows from the 
Landau-—Lifshits equation that M 2 = const. When the problem is 
solved by the method of successive approximations with allowance 
for losses, M will also remain finite. 








329. 
%, —%a 9 
Lik =\ 'Xa xy 0 
0 0 0 
where : 
Wo OW) 
tol OR hah! She = MR gta 
BP, ing 0 
Mig =| Pa ai | 
0 0 om 
and 
hla ary. By = 4tX py =I. 


As can be seen from the above formulae, y;;, and H;, are 
Hermitian tensors (4;;, = 4y;). This means that the medium is 
gyrotropic and there are no 
losses. Fig. 54 shows the com- 
ponents ;;, as functions of fre- 
quency for Ho re ~ 3400 Oe. 

330. 


4 Ha 


M, =< Ccos of, 


paella oar = 
M,=-~, Csinot, M,=C, 


where Aw = wo - w, w= yo, 
W,= yh. The constant C may 
be determined from the condition 
M‘,+ M?,+ M2 = M3 which 
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follows from the Landau-Lifshits equation: 


A 
C = wt My 
where Q = (Au* + w)2, The expression for C includes the 
modulus |Aw| since M,>0. The components of M are given 


by 


Mace 


M,=+ ee a 





@, 
oa: M, cos wf = yh,, 
oO, 

— My sin wt = xhy, M.= 


The sign + corresponds to the sign of Aw. It follows from these 
equations that the relation between M and h is not linear, and the 
coefficient of proportionality x is a function of h: 


Mo 
2 > 
V ho fo} 


The precession angle § (the angle between M and H,) is given by 


X= 





where M, = (M2. + Mi)?. At the ferromagnetic resonance 
Aw = 0 and equations (1) yield 


M,=+M,cosot, My=+ My sinwt, M,—0. 
The vector M will then rotate with a frequency w in the plane per- 
pendicular to Hj, and its components will remain finite. 


331. M= My + mexp(-zwt) where Mbp lies in the direction 
of Hy and the components of m are given by 


Q? — jwo, ALON 
=— 7 i a0 ON 
m= Xo Q?2 — w? — Diww, hy — Xo Q?2 — w? — Qiww, Ay, 


; WWo Q? — jwo, 
My ='Xo OF? — 2iww, hy + Xo Q? — w? — Qiow, Ay, 


Or 
m,= y¥,——- A 
Zz Xo o, — lw Zz 


o=— Vo +07, o= 1h. 


As can be seen from these formulae, the presence of losses 
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(w,# 0) will ensure that the amplitude of m will remain finite 


at resonance. 


332. 
Te egw 


Pa = Pa + ley, 


By) — in, 0 
py Of, 
0 ve ey 

Q2 (2? — wo”) +- Qw2w2 

. Slay 
a Fe *Xo (2? _ wo’)? + 40%? 

” Q? +- w?) 

= 4 __ 20, CF + ot) : 
By To (o?— wy? h dutw? 
2 2 

ae ww, (Q? — w?) 

Pa ™Xo (G7 0%)? 4 40%? 
www, 


Ba = (2? — w?)? + 40%w? F 


where 
Q— V 2 + 0? ©, = 1H. 
® 
Bp ae 
A = 3400 Ce. 
ores 


Fig. 55 shows the dependence of “; and »/ on the constant 
field Hy. The dependence of #4 and ug on Hy is similar. The 
imaginary parts of 4) and Lg 
have a maximum at Ay = HAores ~ 
~ w/y, while the real parts of 
Bis Hg reach extremal values at 
Hy * (w twy)/y. 

The curves shown in Fig. 55 
are Similar to the dispersion 
curves for e(w) (cf. Fig. 16). 

The imaginary parts of the 
components HY, Hg, and uy 





Fig. 55. 


electromagnetic energy. 
333. AHy= wy/y. 


334. 


the ellipsoid, with the z-axis lying along the field Hp. 


determine the dissipation of 
They are zero at w,= 0. 


Let the coordinate axes lie along the principal axes of 


The 


tensor N;, will then be diagonal, and hence the components of 
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the Landau—Lifshits equation along the coordinate axes will be 


M, = — [H+ 42 (NO — N) M,] My, 
My, = 7 (Hy + 40 (NM — N®) MI M,, (1) 
M,=— 4ny (NO) — NO?) M,M,,. 


The equations are therefore non-linear. Assuming that the 
departure of the vector M from the equilibrium position (the 
direction of the z-axis) is small, the solution will be sought in 
the form 

M = My-+ men'@, (2) 
where the vector Mp is parallel to the z-axis. The system of 
equations given by (1) may be linearised by substituting (2) into 
it and then neglecting terms containing m?, Equating the deter- 
minant of the system to zero, we have 


w? == 0? = 7? [H+ 4n (N@) — N@)) My] (Hy + 4 (N®) — N@)) MG. 


335. w=o,-+lo,[1 +O EN), y— ie. 


The value of wy, 1S given in the solution of the preceding problem. 


wy ie 30 
336. Xie =| Xa XO}, 
0 0 0 


where the z-axis lies along Hy, and 
] 
uF (72M (Hy +(N™ — N®) Mal — ty wo,}, 
1 z i 
Yo = (17M yp + (NM) — NW) Mg] — ixv4,}, 


where 
A= (% — w?) — low, [2 + y)(N“M es NOY), 
1 
| ee re yoM). : 


Since the demagnetising factors enter into the expressions for the 
components of the tensor x;;, the position of the resonance and 
the width of the resonance line will depend on the shape of the 
body. 

337. The equations of motion for the magnetisation vectors 
M, and Mz, are of the form 


dM, 
dt 


aM 
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The solution will be sought in the form M,; = Mj + my, exp (-iwf), 
M, = Mg) + m, exp (-iwt), where Mj) and Mo are the equilibrium 
values of M, and My, respectively. 

It is convenient to use the cyclic components 


My, == my, £ lmyy G= 1, 2). 
The natural precession frequencies are given by 


Ay Oy = 7A] Miy — May). (2) 


1 =F 


These formulae will hold provided 4| Mj) - My)| > Hy. The fre- 
quency wo; is the same as in the case of a ferromagnetic without 


sub-lattices. The frequency wo, depends on the molecular field 
and is usually much greater than wy. 


Chapter 
7 


QUASI-STATIONARY ELECTROMAGNETIC FIELDS 


1. Quasi-stationary phenomena in linear conductors 


na?’wH, 


338. JOHM= ESS sin (wf — ¢), 
¢ x 4: (<5) 
i c2 
where tang= ol/?’R, int 
N (f) ——— _ SEES" Ss sin wf sin (wt —_ ¢), 
c? / Ret (=) 
ae 2 24y7.)2 
Pes ere. =5 IR 





In these expressions L is the inductance of the ring (cf. Prob- 
lem 272), R is its resistance, and & is the amplitude of the 
current inthe ring. The origin of time is chosen so that at ¢ = 0 
the plane of the loop is perpendicular to Hp. 





— w (SH,)? R 
339. = 30° = aE. rw: 
+( ce =) 


340. The average generalised force which tends to increase 
the generalised coordinate qg; is equal to 





Po Ae w®L Ly» OLye 
28 ol \? og 
R2 + ( 7 ) f 





where A and Z are the resistance and inductance of the second 
circuit respectively, and Ly, is the coefficient of mutual induc- 
tance. 
ra wl Lio! &o |? OL 
341. rF=— eee ae : - {2', 
eld ie wee =e) 4m2Z2Re | OG; 
{ T 2 o J 








342. 

I 
, CL 4 £2) CL,0C, LeCa] x 0? HL: (C-: Cy)—L£,(€ -C2)]? : 1L,L,C2s2 
Le 24,42 (CC, + CC, + CC) yo Maes Sem ont 
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When there is no coupling between the circuits, 1.e. when C = 0, 
the frequencies w, and wy, become equal to c/ (L4C4)* and 
c/(L» Co), which corresponds to independent oscillations in each 
of the circuits. For very tight coupling (C > C,, C,) there is only 
a single frequency w = c/(L'C’)?, where L’ = LyL>/(L;+ Ly), 
C’= C,+ Cy. This corresponds to oscillations in a single cir- 
cuit in which the capacitances C;, Cy and inductances L,, Ly are 
connected in parallel. 


ge ET a Pea Ole et 
$22: Gia 5 (ae ae. ee re) * 

1 I 1 1/1 1 \}? 4 z 
ae el pei (pe a fe eS 
to{lei+a)-alct+a)| +e}: 

1 

344. 02, =e? LC, + LyCy t [(L,C, — Lyla)’ + 4C,C_L 4)? . 

’ 2C,Cy(L, Ly — Lip) 

345. When the system of equations for the currents is set 
up and the determinant of the system is equated to zero, we have 
after some rearrangement the following fourth-order equation 

2 


Nery } 2o2L w2 “8 2? — 
wt + iw (—+—)—« (of + 03) — fo Ser he + wo, = 0, (1) 


Te T? 


where 











The coefficients of this equation are complex and hence the 
frequency w will also be complex, so that w= w’+iw”. On 
the zero-order approximation the terms including tT, and 72 in 
Eqn. (1) may be neglected, so that the equation will assume the 
simpler form 


wt — w? (wf + 03) + ojo5 = 0. (2) 
This equation has the following solutions: oy? = wy, and wo” = 
= wa». Thus, onthis approximation, w” = 0 and there is no 


dissipation of energy (since it was assumed that & is infinite). 
The oscillations in each circuit take place independently. On the 
next approximation w = w+ Aw’ + iw”, where w”, Aw’ are 
of the order of 77! or higher. Accordingly, we shall neglect 
higher-order terms. If w is substituted into (1), and (2) used, 
we have, since the real and imaginary parts are separately zero, 


Aw’ = 0, gee ae ie jt (3) 
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The correction to w’ which contains R will only appear on the 
next approximation. 


346. J,= 














where w, = c(LC)? is the natural frequency of oscillations in 
the circuit. The impedance Z becomes infinite when R = 0 
and w = w,. This property of the two-terminal network is 
used in electronics (rejector circuit). 


L 
348. C=C, L=k, R=}, 





where 
bao 
wo 
l ot ye pl 1 ws, ; 
349. Q=zReUIV=ZId PRE(Z)= 5+ orgie Cal Vol’ 
— I oF, : 
WZ! tartar] Col Uo? 
e ws, yh 1 
_ in mer eae ee ee Le 
350. C=C, arr C; re Cy. ak ms WC, 
1 wwe 7 
a hg ee EUs 2 
351. Q 2 (0? — w2? + 0? ol ol 


mae 1 wf (0? + 9) 
w=] 1 ese 1 C0 UI. 
a aa | o| 0 


352. Let thecurrents flowing through the inductance, capaci- 
tance, and the battery be denoted by 41, Jz, andJ3. According 
to Kirchhoff's laws 


Prt S2t+I=0. FA=W=8OTIR 
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where q(t) is the charge on the capacitor plate, which is related 
toS, by the formula J2 = q, and 


QO when (<0, 


6@oH= 
@) antin t>o0. 


From (1) we obtain a second-order equation for the current 9. 
The corresponding characteristic equation has the following roots 


1 2 ae ee c? 
si tas een AS oN a 2 Qos: 
iam TO thoes (sper) Moe - Mosse 


The following three cases are possible, depending on the relation 
between R, L, and C: 

(a) Wo > (2RC)'. Using the method of variation of arbitrary 
constants due to Lagrange, we have 


t ‘ 
J, H=8 [1 — e ORT (30 cos wt)|, 


where w = [w% - (2RC)7}?. 
(b) wo < (2RC). Here 


ae ren 
gih=S\i—e BRC (eet cach 1). 


where @ = [(4R2C2)7! - w3y!. 
(c) wo = (2RC)": 


t 
g,o—% 1 —(1 + aRe)e Re 


Under the conditions (b) and (c) the transients are completely 
aperiodic and there are no oscillations. 


0 when ¢<0Q, 
t 
353. U,(t)=={ Use © when O0<t <T, 
t-T 


ule FE — Re) when f > 7. 


0 when t <Q, 
Reit 


354. _ Ue = when 0<teT. 


( ae a eat) 
Uj\e 4 —e \ pics Her 
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355. The form of the pulse should be 
0 when t < —7T, 


KE,(1 +--+ =) when —T<t<0, 
U,O= 
hE, (1 —-7) when O<?t<7T, 
(0 when ¢ > T. 


The origin of time is chosen so that the field between the plates of 


the capacitor is a maximum at ¢ = 0. 
Ret | 


356, 1) | eacearter= 25) ee tos ay ‘ 
V w+(y TE) 
where tan g = wL/c*R. The transient is absent when tan gp = 
= -Rc*/wL. This condition has a simple interpretation: the 
stationary value of the current should be zero at t = 0. 
357. For a simple harmonic dependence of the currents on 
time, the Kirchhoff equation for the n-th section is of the form 


SF Int se OTn—Inr— Inv =0. (1) 


This latter equation is a linear difference equation with the indepen- 
dent variable n assuming integral values. It has two linearly 
independent solutions, namely sin xn and cos xn (cf. Problem 223); 
the frequencies of natural oscillations can be expressed in terms 
of the parameter x: 


9 % c 
wo? = 4?sin?—, = ow = — 
0 2 0 


Vic’ (°) 


Using the boundary conditions Jy = Jy = 0, we have 


GF ,= Asinxn, rT, (3) 
where y= 1, 2,..... When 7 = 0, the current in the circuit is 


zero. However, owing to the periodicity of the factor sin (x/2) 
which enters into (2), the number of natural frequencies of the 
system will be finite. To obtain the frequency spectrum it is 
sufficient to vary y within the range 1<7r<N. The parameter x 
will then vary in the range 0 < x < z, and to each x there will be 
one natural frequency. The total number of such frequencies will 
be N, as should be the case for a system of N coupled circuits. 
They will lie in the range 0< w < 2wy. 
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In order to determine the significance of x introduce the 
coordinate y, = an, where n refers to the n-th section and 
a is the “length” of a section. Eqn. (3) can then be written in the 
form 


J (t= Fosinky,e'**, (4) 


where the time factor has been included and k = x/a. 

Eqn. (4) represents a superposition of two waves travelling in 
opposite directions. The quantity k plays the role of a “wave 
vector”. The phase and group velocities of these waves are given 
by the formulae 


o dw 
gta pe eae (5) 


Since w is a non-linear function of k the phase and groupvelocities 
are different, z.e. dispersion takes place. From (2) we have 





20, . ka 
v= b sin 59.9 
ka 

Ug Mp2 COS ~5- (6) 


The quantity 27/k may be interpreted as the “wavelength”. For 
long waves (A > a) we have ka «1 and hence v,= vg = aya, 
i.e. the phase and group velo- 
cities are independent of k and 
“a Uy e Lu, there is no dispersion. Fig. 56 

shows plots of v, and w as 
functions of Rk. 

The electrical oscillations 
of the system considered in 
this problem are analogous to the 
mechanical oscillations of a 
linear atomic chain, which may 

Fig, 56. be used as a one-dimensional 
modelofacrystal. The inductance 
L is then analogous to the mass of an atom, while 1/C is analogous 


to the elastic constant. 
2N Aw 
358. Ar=— - TSS = > 
% V 402 — w? 
359. Letthecurrents through the section with self-inductances 
L,and Ly) be and J’. The Kirchhoff equation will then be of the 


Lr w 
M4 


8 
SIRS) 
») 
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form 


oL 1 , , 
ar Int ae (2In— In—In-1)=0. 


@ 


Ly , ] 7] 
c Tn +e (2Fa— In— T nti) =0. 





Substituting w, = c(L,C)~2 and w= c(L,C)74 we have 


(20i— 0’) Gn, =0}(Fr+In-r) 


f 2) 
(2w5 — w”) Tn=02(Fat Jas)- 


The solution of this system of equations will be sought in the form 
J,=Ae™, 7 —Be™, (3) 
where A, B, and x are constants. Substitution into (2) yields 
A (20? — 0?) = Bw?(1-e-"),  B(2w3—w) = Awk(1+e), (4) 


Equating the determinant of this system to zero, we have the fol- 
lowing relation between the frequency wand x: 


wo? = 0? + w2 £ V (#203)? — 4020? sin’. (5) 


To obtain the complete spectrum of oscillations, the quantity x 
must be varied between 0 and 7. As in Problem 357, the 
values of x will be found from the boundary conditions. 

The most important difference between the present arrange- 
ment and that involving identical sections is the fact that there 
are now two frequencies to each 
value of x, which can be seen 

from (5). There are, therefore, 
¥2<, two branches of oscillations. 
V2 Let us denote the frequencies of 
these oscillations by w+ and w- 
where the subscripts + and - 
correspond to the same signs in 
(5). Fig.57 shows the frequencies 
Fig. 57. as functions of x. The oscilla- 
tions corresponding to w- are 
analogous to those in the case of identical sections. In particular, 
for small x (long waves) we have 


@,@ 
o = (2 “ 


V2 (oj + ©}) 


@ 


V2 +013) og 
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i.e. there is no dispersion. For the ws branch, the dispersion 
relation for small x is 


wo, =a-t bx?, 


When x — 0 the phase velocity becomes infinite while the group 
velocity tends to zero. 

To investigate the character of the oscillations in both 
branches, consider the ratio of the current amplitudes in adjacent 
sections for very long (x «< 1) and very short (x ~ 7) waves. Using’ 
(4), we have for x « 1 


and 


For the oscillations corresponding to the w- branch the ampli- 
tudes are equal and the oscillations are in phase. Inthe other 
case, the oscillations in adjacent sections are in antiphase while 
the amplitudes are inversely proportional to the inductances. 
When x = 7, 


o,=YV 2, o_ =V2o,. 


On passing to the limit x — 7 in (4), we have 
B A 


Thus inthe limit x = 7, oscillations with frequency w+ = c(2/L, C)2 
will take place only in the sections with inductances L,, while 
oscillations with the frequency w- = c(2/L,C)? will take place in 
sections with inductances Ly. 

The oscillations considered in this problem are an analogue 
of acoustic and optical oscillations in a linear atomic chain con- 
sisting of two types of atoms with different masses. 


360. J , = Agi+ Bai, (1) 
where q,; and gq are the roots of the equation 


g—(2 +F)q+1=0. (2) 


The constants A and B may be determined from the boundary 
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conditions Gy = 0, (Go - J;)Z_ = Uy. The second condition means 
that a voltage U, is applied across the points a’b’ (cf. Fig. 23). 
Since ¢,q2= 1, which follows from (2), we have 


U,=9, Z,=U,——#—4u..__, 
2 N~1“2 (1 —9,) ¥ ~(1— 45) 
361. The transmission coefficient K can be determined from 
the results obtained in the preceding solution: 


k= I1— 72 . 
(1 — 4) gq —(1 —4q;) qy 


The denominator of this expression includes qi! and qh. Since 
41°92 = 1, there are two possible cases, namely | q;| = | aol an 
and |qi| > 1, |q2| <1. In the first case the moduli of gl’ and qW 
will be equal to unity and K will also be of the order of unity. In 
the second case lg’ 1. lah | «< 1when N>1 and hence 


K = qi— 42 << 1. 
(1 — 92) qn 
The frequency ranges may be determined from Eqn. (2) of Prob- 
lem 360, from which it follows that 


Z V Z,\? 


If the expression under the square root is negative, then q, 
and q2 are conjugate roots whose moduli are equal to unity, 
and this corresponds to | q;| = | gol = 1. When this expression 
is positive, g, and qg are real and different and this corresponds 
to |qil > 1, lqg| <1. The range of Z, and Z, for the first of the 
two cases can be found by equating to zero the expression under 
the square root, and the result is 


—4<F<0. 


This corresponds to values of w? lying between c*/L,C, and 
c2(4Cy + C2)/CyCo(4L2 + L4). 

362. Consider the 2-th closed section of the long artificial 
transmission line (Fig.58). It may be regarded as the equivalent 
circuit for a section of a line with distributed parameters having 
a length a, inductance AL, and capacitance AC. For an arbi- 
trary dependence of the current in the line on time, the Kirchhoff 
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equation for this section will be of the form 








1, Lo q _ 4 = 
—zA at + ar a 0, (1) 


where qn-1,n and gns44,n are the charges on the upper plates of 
the twocapacitors. From the derivative of (1) with respect to time 


and relationships Gn-1,n =-Int+ JIn-; and Gn,n+1 = In-~ Ine. 
we have 


+A poe, en (29 ,— FGn-1— JF ag = 0. (2) 


It is now necessary to transform from the variable n to z, which 
is the distance along the line with distributed parameters. We 
shall, therefore, substitute 


I2,OH=IUMs FriOHJ (@—a, 4), 
Inn O=J  (z+a, ft) 


and evaluate the differences 


OF Lag 
In— Ini Fz —Fage” 

TF 1 0g 
In— Ini — Ge — 3G” 


If these differences are substituted into (2), together with L = 
= AL/a and C = AC/a, which are the inductance and capacitance 
per unit length, we have 


ee (3) 


This is the differential equation for a long lossless line. A real 
long line will always exhibit losses associated with the finite 
resistance of the leads and imperfect insulation. 

a ar 42 


a) E 2) lec ml ah IN B 
| ie | & 


Fig. 58. Fig. 59. 


Fig. 59 shows the equivalent circuit when the insulation is not 
assumed to be perfect. The equation for a long line of this kind 


QUASI-STATIONARY ELECTROMAGNETIC FIELDS 297 


(the telegraph equation) can be obtained in a similar way and is 


Lag 1ag 
Sor tR =o oe (4) 


where & is the active resistance of the leads per unit length. 

363. From the solution of Eqn. (3) obtained in the preceding 
solution, we have w= vk, where v = c(LC)72 is the velocity of 
propagation of waves in the long line, k = mr/l, ry = 1, 2, 3, ...., 
and L and C are respectively the inductance and capacitance per 
unit length. In distinction to the line with lumped parameters, 
here the number of natural oscillations is infinite. This is due 
to the fact that the long line has an infinite number of degrees of 
freedom while with lumped parameters the number of degrees of 
freedom, N, was finite. The absence of dispersion is charac- 
teristic of a perfect long line. 

364. We shall use Ohm's law in the differential form Jj = 
= o(E + E,), where E, is the external field strength. The field 
strengths can be expressed in terms of the potential: 


Seas VOR _j 1 0A 
Bao aie gee eg re OF 


Assuming that the conductor is thin, we can integrate both parts 
of the latter equation along the circuit: 


fee a= G4. a+ hve a+ og Fal (1) 


The integral on the left-hand side of (1) is equal to the external 
e.m.f &, whichisappliedtothe circuit. The integral (3/0) -dl= 


= JR represents the Joule losses per unittime, while $ Ve -dl= 


= fag = 0. The last integral may be transformed as follows. If 


g(t—2 al 
A=<h r : 


(0 ja ae OD, Rater 


is substituted into (1), and the real and imaginary parts are sepa- 
rated, we have 


com aollerspg te) spp] 
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The expression in square brackets represents the complex 
impedance of the circuit. The effective resistance is equal to 
R+ R/,(w) where 

sin 


R= 5 § > dl: dV, 


The resistance R is associated with losses giving rise to the 
heating of the conductor, while R,(w) represents the energy lost 
by radiation and is referred to as the radiation resistance (cf. 
next problem). 

The reactance is equal to -iwL(w)/c* where 





L(o= Gh" a av 


is the inductance and is a function of frequency. 

Consider the limit where c/w = A/2m >> 1, where the quan- 
tity 2 is a linear dimension of the circuit. In the region of inte- 
gration wr/c <1. When the cosine is expanded into a series, 
and third- and higher-order terms are neglected, we have 


L(w)> } $= a —x($) § f rdl- dl’. 


The first term in this equation is independent of frequency and 
represents the ordinary inductance, while the second term gives 
a correction which is significant at high frequencies. In practice, 
the self-inductance should be calculated from‘(V.18), since the 





integral pp al-al'/r is divergent. This divergence is due to the 


fact that the conductor is assumed to be infinitely thin (linear). 

In the expansion for the sine in the expression for R,(w), the 
third-order term must also be included since the integral of the 
first (linear) term is zero. The radiation resistance is then 
given by 


Rw =— gb Gr di. dV’. 


365. L@y=Lp ee, 
2n? (2na\' 
R, (0) = 3 (=) 


The current-carrying ring acts as a magnetic dipole. The energy 
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emitted per unit time is equal to 2m?/3c? where m is the mag- 
netic dipole moment. The coefficient of proportionality between 
the emitted energy and the mean square current is equal to 
2n*a*w4/3c> and is identical with R,(w). 


2. Eddy currents and skin effect 
1 
ee ae 

368. Hi) = He Sarit erne) © Mea Tutt B= yam. 
When 6 «<h, the magnetic field is H(x) = Hyexp[-(h - |x|)/6}. 
When 6 >h, the field is H(x) = Hp (cf. Problem 247). 

367. Since the system is symmetric with respect to the axis 
of the cylinder and the primary magnetic field Hp is uniform, it 
is clear that the currents induced in the cylinder will follow cir- 
cular paths which lie in planes perpendicular to the axis. These 
currents will produce the same magnetic field as that due toa 
large number of separate coaxial solenoids. However, the field 
due to the solenoid is zero outside the system; inside it will be 
parallel to the axis of the solenoid. Thus, the total magnetic 
field outside the cylinder is equal to Hy while inside the cylinder 
it is given by the first equation in (VII.12), which in view of the 
axial symmetry is of the form 


sd a re 
ae rae Wee: 


where 


i 
east! HoH), H=H,=0. 





The boundary condition is H(a) = Hp. 

The solution which is finite at r = 0 and which satisfies this 
boundary condition can be expressed in terms of the zero-order 
Bessel function: 





Outside the cylinder H = Hy when a <7 <b, and H = 0 when 
y> b. The current density and the electric field inside the 
cylinder may be calculated from (VII.11): 


ke J, (kr) 
4x Jo (Ra) 





j=j,=0E = Hy, E,=E,=09. 
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To determine the electric field outside the cylinder we shall use 
the Maxwell equation for curl E in the integral form 


i 
bE, a=" [ B,as. 


Inside the cylinder there is only a single component of the electric 
field (Eq). It follows from the boundary condition on the surface 
of the cylinder and from the symmetry of the system that outside 
the cylinder the field E will also have the single component 

E , which is a function of 7 only. Ifthe contour of integration is , 
taken to be circular, the line integral turns out to be 27vE,. The 
surface integral may be evaluated with the aid of Eqn. (12) of 
Appendix II]. The final result is 





kcH, J,(ka) a Al 

E.= fer ea +> (r? — a), a<cr<s, 
kcH, J,(ka) a 0 

Ea et PGS tHE), > 


In the absence of the cylinder, i.e. when a = 0, the field is given 
by 
E,= FH (r<d), B=" (db). 

Thus, the additional magnetic field due to the presence of the 
cylinder is equal to zero for ry >a, even though the additional 
electric field is finite. This is due to the fact that the exact 
equation curl H = (8D/8t)/c which holds outside the conductor 
was replaced by the approximate equation curl H = 0 (the dis- 
placement current is neglected on the quasi-stationary appr oxi- 
mation). In the rigorous solution the additional magnetic field 
outside the conductor will also be finite (cf. Problem 418 where 
the diffraction of a plane wave by a conducting cylinder is con- 
sidered). 

368. At low frequencies (| Ra | < lor 6> a) 





and hence the current density is a linear function of 7 and is pro- 
portional to the frequency. 
At high frequencies (| ka\ > 1 or 6 «a) it is possible to use 
the asymptotic expression for the Bessel function and the result is 
cHy ,/ a (+i) 


pCa) a VR 
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When a - 7 > 6, the current density becomes infinitesimal. Thus 
at high frequencies the current is largely concentrated in a thin 
surface layer. 


369. 
nan’s? [ RJ, (Ra) ; 4xpaw 
To (ka) a 





co] 


When | ka| <« 1 (low frequencies) 


When |ka| > 1 (high frequencies) 





8 








ang? ( a ) oa ang? Qn? ww 


= g ¢c 6 


The energy dissipation at low and high frequencies is proportional 
to w* and w? respectively. 
370. , er ; 
a pyresic yar ia GEN fa eA AROD TY, * sg Bese 
ees die ah le at ka Ea: =! c 


When |ka| > 1 (high frequencies) 


°=—F(1-——) oe > ee 
4 ay 2now }* 4V Inow 


It follows that at high frequencies 8” — 0, i.e. the losses are 
reduced as a result of the absence of the field in the conductor. 


When |ka| « 1 (low frequencies) 
nasatw? ,, rataw 


OF a 
eo 12ct * one 8c? 





Thus B ~0 when w — 0; this is related to the fact that pw = 1, 
i.e. the static magnetic polarisability is zero. 

371. The magnetic moment due to the induced currents will, 
in view of the symmetry of the system, be parallel to the external 
magnetic field. Hence, the total magnetic field Hy outside the 
cylinder will be of the form 


4 . 2 

H()= 2S _ SH, (1) 
where m is the unknown magnetic moment per unit length of the 
cylinder, which is parallel to Hj, and r is the position vector in 


the plane perpendicular to the axis of the cylinder. The vector 
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potential corresponding to Hy is A, = 2(m x r)/r* + (Hp Xr). The 
components of A» are 


Ay = A, = (24+ Ayr) sina, Apia, 0, (2) 


The angle @ is measured from the direction of Hy. 

Thus, the vector potential in the external space has only a 
longitudinal component which is proportional to sina. The con- 
tinuity conditions for the field components at the boundary may be 
satisfied if the vector potential in the internal region is sought in 
an analogous form: 


A,,=4,= F(r)sina, Aj, =A,, = 0. (3) 


The electric field E will in general depend on both A and g. As 
usual, we shall impose the additional condition 
e 0p 

div AS i = 0: 
Since div A = 0, which follows from (2) and (3), we have 39/dt = 
= -iwg = 0 sothat E = -(8A/8t)/c = iwA/c. It follows that A 
will satisfy the same equation as the electric field [cf. (VII.12)}. 
The solution of this equation which is bounded at y = 0 is the 
Bessel function 


F(r)=CJ, (kr), Ay = CJ, (Rr) sina. (4) 


The constants C and m in (4) and (2) may be determined from the 
condition that the internal (H;) and external (H2) fields must be 
equal at y = a (surface of the cylinder). Using Eqn. (9) of 
Appendix III we have 





2H PH (, 2 Si (ta) 
Cua 2 (1 ka Ththa}) ”) 


It follows from the expression for m that the transverse magnetic 
polarisability of the cylinder 


a? 2 J, (ka) 
p=—Sf1 ae Gal (6) 





is larger by a factor of two as compared with its longitudinal 
polarisability (cf. Problem 370). The components of the mag- 
netic field inside the cylinder can be determined from (4) and (5) 
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and are given by 





os 10A J, (kr) _ 
A= a = 2H) krJ, (a) cosa, H\,=—0, a 
dA, Ty RPY«. 
A,=—>5 = 2 9"J, (ka) sin @, 


Finally, the current density is given by j = (c/4m) curl H, and 
hence 


, cH, J, (kr). * ‘ 
ja — Pe PUD aan, raj a0 5 





It is clear from this formula that the currents in the two halves of 
the cylinder, 0 < @ <7 and 7 < @ < 27, will always flow in oppo- 
site directions. The total current through the cross-section of 
the cylinder is zero. The radial dependence of the current is the 
same as for a cylinder placed in a longitudinal field (cf. Prob- 
lem 368). It should be noted, however, that for the longitudinal 
field the currents flow over circles in planes perpendicular to the 
axis of the cylinder, while for the transverse field the currents 
flow along the axis of the cylinder. 

372. The average energy dissipation per unit length of the 
cylinder is most simply calculated with the aid of (VII.17) by con- 
sidering the flux of energy through the lateral surface of the 
cylinder. From the results of Problem 371, we have 





ac’Hy _ / kJ, (ka) 
C= ie Re( Tr (Ra) ): 


The same result can be obtained with the aid of (VII.16) where the 
integration of the product of Bessel functions can be carried out 
with the aid of Egn. (13) of Appendix III. 

373. The electric and magnetic fields inside the cylinder 
may be found as in Problem 371 for a linearly polarised external 
field: 


Dy Sy (RP) og ce, ee MIO 
Akay H, = — 2iH, Tay * iis 


__ ickHy J, (Rr) pis 


2 2n Jo (ka) 





The force per unit volume of the cylinder is given by 
las 
f= 70H), (2) 


where it is assumed that # = 1 inside the cylinder. The radial 
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component of this force gives rise to a radial pressure, while the 
azimuthal component is responsible for a couple. Since j and H 
are complex quantities, the average value of the azimuthal com- 
ponent of the force is 


Fao Re (sy). (3) 


The couple per unit length of the cylinder may be obtained by 
multiplying the average force given by (3) by 7 and integrating 
over the cross-section of the cylinder. The integral may be 
evaluated with the aid of Eqn. (13) of Appendix III. The result is 


< aH, J, (ka) 
N= — rg Re(* Fh ikay)- (4) 
The same result may be obtained in another way. The 


moment of forces may be expressed in terms of the magnetic 
moment of the system 


N() = m () X Hy (). (5) 


Writing Nz = N interms of the complex amplitudes of Hy and m, 
and m in terms of the transverse magnetic polarisability of the 
cylinder (cf. Problem 371), we arrive again at Eqn. (4). 

At low frequencies, Eqn. (4) yields 





= 1 aH Taw 
Nyy = ar Moa", (6) 
while at high frequencies, 
N= 5 abit aos £4 __ py? (7) 
Brow 


It is clear from these formulae that the couple is zero both at very 
low and very high frequencies. If the field is linearly polarised, 
the average couple is zero (formally this follows from the fact that 
the integral with respect to a in the formula for N is zero; cf. 
Problem 371 in which Jj and H are found for this situation). The 
couple is produced by a “rotating” field. The induction motor is 
based on the phenomenon discussed in this problem. 

374. Consider a system of coordinates é, 7, z which rotates 
together with the cylinder and whose z-axis lies along the axis of 
the cylinder. In this system the external magnetic field may be 
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written in the form 
Hy O)= (Hy, — fH yp) entot, 


where Hp; and Hog are constant vectors of equal length Hy) and are 
parallel to the € and 7) axes. A field of this kind was discussed 
in Problem 373. The couple, which will tend to retard the 
cylinder, is given by 

— aH? 

N= — Tap Re(* aay): 

375. It was shown in the solution of Problem 367 that the 
currents induced in the cylinder as a result of changes in the 
external longitudinal field do not give rise to an additional mag- 
netic field outside the cylinder. Inside the cylinder, on the other 
hand, the field due to these currents is longitudinal and is a 
function of y only. This field satisfies the equation 


+a a t= 0. (1) 





It is clear that the magnetic field inside the cylinder will eventually 
be damped out. Hence, the special solution of (1) will be sought in 
the form F(7)exp(-yt) where y> 0 is a constant. The function 
F(r) satisfies the Bessel equation 


PY) ALP O+EF ()=0, “ 


where k? = 4nuoy/c?. 

The solution of (2) which is finite at 7 = 0 is of the form 
F(r) = Cd)(kr). Since the external field Hp is switched off, and 
the additional field due to the induced currents outside the cylin- 
der is zero, the condition at the boundary is H|,_g = 0, i.e. 


Jy (ka) =0. (3) 


It follows that k,a = Bn, m= 1, 2,...., where the quantities Bp, 
are the zeros of Jy. The possible values of y are 
on, 
In = 4xpsa? . (4) 
The general solution of (1) which corresponds to the boundary 
value problem under consideration is 


H(r, = DCglo Rt) ei, (5) 
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where C,, may be determined from the initial condition 


H(r, 0)= 3 Colo Fem!)- (6) 
Using the orthogonality condition 
1 
c 1 t 
| So Pm*) Sg nx) dx = 1S bl Bran (7) 
0 
we have 
a 
2 
Cn a ooysdYd?COA, 20S (Ar) dr. (8) 
a? [Jo (&q2))° i g 


Initially, the field H(v, 0) is equal to the external field Hp, since 
the constant magnetic field is unaffected by the presence of an 
infinite cylinder whose axis is parallel to it. Using Eqns. (12) 
and (9) of Appendix III we have 


2H, 

Cm = Tega) I, Cina ") 
The rate of attenuation of the field will be determined by the 
smallest of the yz, t.e. by yy. The latter quantity may be ob- 
tained by substituting the smallest root of the Bessel function 
(B, ~ 2.4) into (4). 

376. Onthe zero-order approximation (in frequency) the 

magnetic field inside the sphere is given by 


H=—5 Ho, (1) 


which was obtained in Problem 281. The electric field inside the 
sphere will be zero on this approximation [cf. (VII.11)], since a 
constant magnetic field does not give rise to an electric field. In 
order to determine the electric field on the next approximation 
(linear in frequency) we shall use Eqn. (VII.10) in an integral form. 

It is clear from the symmetry of the system that the currents 
in the sphere will flow in circular paths in planes perpendicular to 
Hp and the electric field will be inthe same direction. Inthe 
spherical system of coordinates with the z-axis parallel to Hg we 
have 


iw/T 


E= 2c 





rsind; Jock, (2) 


where H is given by (1). The heat @ liberated in the sphere is 
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obtained by integrating gq = ta E |? over the volume of the sphere. 
The result is 


3naSow?H, 


C= s2q-DF° (3) 
377. The magnetic field outside the sphere is 


3r(m-r 

NN eae 

where m = -a°H)/2 and B = -a3/2 is the magnetic polarisability 
of the sphere for a strong skin effect. Inside the sphere 


z 
OF ind, H,=H,=0, 


3 = 
Hy => — oy Hye 
where z iS measured from the surface along the inward normal to 
the conductor, and the polar axis of the spherical system is 
parallel to Hp; 
Qa ey EE Hh. 


2na 





378. For a strong skin effect the field inside the ellipsoid 
is zero, while the field outside the ellipsoid satisfies the equa- 
tions curl H = 0, div H= 0 and the boundary conditions Hylg = 0, 
HI ,. . © — Hy where Hy is the external field and S represents the 
surface of the ellipsoid. 

Compare now this problem with the case of a dielectric ellip- 
soid with « = 0 placed in a uniform electric field. The electric 
field outside the ellipsoid will satisfy the equation 


crlE=0, divE=0, (1) 
and the boundary conditions 


E, lie =cE,, int ls =9, E | E. (2) 


—> 
6r>o 


The conditions for the tangential components of E need not be 
considered since (1) and (2) uniquely define E in the external 
region. 

We see that the problem of a conducting ellipsoid for a 
strong skin effect is identical with the problem of a dielectric 
ellipsoid for which « = 0. The magnetic polarisabilities in 
the direction of the principal axes of the ellipsoid are obtained 
by substituting ©, = 0 into the formulae given in the solution 
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of Problem 200: 


V 


gi) a , 
4n (i — ni) 


(3) 
where nit? is the depolarisation coefficient and V is the volume 
of the ellipsoid. 

For a very prolate ellipsoid of revolution with semi-axis a 
and b > a (arod), we have (cf. Problem 198) 


2 1 
Bp =— 3%, By =— za. 


For a very oblate ellipsoid (b «a; a disc) 


gp=—, by =—+40%—>0 when b—>0. 


379. In view of the axial symmetry of the system, both the 
distribution of eddy currents in the sphere and the electric field 
will exhibit axial symmetry. Hence, the electric field will have 
only a single component, which cannot be a function of a, so that 
Eq = f(%, $). 

The solution of Eqn. (VII.12) for the resultant electric field E 
will be sought in the form 


E,=Fi(r)sins, £,=EF,=—0. 


Using the expression for the Laplacian of a vector in spherical 
coordinates (cf. Problem 47), we obtain the equation for F(r), 
and this can be reduced to the Bessel equation by substituting 
F(r) =r ?y(r). The solution of this equation which is bounded 
at yr = Ois 


4 (r) = AJ (kr). 
2 


The magnetic field inside the sphere may be determined from 
Eqn. (VIJ.10). The magnetic field in the external region is the 
sum of the external field Hy and the magnetic field due to the 
dipole m whose direction is parallel to that of Hj. Thus, 


or (m-r m 


The constants A and m can be determined from the boundary 
conditions for H at the suriace of the sphere. If the Bessel func- 
tions of half-integral order are expressed interms of trigonometric 
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functions, then 





m=— (1 —qar + A cotanta) Mo A= ee Hy. 
380. 
eee 3ad2H? (1 a _ sinh 20/8 + sin 2a/8 ). 
8 cosh 2a/3 — cos 2a/% 
381. 


Jy (Ra) 
R=ZV fre +9 Fey ay | 


where kc = (1 + i)(2mow)?, 
When |ka| <« 1 (low frequencies) 


reel +) 


where Ry = 1/noa’ is the d.c. resistance. 
When | ka| > 1 (high frequencies) 


=+-sa=G Ba 


It follows from the latter formula that the effective cross-section 
of a conductor for a strong skin effect is equal to 27a6. 














382. 
___ ob, (B83) sin 2h/8, — (0) +24) sinh 2h/%, + 20,8, cos 2h, 
~— Qac? (, sin A/d, +2, cos h/3,+(87 +83) sinh, 
where 
b= Te = 
383. 
2H, 


=F 
ku sinh kh +-2 cosh Bh’ 


where k = (1 + i)/6. 
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When | kh| « 1 (low frequencies), H’ = Hy and hence the pre- 
sence of the cylindrical shell has no effect on the magnitude of the 
field. When |zh| > 1 (high frequencies), we have 


h 
14+l) — 
sinh Rh =~ coshkh =~ +e! ae 


Since a > 6, it follows that 


; B a+) : 
H =(1—) ze 7 Hy Ho w> |. 

The strong reduction in the field is due to the fact that the currents, 

induced in the shell give rise to an additional field in the cavity 

which acts in the opposite direction. 


384. 
- «NT pwsw : sinh & (h — x) 
ine eka cosh kh : 


where x is measured from the surface along the inward radial 
direction; 


1 sinh 2h/3 — sin 2h/3 


=o eS 


When 6 «h, the hollow and solid conductors have the same 
resistance. 

385. Consider the cylindrical system of coordinates illus- 
trated in Fig.60. For a weak skin effect, the component of the 
magnetic field which is tangential 
to the wall of the tube at the sur- 
face S of this wall must satisfy 
the condition 


Hy, — Hy,= —t, (1) 


where i = ohE = CE isthe surface 
current and ¢ is the surface con- 
ductance. 
Fig. 60. The electric field will clearly 
have a single component only 
(z component) and should be continuous across S: 





E,=E,=E. (2) 


The remaining steps of the solution are very similar to those in 
the solution of Problem 159. To within terms of the order of l/a, 
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the equation of the boundary may be written in the form 
r=a-ttIcosa. (3) 


The vector potential, whose direction is parallel to that of the 
current, will be sought in the form 


A, =— 72 tn £4 C,rcosa +c, 
(4) 
A= — 22 | “+41 cosa 


where C, and 8, are functions of time and are of the first order 
of small quantities with respect to l/a, and J’ is of zero order 
with respect to l/a. 

For a weak skin effect (h «< 6), the vector potential satisfies 
the condition 


A;=A, for r=a-+lcosa. (5) 
Hence when terms of the order of (1/a)* are neglected 


aay C=0. (6) 


By=aC,+ 

The quantity Hy in the boundary condition (1) may be replaced by 

Hy. It can be easily verified that this will give rise to an error 

of the order of (1/a)*. Since 
OA 


fgets. E 


I 

mo 
[| 
I 

| 
ala 
a} & 


we have over S 


dA, OA, 4nt OA 


or or oc oe’ 





or, to within terms of the order of 1/a, 


2) ew 7) 4.9C, cosa = uaa l= é co) +a Se |cosa. 


c? | ca 








It follows at once that ¥ = g’, which is due to the fact that the 
skin effect was assumed to be weak. The differential equation 
for C, is 


52° 
acs pense cen. (7) 





The parameter p = c?/2nat is equal to the resistance per unit 
length of the tube in electromagnetic units. 
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The solution of Eqn. (7) may easily be obtained by the method 


of variation of arbitrary constants. It is of the form 
t 


2f a 
C= | ep 9 —_[F ()L (J at, 


where it has been assumed that the current is zero for f{ > -. 
The force f per unit length of the current 7 may be calculated 
from the formula 


1 , 
f,=— TIM, 


where Hy is the magnetic field along the straight line parallel to 
the current J due to the current flowing in the tube. The vector 
potential for this field is 

A’ =C,rcosa=Cy,y, 
and hence 


Finally, 


~ 


27 (t d 
f= ae fe age SF EON As 
-o 
Consider some special cases. When J = const, 
t 
2 ° 
f,= a e? (OL (2) de. 
-o 
When the current departs from the axis of the cylinder (I > 0) 
there will be a force tending to prevent this departure. For a 
slow motion (Z « pl), integration by parts will yield 


297 (1 i 
fe=aa(--at “s .). 
In particular, for a uniform displacement 1 = vt the retarding 


force will be 


29% 
Se= Gary’ 


386. 


29? (t) 1 (t 
f,= HO | 


Chapter 
8 


PROPAGATION OF ELECTROMAGNETIC WAVES 


1. Plane waves in a homogeneous medium. 
Reflection and refraction. 
Wave packets 


387. The amplitude of the first wave is E, = ae,, the ampli- 
tude of the second wave is E) = bexp(ix)e,; a@ and 5b are real. 
The resultant amplitude is 


E, = E, +E, =ae,-+ beie,. 


In order to discuss the polarisation it is convenient to shift the 
origin from which the phases are measured so that the vibrations 
taking place along the mutually 
perpendicular directions differ 
in phase by 1/2. Consider a 
new amplitude given by Eg = 
= E,exp(ia) = &'-i&”, where 
the vectors &’ and &” are real 
and &’- &” = 0 (Fig. 61). Hence 





& = acosa-e,+ bcos(2—y)-e, 
&” =asina-e,+ sin (a—y)-e,. 


(1) 


Fig. 61. 


The phase difference a may be 
obtained from the condition & : &” = 0: 


a’ cosasina—+ b? sin (a — yx) cos(a — x) =0, 
so that 


rae 
6? sin 2y (2) 


tan oa Fre gt cos Oy 


Having determined a from Eqn. (2), we can substitute it into 
Eqn. (1) and determine &’ and &”. Let us now introduce new 
axes x’ || &’ and y’||8” inthe xy plane. The components along 
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these axes are then given by 

E, =8' cos(k- r — ot +2), 

Ey = 6" sin (k - r — wf 4-4). 


It is clear that E2’ / 8’? + Ey /8"? = 1, i.e. the end point of the 
vector E describes an ellipse. 

In general 8’, 8” #0. The vibrations along the x-axis lead 
the vibrations along the y-axis by 7/2. If the x’, y’, z system 
forms a right-handed set (Fig. 61), then for an observer looking 
along the negative direction of the z-axis, the vector E will rotate 
in the anti-clockwise direction. The polarisation is then said to 
be elliptical and laevorotatory. Ifthe x’-, y’-, z-axes forma 
left-handed system, then E will rotate in a clockwise direction 
and the elliptical polarisation will be dextrorotatory. Circular 
and linear polarisation corresponds to 8’ = 8” and 8’ = 0 or 
&” = 0, respectively. 





Fig. 62. 


388. When x = 0, the polarisation is linear and the plane of 
polarisation contains the bisector of the angle between the x- and 
y-axes. When x = 7, the polarisation is also linear and the 
plane of polarisation passes through the bisector of the angle 
between the x and -y axes. When x = 7/2, the polarisation is 
circular and dextrorotatory (Fig.62a). When y= -7/2, the 
polarisation is circular and laevorotatory (Fig. 620). In the 
remaining cases the polarisation is elliptical and dextrorotatory 
when 0 < x < 7 [cos (x/2) > 0, sin(y/2) > 0), with axes as shown 
in Fig.62a and laevorotatory when -1< x < 0 (Fig. 625). 

389. When a= b the polarisation is linear. When a> b 
the polarisation is elliptical and dextrorotatory. When a < b the 
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polarisation is elliptical and laevorotatory. Circular polarisation 
occurs only when b = 0 (dextrorotatory) or a = 0 (laevorotatory). 
390. The amplitude of the resultant wave is 

E=E,+E, = E (el + e( e!s), 
where @ is a randomly varying phase difference and | E (t=-7, 
By definition, the components of the polarisation tensor are given 
by [cf. Eqn. (VIII.14)] 

1, =E,E HT) $e e%), (Fee, 

Averaging with respect to time yields exp (+iqa) = 0 and hence the 
polarisation tensor becomes 

j Ce non 

ik . 


sindcos$ 1!—cos?$ 


In order to determine the degree of depolarisation, the tensor 
I;,, should be reduced to the form 
Ii = Fyn lp Lynn» 
where J; and n) are determined from 
Tip, = Inj. 
On equating to zero the determinant of the system, it is found 


that 
J,=1-++cost, /,=1—cos#, 


and hence the degree of polarisation is given by 


1— cos} 4 
P= T+ cos 8 (0<d<35). 


In the above case the vectors n‘*) are real andtheir components 
are n‘) (cos 3/2, sin? /2) and n)(-sin 9/2, cos 9/2) (Fig. 63). 
The wave is completely polarised (although not monochromatic) 
when 9 = 0 (p = 0). When $= 1/2 
there is complete depolarisation 
(Pp = 1). The polarisation tensor 
is then given by I;, = [6;}. 
391. The polarisation ten- 
sor is given by 
h+sh oh 
as 
2 


lp= l 





Fig. 63, where the x;-axis lies along the 


316 ANSWERS AND SOLUTIONS, CHAPTER VIII 


direction of polarisation of the first wave. The degree of polari- 


sation is 
h+h—VG+R 
FE oS 
Khth+VR+G 


392. p= (1 -&)/(1 + &). Whené = 0 the wave is unpolarised; 
when & = 1 it is completely polarised. The quantity & is there- 
fore called the degree of polarisation. Substituting €; = &7; 
where 77 + 73+ 7% = 1, we have 


3 
I be 
f=] 


The first term in this expression corresponds to a completely 
unpolarised state, and the second term corresponds to a com- 
pletely polarised state. Incase (a), 73 = 1, 14 = No = 0. 


On comparing 
y 1 0 
=k 0 0 


with I;, = Ing nk, we See that in this case n; = 1, ng = 0, z.e. the 
tensor lik describes a wave which is linearly polarised along the 
direction of the x-axis (the waves propagating along the z-axis). 

Similarly, it is easy to show that in case (b) 7; = 1, 72 = 13 = 
= 0 and the wave is linearly polarised along the direction at 45° 
to the x-axis, while in case (c) 7) = 1, 7, = 73 = O and the wave 
is circularly polarised. : 

393. Since the vector E is linearly polarised, the amplitude 
Ey) may be assumed to be real. Since div E = 0, we have k’: Ey = 
= 0= k”-E), i.e. Ey is perpen- 
dicular tothe (k’, k”) plane. Since 
curl E = -(#/c)8H/8t, it follows 
that 

9) =’ X Ep, 


= Ho = k” X Ep, 





i.e. H, and #, are perpendicular 
to Ey and #, 1k’, #,1k”. The 
end point of the vector H describes an ellipse in the (k’, k”) plane 
(Fig. 64). 

394. Both waves will be elliptically polarised. One of the 
principal axes of the polarisation ellipse lies in the plane of 


Fig. 64. 
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incidence while the other is perpendicular to it. The semi-axes 
are given by the following formulae: 
(1) reflected wave: 


Bes tan (0) — 0,) E sin (8, — 89) 
i Van (Op -+ 0.) 0 “1 sin (0, +09) 
(2) refracted wave: 
2 cos 0, sin 0, ___ 2 cos 0 sin 0, 
a sitt (09 + 82) cos (U9 — Ue) ee a sin (89 + 0,) ~° 


where 09 is the angle of incidence, 6, is the angle of refraction, 
and Ey is the absolute magnitude of the amplitude of the incident 
wave. When 69 = 1/2 - 6, (Brewster's angle), the reflected 
wave is linearly polarised. 

395. Unpolarised (natural) light may be looked upon as an 
incoherent superposition of twowaves of “complementary” polari- 
sation and equal intensity. The incident beam can therefore be 
looked upon as consisting of two incoherent components one of 
which (£),) is polarised in the plane of incidence and the other 
(E,) is polarised in the perpendicular plane. The intensities of 
these waves are equal, so that Jy = i = I. 

After reflection the two components will remain incoherent. 
Fresnel's formulae then give 

2 a 2 
m= (lot EER 9) 


__ C0? (89 -+ 84) 
1” cos? (8) — 8.) 


<i, 


where e' and e' are unit vectors in the direction of the polarisa- 

tion of the transverse and longitudinal components. These 

vectors lie in the plane perpendicular to the direction of propaga- 

tion of the reflected light. The degree of depolarisation of the 

incident light is 1. The light becomes polarised after reflection. 
Similarly, for refracted light we have 


4/1 cos? 0, sin? 6, (c, it ere 
sin? (8) + 0,) Rk cos? (8) — 0,) 


Pp = C08? (0g — 4) < 1. 


2 
19 = 


396. 
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where &1 and €2 are the permittivities of the two dielectrics. 
397. 
E,1==(— 14 2cos 6) Ey o, En =(1— 2) Bw. 


Ei 2=2€cos GE) 0. E\2 = QE yo. 


The expressions for Ey, and Ey, will hold only if the glancing 
angle is such that @) = 1/2 -6)>|z¢]. The following formulae 
will hold for ¢ <« 1: : 





Ey. Ey2= Eo, 


E,=- a: 


where |¢| and @p are arbitrary. 
398. 


wht 


Ri =1— 4’ cos 6. 


R, is very nearly equal to unity for all angles of incidence and 
reaches a minimum at 6) = 0 (normal incidence). Moreover, 
4¢/ / 
Ry = Sees Ty when => — 6) > 4’, 
pias oe gee 
| ‘\2 v2 
(70 + 0’)? +6 
The angle gp at which Ry is a minimum may be found from 
the condition 8R\/8¢) = 0 and the result is 


ae 
fo = Dy = 6], Ry =e 


when o << 1. 


The angle #) is an analogue of the Brewster angle since the 
magnitude of Ry is a minimum at @p = ®o (when the wave is 
incident on the boundary of the dielectric at the Brewster angle, 
the coefficient &, is also a minimum and is in fact equal to zero). 

399. The polarisation of the reflected wave depends on the 
phase difference between the longitudinal and the transverse com- 
ponents. Using the results of the two preceding problems, we 
find that 


By im —Eyo=eL Ej 0, 8; =1; 
1 


En =[b>e] Evo tan 8) = — alas 


Pc aaa or 
=e 





z.e€. oT = Mil os 

Thus the phase difference is 6 = 6, - 6 = 7/2. In general, 
the reflected wave is elliptically polarised and one of the axes of 
the ellipse lies in the plane of incidence. When lEuy! = lE.,| 
the polarisation is circular. When Ey) = 0 or E,9= 0 the polari- 
sation is linear. 
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400. Fresnel's formulae give 


, __ Sim 0) tan 8) cos 2p wv __ Sin Qy tan 0» sin 2p sin 4 


~~ | --- sin? 2p cos & 1 -+ sin 2p cos 6 


(Ve—Ve')? 4 e’ (2na\2 
R= yeavert weaves V TCH) 
where e is the permittivity of the medium from which the light 
emerges, and ¢’ is the real part of the permittivity of the con- 
ducting medium. 

402. The phase difference between £1, Eg and E,,4, Eg may 
be determined from the Fresnel formulae: 


401. 





a By = V sin? 05 — n? = By _ Y sin? 0, — n? (1) 
2 cos 8, , 2 n? cos 65 


Since 6, # 6, the wave is elliptically polarised. 
The polarisation will become circular when the following con- 
ditions are satisfied 


b= b—8,; =F; Ey = Eo. 


The second of these conditions requires that the incident wave 
should be polarised in the plane making an angle of 1/4 with the 
plane of incidence. Let us consider whether the first of the 
above two conditions can be satisfied. From Eqn. (1) we have 


8 cos 8) V sin? 64 — n? 
Pg =o ar. aise (2) 


It follows that 5 = 0 when 6) = sin "!n and 6)= 1/2. The maxi- 
mum value of 6 occurs between these two points. It is easy to 
show that tan (6 mx/2) = (1 - n?)/2n. In order that tan (5/2) should 
be equal to unity (6 = 7/2), the following inequalities must be 
satisfied: 1-n* > 2n, n < 0.414. 

403, When the vector Ey is normal to the plane of incidence, 
the transverse and longitudinal components of Poynting's vector 
are given by 


c?k" 2h" 2 ot , 
Ti = fro Foe ? sin 2 (k’x — of), 


c7k” * (1) 
Ti = gra Fe 7 I — cos 2 (k’ x — wb), 
where the z-axis is normal to the boundary of the media and the 
x-axis is the line of intersection of the plane of incidence and the 
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separation boundary, 
k’=k, sin 6), k” =k, V sin? 6,—n?, 


where ky = wn,/c is the wave vector in the second medium and 66 
is the angle of incidence. 

It is clear from Eqn. (1) that the frequency of the vibrations 
in the direction perpendicular to the boundary is 2w. The time 
average of the energy flux entering the second medium is zero. 
The average magnitude of y; is not zero, so that there is a finite 
flow of energy along the separation boundary. 

The equation for the Poynting vector lines in the second 
medium is 


1 | sin k’x | 
z= 7 ln —a—, (2) 


where C is a constant of integration. Fig. 65 illustrates the form 
of these lines. Inthe first medium the y lines have a more com- 
plicated form. 





Fig. 65. 


404. In this case the law of refraction is 


ky sin 0g—=hysin®, k= LV, malty hy je 





= ki +iks, 


where Sin @) and cos 0, are complex quantities. Let cos 0, = 
= pexp (ia) where f/ and a are real constants which are functions 
of 69 and of the electrical constants of the medium. The para- 
meters £, a can be determined from 

2 


k 
pcos 2a = | =a sin? 6), 
Qhy kk, 
p* sin 2a = a ae sin? 6). 


The wave in the second conducting medium 2 is 


E,(r, )= E.e! (R,@) > T—wf) 
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Separating the real and imaginary parts of the product k,e,.-r we 
have 


Roe) r= (ky + iky)(x sin 8, + 2 cos 0) = izp (0) ++ xk, sin 09+ zq (4), 
where 
P(8))=p(A,sina-+k) cosa), 9 (8,)==p (2,.cos a — ky sin a). 
Thus, 


E, (r, t) _— E,e-P7e! (rk, sin 0,424 —wf) : 


It is clear that the directions of propagation and damping are not 
thesame. The planes of constant amplitude z = const are parallel 
to the surface of the conductor. The planes of constant phase are 
given by 


xk, sin 6) -+ zq (85) = const, 


from which it follows that the vector kj which defines the direction 

of propagation of the wave makes an angle ~ = tan '[k, sin 69/q(6o)} 

with the z-axis (Fig.66). The phase velocity in the conducting 
medium is a function of the angle 

of ong ‘“ of incidence and is given by 

Phys on wo 


plane of 
constant 
amplitude 








"ey (ak pacts. 
q° (8) + &; sin 8 


405. In order to determine 
the reflection coefficient for the 
plane layer it is necessary to 
find the relation between the 
amplitudes of the reflected and 
incident waves. This relation 
may be obtained by two methods. 

In the first method it is 
determined from the boundary 
conditions. Since the tangential components of the vectors E and 
H are continuous across the boundaries z = 0 and z= a, and 
since in front of the layer there are waves propagating in both 
directions while behind the layer there is only the transmitted 
wave propagating in the positive direction of the z-axis, we have 
from the boundary conditions 


Fig. 66. 


—2ik.a 
Aq + a3 2 
ET page te Fo a) 
12432 
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where E, and Ep are the amplitudes of the reflected and incident 
waves respectively, and 


l—ay, 1—ny — # ® 4 
a1, == ——— A, = >, Ap = om ky =— Ep. 
" 1+.’ 2 1 + 13 o ey” : ¢ Vey 


The second method of solution is based on a consideration of 
multiple reflections from the separation boundaries. Using the 
Fresnel! formulae at normal incidence, we find that the amplitude 
of the wave which has been reflected from the boundary z = 0 
only once iS &) = Qy2E). The amplitude of the wave which has 
entered the layer is &g = By).E ) where 


2 
a i 


The amplitude of the wave passing from the layer into the region 
z < 0 after single reflection at the z = a plane is 


8, = Bor 438 2Ee~7/* . 
The amplitude of the wave entering the region z < 0 after s 
reflections at z = a is 
6, = BorBiotog@ 2/2 (apyagge ~2/#92)>— 1 


The total amplitude E, of the wave reflected from the plane layer 
is equal to the sum of all the &,: 


E,= > &, = 4,£)+ Boiratase—"!* (ap, agge7 2k)?" 


s= 


i=) 


Using the formula for the sum of an infinite geometric progres- 
sion, this expression can be shown to be identical with Egn. (1). 

The reflection coefficient is defined by R = | E,|*/| Eo{\*. The 
minimum of R may be found in the usual way. The reflection 
coefficient is a minimum if the thickness of the layer satisfies the 
condition 


a=a,=nZ. n=, 2, 3. ..., (2) 


where Ag, is the wavelength inside the layer. 

Consider the minimum thickness of the layer a = A,/4. 
Equating & to zero, we find that the condition for the absence of 
reflection is 


i V e285. 
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406. The equation satisfied by the electric field is [cf. 
Eqn. (VIII.12)} 





a?E w? Ac 
“dz? @ ("sa ) =O (1) 
It is required to find the solution of this problem which is bounded 
for all z and satisfies the appropriate conditions at z ~ +. When 
z— -», the solution should be 


E (z)—> Ae!*ot +- Be !ho2, (2) 


where ky = u/c. This is a superposition of two waves, namely, 
the incident and the reflected waves. When z — +~, there should 
only be the transmitted wave, so that 


E(z)—>Ce'*?, (3) 


where k = we?/c. 

Let us substitute = -exp(-z/a) into Eqn.(1). The new 
variable is such that ~ <i< 0 when z varies from -© to +. 
Using the substitution E(t) = &~'*%y(é) we obtain the following 
equation for the new unknown function »(&): 


E(1— 8) }” +-(1 — 2ika) (1 — 8) Y + 20%) =0, (4) 


where x2 = wAc/c*. This is the hypergeometric equation. 

It follows from Egn. (3) that the function ~(é) should tend to 
a constant limit when > 0. The hypergeometric function which 
is a solution of Eqn. (4) and satisfies the above conditions is given 
by 


a a(a+1 1 
F(a, B. 7, = 14+ 2+ et ns 


The solution of Eqn. (4) may therefore be written in the form 
peer | 16a Seas o | (5) 


In order to find the form of the function » when & — -©, we 
shall use the asymptotic expression 


_ T@Mmre—s) -a, T@)P(@—) -B 
Fa, 8, y, )=T@Prq—a — T F@Trq—ey 9 . (6) 


An examination of this equation will show that the condition given 
by Eqn. (2) is satisfied. 
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The reflection coefficient is therefore given by 


r=|4[=| D (ikea) T [1 ~i(k + 4) aT [i(k +40) a]? 
~ [A T (— 2ikya) T [1 —é (& — hy) a) P [—t (R— fy) a) (7) 


This equation may be simplified if we recall that 


Tw 
sin nz * 





I’ (2ik,a) =| T (2ik,a) 
|e Cnaeay = | T* @ik,a) 





= 1 and P(zyPd—z= 


The final expression for A is therefore 


R— sinh? na (k — ho) 
sinh? na (k + po) (8) 


For small a (ka <« 1), the expression for the reflection coefficient 
becomes identical with the well-known expression which holds for 
a step change in ec: 


— (k=)? 


R= EER 


R is a monotonically decreasing function of a. For large ka, the 
reduction is exponential: 


R=e-*4, ka>> 1. 


407. For normal incidence on a non-homogeneous layer, the 
electric field is a function of z only and satisfies the equation 


aE 
dz? 


+p e(o, 2 E=0. (1) 


Let z; = mw’/4ne*Ny so that e = 1-z/z,. Substituting = 
= (Ww 2/0721) (z, - z) into Eqn. (1) we havet 


Fe thE =0. (2) 


The simplest way to obtain the solution of Eqn. (2) is to expand 
E(€) into a Fourier integral: 


E@)= f Ewer du, E(u) =x fe@e™ dt. 


——_—_— 
+ A similar equation is used in quantum mechanics to describe the motion of a 
particle in a uniform field. 
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Substitution into Eqn. (2) yields the first-order differential equation 
GEO) + wE(u) =0. (3) 


The solution of this equation is 
ate 
E(u)=A’e 3, 
hence 


co Tes 
E()=A’ fetG au, 
Rewriting exp -i(u°/3 - —u) in its trigonometric form and noting 
that the integral of sin (u3/3 - tu) is zero, we have 


E()= = cos (+ a bu) du, (4) 





The function 
1 us 
® (:) = fe (+) au 
is known as Airy's function. Airy's function may be expressed 
in terms of Bessel functions of order 4. Hence, finally 
E (&) = A® (— $). 


The constant A should be determined from the boundary condi- 
tions. 


Consider now the behaviour of E(é) at large |é|. Using the 
asymptotic form of #(£) we have for large positive & 


pi os Aes 2 ,3aR Tr 

ei ae (2s ae), 

so that the field is oscillatory in character. 
For large negative é, 


2. 3/4 
A -g lel 


E®)= ; 
» are" 





so that the field falls off exponentially. The reason for this is 
that negative € corresponds to negative values of the permitti- 
vity «. When «<0, the wave vector k = wer/c is purely imagi- 
nary, i.e. absorption takes place. However, this absorption is 
not a process in which the electromagnetic energy is converted 
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into heat. In fact, the absorption gives rise to a reflection of the 
wave from a layer with negative ce. This is so because the per- 
mittivity is real, and therefore there are no losses. 
408. 

Wx, 0) = A(x, 0) effor, 

where 
22® 
A(x, 0)=a,VnAke 4 


The amplitude A(x, 0) of the wave packet is gaussian. It becomes 
negligibly small when |xAk| >> 1. It follows that the width of the 
packet in ordinary space is related to its ‘‘width”’ in k-space by 
Ak-Ax ~1. This is a universal relation which holds for electro- 
magnetic or any other wave packets. It is of particular import- 
ance for probability waves in quantum mechanics, since it leads 
to the uncertainty relation for the space and momentum coordi- 
nates of fundamental particles. 

409. 

T(0, tf) = A(0, de-!s, 


where 
P Aw? 


A(O, t)=a,Vahwe 4 , 
At- dom 1. 


410. Axmin= A/(27Sin6), where 6 is the angle of the cone 
formed by the rays drawn from the objective of the microscope to 
the object under consideration. 

411. The wave pulse sent out by a radar set has a width 
Ax which is related to the transverse spread k, of the wave 
vectors by Ax-k, 21. On the other hand, it is clear that 
Ax/l = k,/k. Hence the uncertainty in the position of the object 


is 
Ax > Vin. 
412. The wave packet is described by 
3 
Vr, j= 4nay ar Js, (pq) ef (Kar —a0f) 


where d3(x) = (2/nx) (sin x/x - cos x) is the Bessel function and 
p=|r- Vot |. The group velocity Vg = 9w/8k is a vector with 
components 0u/8kx, dw/8k,, 8w/8kz. The amplitude of the wave 
packet is now appreciably different from zero only in the (spheri- 
cally symmetric) region pg < 1. 

It is clear from the expression for W(r, ¢) that the shape of 
the wave packet is independent of time. This is due to the linear 
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dispersion law which is strictly true only for waves travelling in 
a vacuum. When higher terms in the expansion of w as a function 
of k are taken into account, the packet will spread out, and its 
form will no longer be time independent. The packet as a whole 
moves with the group velocity Vo: 

413. Writing the function w() in the form 


w= 0-10, (B — Ro) + BR — Ry), 


we have 
(4-vgt 3 


yy, 
y —_ = ; kot ~ wy 
(x, D= ay oT H? Tealaty +! (Rok Q 


It is convenient to consider the square of the modulus of this 
expression: 
2 es lial 40 5 
A(x, t)/? = ———" e228), 
[AnD V a? + (62)? 
which determines the intensity of the wave. It is clear from this 
expression that the intensity of the wave as a function of x at 


given ¢ is a gaussian curve whose width / is given by 


pay EFA, 


Thus the width increases with time, but the height of the packet 
decreases, owing to the presence of the factor (a? + p?t?) oe 

The wave packet spreads out symmetrically both in the 
ft = +e and ¢ = -~ directions. This spread is not associated 
with the absorption of energy because is real. The absence of 


dissipation is clear from the fact that the integral Jl A(x, t)|*dx = 
oo 


= (n/2a)?a3 is independent of time, i.e. the “total intensity” is 
conserved. The reason for the spread of the wave packet is that 
the phase velocities vy = w/k of the various plane waves entering 
into the series which represents the wave are different: owing to 
dispersion, the ratio w/k is a function of k. 

414. When w <X wy 
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where ey) = €(0). When w >> ay 


In the latter case VgVg = ce. Near the resonance frequency 
(w ~ wo), the concept of group velocity loses its significance. 
415. It follows from the solution of Problems 412 and 413 


that the function describing the wave packet is 
E(x, )=E g(x, te! or-vh), 


The amplitude E9(x, t) varies much more slowly than the function 
exp [t(ko x - wot)] (the periods of these functions are in the ratio 
of Ak/ky). Neglecting the change in E) as compared with 
exp [z(Rkog x - wot)], we find from Maxwell's equations that 


H (x, = = E(x, N=y = Fol* t) ef (Ror — wef), 


The energy flux averaged over the period 27/w of the high fre- 
quency component is given by 


Te, D=CIR(EXMI= EY LE (x. NE(«x. 0. 


Since y = vw, the rate of energy transport is 


c dw 


C= FS SO . 
d —_— dk & 
Fe Ve) 


2. Scattering of electromagnetic waves by 
macroscopic bodies. Diffraction 


416. It is convenient to introduce cylindrical coordinates 
with the z-axis lying along the axis of the cylinder, and the angle 
a measured from the direction of the wave vector k of the incident 
wave. In view of the symmetry of the problem, the field vectors 
are independent of z, and the only finite components are E,, H,, 
and Ha. In what follows we shall omit the time factor exp (-iwt) 
and will use the wave equation (VIII.6) for E and the Maxwell 
equation given by (VIII.1). The first of these equations will give 
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E,, and the second will give H, and Hq in terms of Ez: 


1 0, 1 OE, 
A= d's ik or” (1) 








The secondary field E’ = E - Ey, which is due to the presence 
of the cylinder, satisfies the equation 
r Or\’ oF r? 


if 2 ES F 
1 @ (- dE )-t or Sar +E =O. (2) 


Let E’ = R(v)¢(q@) and separate the variables in Eqn. (2): 


“ , 2 
Rin +> Rin + (0? — Fe) R,=0, (3) 
o), + mo, = 0, (4) 
where m? is the separation constant. The general solution of 


Eqn. (2) is then the sum of the special solutions over all the 
allowed values of m: 


E’(r, a) = B®, (0) Ry (”)- (5) 


In order to obtain the solution of the Bessel equation 
[Eqn. (3)] in a form convenient for our purposes, consider the 
boundary condition for ry > ©. Since E’ represents the sccond- 
ary field, which is due to the currents induced in the cylinder, it 
follows that when vy — ~ this field will take the form of cylindrical 
waves, travelling in the outward direction. This means that E’ 
should, in this region, be of the form 


ikr 
E = 8): (6) 


The latter condition will be satisfied if the Hankel function 
HY (kr) is taken as the solution of Eqn. (3). For large ry this 
function is of the form (cf. Appendix III) 


5} Pe LE a 
Hm (kr) = age 7 ~ a) (kr >> 1). 


The second linearly independent solution will contain a term of the 
form const 772 exp (-tkr) which represents a cylindrical wave 
flowing in the inward direction. This wave cannot appear under 
the conditions of the present problem. Hence, the solution of 
Eqn. (3) may be written in the form R,,(7) = HW (rr). Eqn. (4) 
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has the following solution: 

®, (a) = Aone + Bae hae, 
Since the field remains unaltered when a changes by 27, the 
number m should be an integer. If it is considered that m may 


assume both positive and negative values, then the final solution 
will be of the form 


E‘(r, a= 8, 2 Am Hg! (kr) e'™* (7) 


At large distances (7) will become identical with (6) and 


1O=V ae Ant Meera) 


The coefficients A, inthe series given by (7) may be deter- 
mined from the boundary condition for the surface of the cylinder. 
Since the cylinder is a perfect conductor, it follows that 


E’+E,=0 when Fr>=@ (8) 
or 
elkacoss t+ SA, HI") (ka) e'™* = 0, (9) 
m= —oo 


Since the functions exp (ima) are orthogonal. we have 
Qn 


ff eittacose-m's\da + 2nAm' Hm) (ka) = 0. 
0 
and hence, using Egn. (11) of Appendix III. we have 





— isin (ka) 
™ HY (kay ” (10) 
The resultant electric field is therefore given by 
E(r, a) = 8 eikrcoss __ &> ps i au 'm (ka) HY (kr) ei, (11) 


The components of the magnetic field can be determined with the 
aid of Eqn. (1) and are given by 


: i™@ mdm (Ra H®) (kr 
H,=— &y sin aeikrcosa __ § >, m (ka) A ED ima, (12) 


HY (kay kr 


i™—ly (ka) = dH") (kr) 


HH. = — &)cos aeikrcosa +8» 
m 


Sh eee es ima | 
H) (ka) d (kr) : 23) 


The secondary electric field is transverse in all space; the 
secondary magnetic field becomes transverse at large distances 
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from the cylinder ky > 1 (wave zone), when the longitudinal com- 
ponent H, vanishes owing to the presence of the factor ky in the 
denominator. 

The surface current density can be determined from the 
boundary condition for the tangential component of H: 


i(a) = 1, (a) = H, (a, 4). 
Finally, the total current is given by 


f= E oat v A ue a cl 
=— x eaby| A 


AY (ka) 


417. Since the field is two-dimensional, the quantity d/ in 
the general formula dog = dI/¥ (VIII.22) must be looked upon as 
the intensity of secondary waves per unit length within an angle 
da, sothat dl = yrda. The effective differential scattering 
cross-section will then have the dimensions of length. Using the 
results of Problem 416, we have 


do, = |f (a)|?da, 


where 


Sif 2 pat eas 
ce zh od! H()) (ka) 5 2 
m 





In general, the latter result is very complicated. However, it 
becomes much simpler when ka « 1. It is then sufficient to 
retain only the term with m = 0, which yields an isotropic dis- 
tribution of the secondary radiation: 


mdz d 


os = Dein? (ka) In? (Ba) 


as. (2) 

The total cross-section is obtained by integrating (1) with 
respect to a. Using the orthogonality of the functions exp (ima), 
we have 


2 


Jn (ka) : (3) 


HY) (ka) 


m 








ms=— ca 


When ka «<1, Egn. (3) assumes the simple form 


ah 
°s = Fin? (kay ° 
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418. 


; 7 Ji, (#2) 
HL = Ho je cos 2 __ i@ daa H (kr) cm : 
; > HOY (ka) ™ 


. 1 ma mJ’ (ka) 
Se. of j ikr cos2 ;m ude (1) ima 
E == cl, sn ae + = », i HWY (ha) H) (kr) e/m |, 
Cc 


‘ 
J in (Ra) 


Ss (0) (Rr) co , 
HOY (kay ™ 


E= HH, cs aelkr cos a}. y qr 
where a is measured from the direction of k, and the axis of the 
cylindrical system of coordinates lies along the axis of the 
cylinder. 


do, (a) = Z0ey a(1—2cosa)*da, 


i= 4 nk Q4, 


419, 
ds, == cos’ pds, + sin’¢ dai 


Ww 1 
d=F (do, +d) . 


420. The unpolarised wave can be looked upon as a super- 
position of two incoherent components of equal intensity. The 
electric vector E of one of the two components can be taken to lie 
along the axis of the cylinder, while the electric vector of the 
other component is then perpendicular to the axis. The scatter- 
ing cross-sections for the first and second components were 
obtained in Problems 417 and 418. The degree of depolarisation 
p is given by the ratio of the intensities of the scattered waves: 


1 
o= —t — 7 (Ra)4 In? (Ra) (1 — 2 cos 2)’. 


Since ka « 1, it follows that » is very small, z.e. the scattered 
waves are almost completely polarised for all scattering angles. 
When cos a = 0.5, i.e. when a = 60°, the depolarisation coeffi- 
cient is zero. 


421. 


7 — J’ (ka) — itd, (ka) 
H.= kr cos 4 L pn) ima | | 
‘ a c BT! ita”) (Ra) — H® (ka) is eD , 
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where ¢ is the surface impedance of the metal, 
H,=H,=0, E=— curl H. 


422. 


, 2 2 
act ean YY 


4 7) 
m 


PON eta 


mom 


: 1 1)' 
tH) — HY) 











where ¢’ is the real part of the surface impedance. The cylin- 
drical functions Jm, Nm, and HS!) (cf. Appendix III) and their 
derivatives are taken at the point ka. The absorption cross- 
-section is given by 

2 





t r 
oo Qo = 2nal’ .y LaNm~SaN m 
a o = tH) ay HO) 





When ka <« 1, i.e. when A > a, the field in the neighbourhood of 
the cylinder is quasi-stationary (conducting cylinder in a longi- 
tudinal quasi-stationary magnetic field; cf. Problem 367). 
Hence, if we express ¢’ interms of the conductivity o with the 
aid of (VIII.9) and (VIII.11), we have the following expression for 


Q: 
9 
acF€o V Lo 
C= 8 2nz’ 


which is the same as that found in the solution of Problem 369 for 
a strong skin effect. 
423. Whenr>a 


fee) , / , / 
CJ (ka) J, (k a) —J,, (ka) J, CR a) 
2 = 8 efRrcos a} >> i™ —_ yin ; - oF n ; 
Pima H) (ka) J, (ka) — SH!) (ka) J, (k a) 
x Ho (Rr) ci | ; 


and when ry <a 


Peer y m Jm(k a) H) (ka) — J), (ka) HO" (ka) 


ee fe Fh pint 
7 1 m , 
Ji (Ra) H) (ka) — CJ, (a) HY (ka) 


where &) is the amplitude of the incident wave, ¢ = (u/e)?, k= w/e, 
k' = ()?/c, and the remaining components of E are zero. The 
field H may be calculated from the formula 


c 
H = >= curl E. 
tan 
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424. The dipole moments of 
the sphere may be written in the 
form 


= -i = -i 
p= 8,Eye-'", m= 3,,H e-!*", 


m 


where Bo and £,, are the electric 
and magnetic polarisabilities of 
the sphere, which in general are 
complex. 

The components of the vectors 
E and H of the scattered wave may be obtained from (XII.17) and. 
(XII. 20): 





Ey 


Fig. 67. 





w2F 
H, = E,=—-* (3, cos 0 +-B,,) cos a, 
o£, ; 
H,=—E,= ae (2, +8,,) sin a. 





The angles @ and a define the direction of scattering as shown in 
Fig. 67. 

The differential scattering cross-section can be determined 
from Eqn. (VIII.22) and is given by 





a ? = a [| 8, {2 (cos* 6cos2a + sin? a) zal 
+ |Brn|? (cos? 0 sin? a + cos?.a)-+ (3,2%, + 28,,) cos 4]. 
425. 


de, (6) = 5 | do, (0, a) +as,(0, a+5)|= 
=— [(18.|2-+ {Bma12) (1 +-cos? 6) + 2 (8,8%, + B°8,,) cos 9] a2, 
0g = Be +1 Bm 2): 

In order to determine the degree of depolarisation of the scattered 
radiation, it is necessary to find the principal directions of the 
polarisation tensor. This can easily be done in the present 
example because of the symmetry of the problem. For given k 
and n (cf. Fig.66), the special directions for Eg will be the direc- 
tion of the normal to the plane of scattering and the direction lying 
in the plane of scattering and perpendicular to k. 

The differential cross-sections for these two directions were 
obtained in the solution of the preceding problem. The degree of 
depolarisation p is given by the ratio of the smaller to the larger 
of these two quantities. When | Ban | < IBo l, 


da,(8, 0) | Ba +e cos 4 
x\ | fy, cos d+ 
ds, (», >) Fin Be 


2 
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426. For a dielectric sphere 


476 = y2 
do, = “s- (SS 5) (1 + cos? 9) i, 





e+2 
Brwia® fe —I1\?, “052 6 
id een Pr (Sy > %q= cos’. 


For a perfectly conducting sphere 


4@6 
405 cond = = [5 (1 +-cos? 6) — 8 cos 0) dQ, 
LOxw4a6 1—2cos 0 \? 
%s cond ~~ 3c#_*— Peond = (=r) . 


It is clear from the formula for dogg that the scattering cross- 
-section of a dielectric sphere is symmetric with respect to the 
forward (6 = 0) and the backward (@ = 7) directions. Moreover, 
dogq4(0)/dogq(m) = 1. The scattering cross-section for a 
conducting sphere is much more anisotropic and asymmetric: 
dds cond(9)/dog cona(t) = 1/9. Light scattered by a dielectric 
sphere through an angle @ = 1/2 will be completely polarised. 
Scattering by a perfectly conducting sphere results in complete 
polarisation when cos @ = 0.5 (6 = 60°). 

The above formulae for the dielectric sphere are rigorous 
provided it is possible to neglect effects associated with the finite 
velocity of propagation of the 
electromagnetic wave inside the 
sphere, 7.e. when the wavelength 
inside the sphere is large com- 
pared with its radius. For a 
perfectly conducting sphere, the 
wave will not propagate inside 
the sphere, and it is sufficient for 
the condition a « Xd to be satis- 
fied, where A is the wavelength in 
the medium surrounding the 
sphere. 

Fig. 68. 427. Justasin Problem 424, 
it is necessary to consider the 
emission of radiation by the induced electric and magnetic dipoles 
pandm. Consider the system of coordinates illustrated in 
Fig. 68. The vector k of the primary wave lies in the xz plane. 
Consider two conditions of polarisation of the incident wave, 
namely, (a) Eg lying in the plane of incidence, i.e@. the xz plane, 
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and (b) Eg normal to the plane of incidence. For (a) the component 
of the electric field which is parallel to the plane of the disc is 
given by Ey = -£), = Eo cos a, while the perpendicular com- 
ponent is given by Zo, = -Eg5= Eo Sina. On this approxima- 
tion (a « A), the electric moment p may be calculated on the 
assumption that it is the same as the static moment of a conduct- 
ing disc in a uniform electric field. 

According to the solutions of Problems 197 and 199, the longi- 
tudinal polarisability of the disc is B,\ = 4qa3/3n, while the trans- 
verse polarisability is B., = 0. Hence, 


. 4a3 i? 
p,=P, Hox = — je Focose, Py = p,=0. 


The magnetic field will only have a longitudinal component. 
However, the longitudinal magnetic polarisability of the disc is 
zero (cf. Problem 378), and hence m= 0. 

The differential scattering cross-section is given by 


16a%w4 
sr On2¢3 


da 





cos*a(1 — sin? § cos? ¢) d&, (1) 


and the total scattering cross-section is given by 


__ 128a%w 
oF mas PT) 





cos? a, (2) 


For condition (b) we have 


4a3 2a3 , 
Py =-3— Ep. P,=p,=09. m, = =— E,sina, m,=m, =0, 


+ 


7 





16a5a4 P Te 5 eo sa a ste 

do,.= wre |! + sin? 6 (= sin? a — sin? #) + sin t sin a cos @| dQ, (3) 
128a5a4 I ooo 

6.= + —. . . 

S. Wack (1 | sin a) 


For an unpolarised wave, we have from Eqns. (1), (2), and (3) 


8a%u4 ‘ 1, - 
de, = Serr | sin? (1 Saar sin? o — sin? acos® ¢) + 


+ cos?at- sin $ sin acos 9|ag, (4) 


128u%* ( 
Ss "D7 re! ( - 


428. 


Wigio2 ath? (e — 1)? 


iBetz? (i + cos?) d@, 
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where ‘} is the scattering angle, and hence 


Brath?w' (e — 1)? 
i mune (al 


429. Consider the coordinate system shown in Fig.69. The 
vector k of the primary wave lies in the xz plane. The cylinder 
may be approximately represented by an elongated ellipsoid of 
revolution with semi-axes a and 
h. It follows from the solutions 
of Problems 197, 198, and 378 
that the longitudinal component of 
the electrical polarisability of a 
very elongated ellipsoid of revolu- 
tion is larger than its transverse 
electric and magnetic polarisa- 
bility by a factor of roughly h/a. 
Hence, this scattering cross- 
-section will be very dependent 
on whether there is a finite longi- 
tudinal component of the electric 
field in the incident wave. If this 

Fig. 69. component is appreciable, then 
the secondary radiation will be 
due to the z-component of the electric dipole moment. The 
remaining components of the electric moment, and also the mag- 
netic moment, may be neglected. Assuming that Ep lies in the 
xz plane, we have 





wht 
9c4 In? (A/a) 
8x4 h® 
°s = D7" Tn? (ha) 


do,= sin? a sin? dQ, 


sin? a. 


If the longitudinal component of Ey is zero, then the scattering is 
due to the transverse components of the electric moment and 
the magnetic moment, which have the same order of magnitude. 
Then, 
do, = 20" 11 + 2n, sina)?+ 3cos?a+ 
+ n? (4 — sin? a)+ 82, cosa+ 2n,n, sin 2a] dQ, 


40zxath2w! 3 2 
6, = ae (1 += cos a), 
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where n; (t =x, y, z) are the components of the unit vector in the 
direction of scattering. The scattering cross-section for an 
unpolarised wave is given by 


ds, wh 


= inte eine 
dQ = TBet in? (Ajay SiN’ a sin? P, 
eee 4xw'h6 +9 
s = D7 in? (hjay I 7 


430. When the vector Ey is polarised in the xz plane 
(Fig. 69), 








4w1ath? —1\? 1 : 
ea (5) [(1 — 22) costa +3 (e+ 1)°(1 — 12) X 
X sin?a —F (+1) n,n, sin 2a] a2. 


When the vector Ey is polarised at right angles to the xz plane 








_ 4wtath? ( e—]1 


a3.) = 9c4 e+] 


2 
7 ) -(1 — sin? 8 sin? @) dQ. 


431. The total intensity of the electric field at a general 
point in space may be written in the form 


E(r, E(t. +E(r, O), (1) 


where Eo(r, £) = & exp [t(k-r - wt)] represents the incident wave, 
and E’(r, £) represents the scattered (secondary) radiation. At 
each point inside the body (which may be inhomogeneous) the 
polarisation vector P(r, f) is proportional to E: - 


P(r, )=LO Br, HH a(r)E(r, 2). (2) 


The secondary field E’ is due to the electric dipole polarisation 
which is distributed throughout the body with the density given by 
(2). In order to calculate E’ consider the polarisation potential 
(Hertz vector) Z(r, t) which is due to the polarisation P(r, ¢) 

(cf. Chapter XII, Eqn. (XII.13)]: 


 (RR—w!) 
Z(r, j= freer” wv. (3) 


Substituting 


E’ = curlcurl Z — 4nP (4) 


into (1), and omitting the common time factor exp (-twt), we 
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obtain the following integral equation 


’ , ikRR 
E(r)= &,e! (Ker) 1. curl curl f one Jee me dV’ —4xe(r)E(r). (5) 





This integral equation may be useful in the solution of problems 
associated with the scattering of electromagnetic waves by bodies 
whose permittivities approach unity. In such cases, the integral 
term in (5) is small because a = (e - 1)/4m is small, and the solu- 
tion can then be found by the method of successive approximations 
in the form of a power series in @. 

432. Inside the sphere (7 < a), the integral equation (5) of 
the preceding problem will be of the following form 


elkR 


a av! — dno, (1). (1) 





E, (r) = & 2! P42 curl curl { E, (r’) 
Outside the sphere (7 > a), 


e! 


Lae a) 





E, (r) = & e! (Kr) 1. @ curl curl i E, (r’) 


where a = (€ - 1)/4m «1 is a constant, and the integration is 
carried out over the volume of the sphere. 

The solutions inside and outside the sphere may be sought in 
the form of a power series in @: 


EB, = E04 cE + iw... Eo EP +aE?)4+ ... 


On substituting these series into (1) and (2) and equating the coef- 
ficients of equal powers of a, we have the following zero-order 
approximation: 


0) — FO) — & pi (kr 
ES EP = Bye! He, 


which is the undisturbed incident wave. The next approximation 
yields 


Q) 2 e! (K-r'+RR) ; 
Ey’ = carl curl f & R dV! — 4n8e§ 1), 
‘ pl (Ker +R) 
EY = curl curt | & —p_ av’. (3) 


These formulae will hold provided the correction term aE‘ js 
small compared with the main term &p, 7.é. 


[aE |<< 8). 
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This inequality should be satisfied for all y. By estimating the 
integrals in (3) it is possible to derive the condition which must be 
satisfied by w, ce, anda. 

To calculate the cross-section, it is sufficient to determine 
the field at large distances from the sphere. R in the denominator 
of the integrand can then be replaced by 7, while in the argument 
of the exponential it can be replaced by ry - n-r’ where n= r/r. 
The result is (omitting subscripts): 


1 eikr F 
E” = carl curl & ——— fie! (kK-kn)-r! gy?, (4) . 


The difference k - kn represents the change in the wave vector on 
scattering. Let this change be denoted by q where q = 2k sind/2 

and @ is the angle of scattering. In order to evaluate the integral, 
take the polar axis in the direction of q, when 


f el (q:r)p”? dr’ dQ —4r sin ga — cos ga 
In evaluating the double curl in (4) retain only terms proportional 
to 1/r, so that 


carl curl & = = k(n X (& X n)] 


r 








eikr 
; Fi 


Finally, the expression for the secondary field E’ = aE” is 


é — {kr 
oe AS in x (8 X m1 ¢ qa) ~ 


E/ = (5) 





r , 
where 


3(si — : 
9 (qa) = Se) — 3y Gar Pn (92). 


Compare the expression given by (5) with the expression which 
holds for small a (cf. Problem 426). Taking (5) to the limit 
ga <1, 


was eg — ] efkr 


EB’ = 3 In X (& X0)] =, (6) 








since y(qa) ~ 1 when ga «1. On theother hand, if E’ is evaluated 
from the formula 
ikr 


E’=nX (p Xn), 
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where 





—1 
p= ee a%&) 


is the static dipole moment of the sphere, we have 


,_. wat e—] aus 
rg. eae EK 





(6’) 


It is clear that the factor 1/3 has been replaced by (ce + ayn 1, How- 
ever, this difference between (6) and (6’) is not really significant 
because (6) is valid only to within a factor (ce - 1). 
The differential scattering cross-section is 
do,(f, a) wta® (e — 1)? 


dQ Oct 9? (ga) (sin? 2+ cos? acos? 9) (7) 


where the angles @ and a are defined in Fig. 67. 

This cross-section differs from the scattering cross-section 
for a small dielectric sphere (cf. solution to Problem 426) by the 
presence of the new factor y"(qa) and the fact that the term 
(e + 2)? in the denominator has been replaced by 9. The new 
factor, y"(qa), represents the interference between secondary 
waves from different elements of the sphere. The degree of 
depolarisation of the scattered light will therefore be the same as 
for a small dielectric sphere: 


p = cos? 0. (8) 
Averaging over the polarisations yields 


6(-—])? 
ts (0) t= Se erga) + cos? A). 





Finally, consider a very large sphere (ka >1). If the angles 
are such that ga >1, then g(qga) — 0, and the cross-section for 
this range of angles is very small. It follows from the explicit 
expression for g that ga >> 1 is equivalent to the condition 
@ >>(ka)"!. Thus, if the sphere is large, the scattering is mainly 
in the forward direction, in the angular range @ < (ka)7}. 

We note that the method involving expansions in powers ofa 
small parameter, which is used in this and in the preceding prob- 
lem, is analogous to Born's method in quantum mechanics. The 
latter method is widely used in the theory of scattering of particles 
by quantum mechanical systems. 
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433. When ka > 1, the function vy? (qa), which enters into 
the expression for the differential cross-section (cf. preceding 
problem), is appreciably different from zero only within the 
angular range 0 < (ka)"'. In this angular range, the factor 
(1 + cos?6) may be regarded as constant and equal to 2. Hence, 


s§ Gc! 


¢ — Pete C=" ff 62 (ga) sin 0d, 
v0 


Substitute y = ga = 2kasin@/2. Inthe limit ka >1 


nw2at (e — 1)? 
ae 18c? 


For a small sphere (ka «1) we can replace «= + 2 by 3 (cf. solu- 
tion of Problem 426), so that 


8xwia (s — 1)? 
Sy Ie 


As can be seen from these results, the dependence on the fre- 
quency and on the radius of the sphere is different in the two 
extremes. Thus, the frequency dependence is of the form ~ w4 
and ~ w*, while the dependence on the radius is of the form ~ a8 
and ~a‘, 
434. Consider the result 
og — eRe f (EX HY): n2a9, (1) 
0 

where n= r/yr and og isthe absorptioncross-section. The integra- 
tion is carried out over the surface of a large sphere surrounding 
the scatterer. Eqn. (1) expresses the fact that the scattering 
cross-section is proportional to the energy flux through the sur- 
face of the sphere in the inward direction. Substituting the expres- 
sion for E (as given in the problem) into (1) and the following 
expression for H 


‘ iar 
H= Ey (my) X ee + (In X Fin] =| 


and remembering that n-F(n) = 0, we have 


\ R ‘~ [Fl]? 
ger ROME hee gs Se ek 
0 


elk (r-2z) 





+ 


eaik (7-2) 


+ ele’ FY + ay: n)(et- FY) — (en) (ny - FY) (2) 


+ Fle F) +i, - nye - F)—(e- any - FY] 


r 
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The integral of the first term with respect to the angles is 
zero, while the integral of the second term is equal to the total 
scattering cross-section o,. The integrals of the remaining 
components may be transformed by integrating by parts: 


1 Fon, -n)(e- F)e*® ("072 dQ = 


Qn 
] $e=rn 
iT defy aye Ramones — 
(0) 


iT 


— | eikr (1—cos 9) _— (ny: n)(e- paces. 
0 





Repeated integration by parts in the last integral will give terms 
proportional to 1/r, and may therefore be neglected. Moreover, 
the term with the oscillating factor exp (2ikr) canalso be neglected, 
since it will not contribute to the total energy flux. In order to 
show this, we recall that strictly monochromatic waves do not, 

in fact, exist. In reality, any “monochromatic” wave is really 

a superposition of harmonics whose frequencies lie within a more 
or less narrow interval Ow. Since + is large, the result of 
averaging the factor exp (2ikr) over any such interval will be zero. 
It follows that 


2ni 


1 f(y. n)(e- F) ef ("72 dQ — = (e - F (ny)]. 


The integrals of the remaining components may be evaluated ina 
similar way. Terms containing the factors (e-n) and (e*-n) will 
not contribute to the final result in view of the fact that (e-np) = 0. 
Substituting the evaluated integrals into (1), we have the following 
final expression 


o, = = Im [e - F (n,)). (3) 


The latter result admits of a simple physical interpretation. The 
total cross-section is a measure of the attenuation of the primary 
wave. This attenuation is due to the interference between the 
incident wave and that part of the scattered wave which has the 
same polarisation and direction of propagation as the incident 
wave. It follows that the total cross-section depends on the for- 
ward scattering amplitude. 

435. The scattered wave is due to the electric and mag- 
netic dipole moments which are induced by the incident wave. 
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The scattering amplitude F(n) (cf. preceding problem) can be 
determined from (XII.17) and (XII.20). 


The final result is es 


Gara (Ge 0 ,)- 
436. a, = 6xb% : 
437. The force is in the direction of the wave vector of the 
incident wave, and is of the form 


P= Blo,+ fd —cosay( ee 5 (8, 22) a0], 


where Yq is the average energy flux density in the incident wave, 
and the integration is carried out over the entire solid angle. 
438. For a perfectly conducting sphere 


43a%w* 1.2 
96c" “9 





F= 
For a dielectric sphere 


P= ga (Sea) 


439. The diffraction formula (VIII.25) may be used. The 
plane in which the screen is located can be taken as the plane of 
integration. It follows that on the surface of integration 

pikR, 


u=A R? 





dS,, = 2nrdrcos(R,, 2) = 2n dr, 
i 


where A = const. Substituting these expressions into (VIII.25), 
and transforming to the new variable p = R + Ry, we have 


w 


: eik(R+R) : elke 
Up (Z) = — (RAZ, Pi “UR { Ri Gy oP (1) 
a Po 


where 


oo =Varpe+ Varta, 


Integration by parts may be used to rewrite (1) in the form of a 
scries with increasing negative powers of kp. Since A <«< a, the 
higher-order terms are negligible, and only the first term need 
be retained. Hence, 
zelk Varese 
Up(Z) = 4 Sa aa 

where Uy = A(a® + Ziye exp [ik (a? + 22/2] is the amplitude of 
the incident wave at the surface of the screen. Since the intensity 
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is proportional to the square of the amplitude, we have 
21 
Veit 2+y a?-+ 2°) 
At a point which is symmetrical with respect to the screen (z2,=2Z) 
the intensity is given by 


I@M=ly (2) 


AO, ee 
4 at+tz27° 
It follows that a bright axial spot will appear for points which are 
not too close tothe screen. This result, which is in conflict 
with the hypothesis of the rectilinear propagation of light, was 
first theoretically predicted by Poisson in 1818. He used this 
result as an argument against Fresnel's theory of diffraction and 
the wave theory of light as a whole. However, experiments 
carried out by Arago and Fresnel confirmed the presence of the 
bright spot which appears as the result of the symmetry of the 
screen. Waves from the zone surrounding the periphery of the 
disc arrive at the axial point with equal phases. It is clear that 
all points lying along the axial line will have this property, and 
at such points the intensity will be much greater than at neigh- 
bouring points which do not lie on the z-axis. 

440. Using the Babinet principle (cf.VII.27), we have for 
2 21 >> a 


j= 1, sin? a 
where I) is the intensity of the primary wave at the aperture. 

441, When z >a, I = 41) sin’ (ka’/4z). The intensity along 
the axis of the circular aperture oscillates, decreasing to zero 
for z -~°©, The reduction in the intensity is due to the fact that 
the parallel incident beam becomes divergent after diffraction at 
the aperture. 

442. Using (VIII.26) we have, in the case of Fraunhofer 
diffraction, 





ee {aJ/, (ak2) — bJ, (bk) |? 


a2 


dQ 


where @ is the angle of diffraction, and /) is the intensity of the 
incident light. For a circular aperture 


J} (aka) 
ap aba d®, 


where Ij ~ ma? | up |? is the total intensity of the radiation incident 
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on the aperture. 
443. The diffracted wave is given by 


ERR, . 
Uoe e iq.cr 
Pe | ae 


= 2niRy 
where k’ - k= q; q, and q, are respectively the components of 
q in the plane of the screen and in the perpendicular dircction. 
It is convenient to use polar coordinates with the origin at the 
centre of the aperture and the polar axis in the direction of qy. 
This yields 


*RR 
__ ue“ R cos 0 f ~tqyr cos 
in=——ouR, fe rdrdg, 


where @ is the angle of incidence. Using Eqns. (9) and (11) of 


Appendix III, we have 
J2(q, 
al = |ap[? Ria@ = /, 4 ao 
“4 


where I ~ | uo |*za*cos@ is the total intensity of the light incident 
on the aperture. 

Assuming that the angle of diffraction a, i.e. the angle 
between k and k’, is small, we have 


g. =hkaV 1 — sin? bcos? a’, 
Jj 2 (pax V 1—sin? 0 cos? a’) 4s 


x2? (1 — sin? 8 cos? 2’) 





dl = 1, 


where a’ is the azimuthal angle between q and the planc of inci- 
dence. The latter formula does not hold at glancing angles 
(9 ~ 7/2). 

444, Application of Kirchhoff's formula in vector form (VIII.28) 
yields the following expressions for the radiated ficld 


efkR / sin ka sin kyo , 
Ey =H, == — tkabe£, 7 —_—- ; (1 -+ cos 9) sin a, 











ka Ryd 
efkR F sin kia sin kyb é 
E_ == — H, = — ikabE,, —— 7 ; (1 + cos 3) cosa, 
> zR ka kb 


where 6}, @ are the polar angles measured from an axis perpen- 
dicular to the plane of the aperture; ki = k sin) cos @ and ky = 
= k sin) sing are the components of the wave vector of the dif- 
fracted wave. 
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The angular distribution of the radiation is given by 


abk? sin kia 2/ sin kb \2 
di =1, ——— } (14 cos 3)? a@, 


4n? kia hyp 








where I) = (cab/2n)ER is the intensity of the incident wave. 

445. Let the x-, y-, and z-axes lie in the direction of the 
vectors Ep, Hp, and k respectively. The radiated field will then 
be given by 





tbe ikR ; 
Ey = H, = — tte Fo : ra ASS") + cos 4) cosa, 
E ika’E, e!®R 7 J, (ka sin 9) 9) si 
ee oe a (Se ) (1 +-cos )sina, 
1 J, (Ra sin %) \2 tees 
di == 1,(—?) (1 + cos)? dQ, 


where Ig = (ca*/8)E% is the intensity of the incident wave. When 
’ <1, we have 


J? (kad) 
or aa 


di =I, Q, 


This result was obtained in the solution of Problem 442 with the 
aid of the scalar diffraction formula. 


3. Plane waves in anisotropic and gyrotropic media 


€,—¢,)sin6cos 0 é 
446. oso ee tan} = — tand. 
V et cos? 64 2% sin? 6 I 


447. The boundary conditions for the field vectors will be 
satisfied at all points on the boundary of separation when the tan- 
gential components of the wave vectors of the incident, reflected 
and both refracted waves, are equal at the boundary of separation. 
For the ordinary wave this gives 


: td 
, _ ar sin Ds —. 
Ro sin 9 — Ry sin Oo, Sin 0, = Vevp. 


The ray direction (the direction of the Poynting vector) in the ordi- 
nary wave is the same as the direction of the wave vector, and is 
therefore at an angle 03 to the normal to the boundary. In the 
case of the extraordinary wave 


©) eu 
é : Nn dri 
k. sin 0, = &, sin 0° = 2, sin 0° = + Or 
2 q 7 ¥ 7 ey sin? 05 + ey cos? 0p 
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{cf. (VIII.30)]. Hence, 
ey sin? 8, 


. 2 “a 
sin? = : ; 
ae &y eye (ey — ©) 50? 8, 





The angle 9” between the ray and the optic axis (which is parallel 
to the normal to the separation boundary) is, in accordance with 
the result of the preceding problem, given by 


fal : V =) sin 8 
tanv — —— tan 6, SS 

eI V ej (eye — sin? 6) 
The angle of reflection from the crystal is equal to the angle of 
incidence, just as for an isotropic medium. 





Fig. 70. 


448. The ordinary ray lies in the plane of incidence, and 
makes an angle 05 with the normal to the surface, where 


sin §, = Ve,» sind. 


The wave vector k, of the extraordinary wave lies in the plane of 
incidence and makes an angle 03 with the normal, which is given 
by 

e sin? 6 

wt zit 0 

sIn*Y, == een +() — &4) sin? 0), cos? a 

The ray direction in the extraordinary wave does not lie in the 
plane of incidence. The ray direction lies in the same plane as 
k) and the optic axis, and makes an angle # with the latter, where 
(Fig. 70) 

) eck -- 2) (=) — en) sin? 69 cos? « 


En sin Uy COS z 


tan }—= 


PROPAGATION OF ELECTROMAGNETIC WAVES 349 


449. Substitution of the plane wave expressions for E and H 
into Maxwell's equations (VIIJ.1)—(VIJI.4) produces the equation for 
the amplitudes and the wave vectors of waves which may propagate 
in the given medium: 


we 
C2 


kX (kX Hy) = — 





Hy. (1) 


Let 0 be the angle between the wave vector k and the z-axis, and 
consider the components of (1) along the coordinate axes. 

A biquadratic equation in k is obtained by equating the deter- 
minant of the system to zero. The solution of this equation is 


b? wen, we sin? 6+ (2 1 /ey) = V v? sin? 8 + (2Qua/\)? cos? 0 
i= ) ; 


2 2c? ( [M4 —l)jsin? 0+1 








(2) 


where 
a WH . 
a 

Two waves can propagate in each direction with different 
phase velocities v4 2 = w/k4 9. These velocities are functions of 
the angle 9. There are no directions for which the two phase 
velocities are equal, since the expression under the square root 
in (2) does not vanish for any value of 6. With Hg = 0 in Eqn. (2), 
the latter will give the phase velocities of waves which can pro- 
pagate in a non-gyrotropic but magnetically anisotropic crystal: 


w? w? eu) € 

ieee oat n= C2” “ay cos? aah sin? 6 * 

The first of these waves (ordinary waves) has a velocity v, = 
= c/(ep,)'? which is independent of the direction of propagation. 
The velocity of the second wave (extraordinary wave) is a function 
of the angle between the axis of symmetry of the crystal and the 
direction of propagation. The two velocities are equal, and the 
two waves become indistinguishable, when the direction of propa- 
gation is along the axis of symmetry (6 = 0). 

450. Two waves can propagate in any direction with phase 
velocities V4 \. = w/Ry 2, where k, 2 is given by Eqn. (2) in the 
solution of the preceding problem, in which the magnetic quanti- 
ties should be replaced (for the purposes of this problem) by the 
corresponding electrical quantities. 

451. A plane wave propagating in the direction of a constant 
magnetic field will split into two waves with opposite circular 
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polarisations and different phase velocities vs = c[e (HM, + Hg)) 7”. 
When the propagation takes place at right angles to the constant 
magnetic field, one of the waves [velocity v = c/(euy)'/*] will be 
purely transverse (Elk, Hlk). It is analogous to the waves 
which propagate in an isotropic medium with scalar parameters ce 
and wp = Li. Inthe second wave {velocity v= c{Ha/e(y? - pei?) 
the vector E will be parallel to the constant magnetic field, while 
the vector H will have a component in the direction of propagation. 
Thus, a wave with an arbitrary polarisation will split into two 
linearly polarised waves. 

All the results obtained in this problem remain valid when « 
is a Hermitian tensor and wp isa scalar. All that is required is 
that the magnetic quantities should be replaced by the correspond- 
ing electrical quantities, and vice versa. 

452. It was shown in the solution of the preceding problem 
that two waves with different phase velocities and opposite circular 
polarisations can propagate in the direction of a magnetic field. 

It follows that a wave whose polarisation is not circular will split 
into two circularly polarised waves. Since the phase velocities 
of the two waves are different, the phase difference between them 
will vary from point to point, and hence the polarisation of the 
resultant wave will be different at different points. 

A detailed calculation will show that the polarisation of the 
resultant wave will remain linear, but the plane of polarisation 
will rotate through an angle x = (k+ - R-)(z/2). This is known as 
the Faraday effect. The quantities ks and k- are the wave vectors 
of the two circularly polarised waves, and may be found from the 
solutions of Problems 451 and 318. For a weak magnetic field 


y=VHz, 


where V is the Verdet constant. When the atoms of the material 
may be looked upon as harmonic oscillators, the constant V is 
given by 

_ 27e3N w? 

amc * (0? — 02)? : 


/2 is the refractive index in the absence of the mag- 


where =e 

netic field. 
453. It follows from symmetry considerations that the wave 

vectors of the reflected and transmitted waves should be perpen- 


dicular to the separation boundary. Both waves will be circularly 
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polarised in the same direction as the incident wave. The ampli- 
tude of the reflected wave is 





ie Al SOR 
Vet+Ve, tp 


where Hy is the amplitude of the incident wave, e« is the permit- 
tivity, and uw, and ug are the components of the permeability 
tensor of the ferrite (cf. Problem 449). The amplitude of the 
transmitted wave is given by 


2Ve 


HY, = ———__—— 
e VetVe sue 


where the signs + and - correspond to waves with right- and left- 
-handed circular polarisations. 

454. The wave vectors of the reflected and transmitted 
waves are perpendicular to the separation boundary. The 
reflected wave is elliptically polarised with semi-axes 


. 
e— pe be 
Hi = fet ee Bs 
Yh WEE V ee wa)(Ve+Ve—ta) 
H’= y ¢(u— ta )—) e (us +a) 


LV Fra) Ve+Vn—pa)’ 


The direction of Hj is the same as the direction of polarisation of 
the vector H of the incident wave. The transmitted wave splits 
into two waves with amplitudes 


Ppa: HV: H= HV. 
Ve+Vptu,' 2 Ve+Ve ea’ 


which are circularly polarised in opposite directions. Their 
velocities of propagation are different (cf. solution of Prob- 
lem 451). 

455. If the wavelength is much smaller than the radius of 
the discs and smaller than the distance between neighbouring discs, 
then the artificial dielectric may be looked upon as a continuous 
medium. The electric field of the incident wave is parallel to 
the planes of the discs. Hence, in the absence of the external 
magnetic field, Ho, the polarisability of the dielectric will be 
a = NBo, where Bg = 4a°/3m is the longitudinal (relative to the 
plane of the disc) electrical polarisability of a disc, and N is the 
number of discs per unit volume. 
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The longitudinal magnetic polarisability of a disc By, is zero 
(cf. Problem 378) and hence the magnetic susceptibility of the 
dielectric for the given direction of the magnetic field is also 
zero. 

The presence of the external magnetic field Hp gives rise to 
the Hall effect. Thus, conduction electrons which make up the 
current in each disc will be deflected under the action of the 
field Hy and will give rise to an additional electric field Ey which 
should balance the deflecting effect of the magnetic field. This 
gives rise to an additional electric moment in each disc which in 
turn produces a change in the polarisation vector in the medium 
and in the electric induction. To calculate the change in the 
induction, it is convenient to consider the total density of the 
polarisation current 8P/8t in the dielectric, rather than the 
current in an isolated disc. 

On the first approximation in Hg, the field Ey due to the Hall 
effect is given by 


Ey =R(H,X )=R(HyX Sr), (1) 


where R is the Hall constant and P = @E is the polarisation on the 
zero-order approximation. Owing to the presence of the field 
Ey, the polarisation vector will increase by 


oE 
AP = aE, = 2R(H, x), 
and hence the induction D will be given by 
OE 
D=E-+4r (P+ AP) = cE + 4na’R(Hy X Gr), (2) 


where « = 1 + 4nNBo is the permittivity in the absence of the 
external magnetic field. 

When the electric field E is a simple harmonic function of 
time, Eqn. (2) will give the following relation between D and E 


where g = 4na*w RH, is the gyration vector [cf. (VIII.32)]. Thus, 
the medium will be gyrotropic. It follows from the results of 
Problem 451 that two waves can propagate in the direction of the 
vector g- The two waves are circularly polarised in opposite 
directions, and have different phase velocities vz = w/k:i. On 
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calculating %, in the usual way we find that 


‘ 2 
ke =e + g). 


456. The solution of the Maxwell equations will be sought in 
the form of plane waves. The amplitude Ey of such waves must 
satisfy the following equations 


k X Ey = — Hy, 
: (1) 
k X Hy = — — &() Eo. 


However, for a longitudinal electric field k x Eg = 0, and hence 
Hy = 0 and e(w)Ep = 0. 

It follows from the latter result that a longitudinal electric 
field will exist provided 


2 
aie 
e(w) = | ath) 0. (2) 


The frequency of longitudinal plasma waves is defined by this 
equation and turns out to be complex. When y # 0, the oscilla- 
tions are damped out. When y « w, attenuation may be neglected 
and Eqn. (2) yields 


—pe 
Oo>—>y,= aoe . (3) 
p m 





According to this formula, the frequency w is independent of the 
wave vector, and hence the group velocity of longitudinal plasma 
waves is zero. However, this result holds only on the first 
approximation, and is due to the fact that the spatial non-uniformity 
of the electric field is not taken into account. Longitudinal plasma 
waves consist of oscillations of the electron cloud relative to the 
ion cloud (the ions are assumed to be fixed on the present approxi- 
mation). 

Longitudinal oscillations may occur not only in the plasma, 
but also in other media at frequencies w, for which «( Wy) = 0. 
However, inthe plasma, the attenuation of these oscillations may 
be small, while in other media it is usually large. 

457. It follows from the solution of Problem 451 that two 
waves with opposite circular polarisations can propagate in the 
direction of the magnetic field. The wave vectors of these waves 
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are given by (cf. Problem 321) 


2 
h2c2 @ 
—- se. = 1 P 


w? w,,2 : 
wets 2, BH) 
When 24 << w the effect of the motion of the positive ions is very 
small and may be neglected. In the opposite case, namely 
Qy > wand yw K wy%y, the positive ions play the leading role 
in the process, and 
2 
kc? o 4zNMec? 
“5 =14+—f-=14+ SEINE 


new He 








@ 


Both waves propagate with the same phase velocity vy which is 
equal to their group velocity Vgi 








w 
of deci, hapa eae anN Mc? (2) 
Lo 
HP? 
or 
a ee Hg (3) 


&—"?— VWieaNM  Varu_ 


The latter result holds provided that the second term in the 
denominator of Eqn. (2) is >>1. The quantity T= NM is the den- 
sity of the gas (the electron mass can clearly be neglected). If 
the motion of the positive ions is not taken into account, then 
instead of the finite constant velocity given by (3), we would have 
a zero velocity for w-—0, and the corresponding waves would not 
be able to propagate. Thus, mechanical oscillations of a gas and 
the oscillations of the electromagnetic field are in this case very 
closely related. Waves propagating with the velocity given by (3) 
are known as magnetohydrodynamic waves. They are of par- 
ticular importance in astrophysical and other processes. 

458. The linearised equation relating the amplitudes of the 
high-frequency components of the magnetisation (my) and the mag- 
netic field (hg) can be deduced from (VI.15) and (VI.16) and is 


Lom, = — 7 (Mp x ho) — { (my X Hy) —+ qk? (M, X mM), (1) 


where Mb) is the saturation magnetisation and is parallel to the 
magnetic field Hj. If the z-axis is chosen to be parallel to Hy 
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(z =%3), then the components of the tensor pix are [cf. Eqn. (1)}: 


w ,, (Wy + ak?) 
i = Po = 1+ ae ae} —w?! () 


ww 
Pp —ta=— tae Pe 


where 


®y = 1. Wy = 407M, a= 41M. 


The remaining components of iy, are zero. 

As can be seen from (2), the magnetic permeability is now a 
function of both frequency and the wave vector. This is due to 
the fact that the magnetisation at each point depends on the magni- 
tude of the magnetic field not only at that particular point but also 
at the neighbouring points (this is due to the term qV°M in the 
expression for Hes). The dependence of the permittivity or the 
magnetic permeability on the wave vector is called spatial disper- 
sion. The dependence of » on k is significant only for very non- 
-uniform fields (short wavelengths). 

459. Consider the plane wave Solutions of the Maxwell 
equations and the equation of motion of the magnetisation vector 
(VI.15): 


E= E,e! (Ker-ot)) He = H+ hye! (K-r-of)  M == My + moe! (K-r—wf) | (1) 


The amplitudes of the fields and of the magnetisation satisfy the 
following system of equations 


c(k X hy) = — Ey, ¢(k X Ey) = w(hy + 4xm,), k- (hy 4emy)=—0, (2) 
iwm, = — 7 (Mg X No) — x (my X Hy) + (9k? (My XX my). (3) 


Eliminating Ey and hg from (2) and (3) and substituting 








oO — i 
Fa LS oy 4-o, + wy, 


Vy) = 1A. vo, = ~gk?M,,, Oy == 4x7 Mb), 


we have 


a ale, Xm) + F(a mye,XMI+(U—a(e,Xm,), (4) 


ixMy = 72 


where n= k/k, @s iS a unit vector in the direction of Hy, and My is 
parallel to Ho. 
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Take the x-axis in the n, e, plane and denote the angle 
between e, andnby 6. The following system of linear equations 
is then obtained from Eqn. (4): 


. ul? 
ixmoe +(1 + se) toy =0, 


ue? 2 j = 
(1 + sae 608 0) moe — ixmoy =0. 





The condition that these equations should be consistent yields the 
required dispersion relation: 
(1 + se) (1 + ee 008?) — x? = 0. (5) 
This equation is of the third degree in w* (2? = 2%; Q is indepen- 
dent of w) and hence three types of wave with different dispersion 
relations ean propagate in the medium under consideration. Two 
of these dispersion relations were investigated in the solution of 
Problem 449, where it was assumed that w,;=0. They corres- 
pond to ordinary electromagnetic waves propagating in a gyro- 
tropic medium. To investigate the third type of wave, let us 
suppose that w*c/c*k? «1 (x* « &). Neglecting x? in comparison 
with €? in the denominator of (4), we have the third dispersion 
relation 
w®? == (Wy+ ©) (p+ 0 + wy sin? 9), (6) 
where 4 = qykMy. Since w*c «< c*k* we find, assuming that wp, 
w,, and wy are comparable in magnitude, that the dispersion law 
(6) will hold provided &® > 1. 
Consider now the relative magnitudes of Ey and ho for waves 
with dispersion relation (6). Using the Maxwell equation (2) and 
the condition w*e/c’k? « 1 we have 


E,= ae (k xm); hyp = 4cn(n- m). 


Thus, Ey < hy. The waves under consideration are purely mag- 
netic oscillations of the magnetisation vector, for which the elec- 
tric field does not appear. They are known as spin waves, and 
determine many magnetic, thermal, and electrical properties of 
ferromagneties. 

460. Let the y-axis be perpendicular to the surface of the 
metal (positive in the inward direction) and let the z-axis lie 
along the magnetic field. Since the impedance ¢ is independent 
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of the angle of incidence of the wave, we shall consider normal 
incidence only. Solution of Maxwell's equations and the definition 
of surface impedance yield 








The dependence of 5,5 on frequency has a reSonance character 

(cf. Problem 329, in which the components of pj, are calculated). 

The component £,, does not exhibit resonance properties, since 
Hy = 1. 

i, E.y . 

461. C,=2 ce —=—(l—f) ae 

where pt= p, + Hg, Gt= Oy + Og; Fy, and hy, are the cyclic com- 
ponents of E and h [hy = ¥(hy+thy)/V2). 


out 








Chapter 
9 


ELECTROMAGNETIC OSCILLATIONS IN 
BOUNDED BODIES 


462. For E-waves 
&, = 8) sin x,x sin xy, 


where 
x =— y= > nM), fy =1, 2, ’ 


For H-waves 
FC , = Fl cos 4.x COS toy 
with the same x1, %2. It follows that in transverse directions the 


field is of the standing wave type. The relation between the pro- 
pagation constant k and w is of the form 


2 
w? ny 
Bo — x Ga + or , 


The transverse field components may be expressed in terms of 
82, Hz with the aid of Maxwell's equations. 
463. For E-waves 


2 
25449 


where 
re = + #4, C/ = ReC, 
For Hnpg waves 


_ ve 2x25 
* = Ckab (a a ype): 
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_ Qen?t’ 


= vias [SHO + te +48)]. 





The notation is the same as in the preceding problem. 


464, E-waves. 
(a) Even solutions [8x(x) = 8 (-*), Hy (x) = Hy (-x), &(x) = 
= -&,(-x)): 


when x >a 


= -sx @ _ tk —sx _ fo —SK. 
&, = Ae = Ae”, Hy == Ae™; 
when -a <x <a 
, ik iwe 
&,= Bsinxx, &, = — Bcosex, H , = — Beosxx; (1) 


when x < -a 
SX ik Sx iw Sx 
&,=— Ae™, $= > Ae, Gy = — Ae™, 


where A = Bexp(sa)sinxa; the remaining components of & and 
g€ are zero. The parameters x and s may be determined from 
the following equations 


@2 


(xa)? + (sa)? = 





2" ep — WD, (2) 


c2 


sa= 4 xa tan “a, (3) 


These equations can easily be solved graphically. The possible 
values of x and s correspond to the points of intersection of the 
curves defined by (3) with the circle of radius r = (wa/c)(ep - 1)1/2 
(Fig. 71). For given w, @, ce, and p there is a finite number of 
points of intersection, 7.é. a finite number of types of wave, for 
which the field distribution is described by the above equations. 
In particular, when y < 7, there is a single Egg wave. 

Consider now the propagation constant 


otep, fw? 
R — = _ ¥2 = oe + s2 (4) 


for given parameters of the dielectric layer and given types of 
wave. It is clear from Fig. 71 that for frequencies near the 


360 ANSWERS AND SOLUTIONS, CHAPTER IX 


limiting frequency at which the given type of wave appears, the 
parameter s approaches zero, while & tends to w/c. At such 
frequencies the wave has the same propagation constant as in a 
vacuum, and the field penetrates to large distances in the layer. 


5a 
20 
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Fig. 71. 


The parameter s increases with increasing w while x remains 
bounded. At the same time, & tends to (w/c)( ep)’ z.€.toa 
value which corresponds to a wave propagating in an infinite 
dielectric medium with parameters ce, uw. For sufficiently large 
w, and therefore large s, the field is almost entirely concen- 
trated within the dielectric layer. 

(b) Odd solutions [8 (x) = - &(-x), KH, (X) — - Ky (-x), Bo(x) = 
= €2(-x)): 

when x > a 





ages sigh call ee <M ee: 
&,=Ae™, 8, == Ae, Hy == Ae; (5) 
when -a <x <a 
ik Fi we . 
&,==Bcosxx, 8,—=—-—~ Bsinxx, WH, =— ——B sinxx; 
when x < -a 
= Sx © _ tk SE _ fw Sx 
ee a Ae, Hy= 7 Ae™, 


where A = B exp(sa)cosxa; the remaining components of & and 
# are zero. The parameters s and x may be determined from 
the equations 


(za)? + (say? = oe (ep —1), sa—=— + *@ cotan xa. (6) 
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The propagation constant k is related to x and 6 by Eqn. (4). 

It is easily shown by a graphical method that odd electric 
waves cannot exist when r < 7/2. The remaining properties 
are the same as for even waves. 

H-waves may be analysed ina similar way. 

465. Even &-waves and odd H-waves can propagate along 
the layer, and their characteristics (propagation constant, field 
configuration in the region x > 0, and so on) are the same as in 
the preceding problem. 

466. &-waves. 

In order to determine these waves, it is necessary to solve 
the following equation for the longitudinal component of the elec- 
tric field: 


@? z O82 1 06. 
oe +7 oo eae oe, =0. (1) 








This equation can be integrated by the method of separation of 
variables. Special solutions are of the form 


8.(r, a) =J,, (xr) sin(ma+ 9,,), (2) 


where J» is the Bessel function of order m and %, is an arbi- 
trary constant. In order that the field should return to its original 
value when @ changes by 27, the quantity m must be an integer 
(= 0, 1, 2) as) 

The transverse components of the electric and magnetic 
fields can be expressed in terms of & with the aid of Maxwell's 
equations: 


gy, (xr) sin (ma + Up), 
&, = us eye! 'm (4r) COS (ma -++-p,), 


H = — “ime y mr)cos(ma+,), 


Zoy 


FH = — J}, (#r) sin (m3 4b). 
The possible values of x are determined by the boundary condi- 
tions at the waveguide wall: 
8, |-29=0, Selpaq= 9 


This yields xmn@ = @mn where Gm is the n-th root of the Bessel 
function: J m(@mn) = 0, n= Li a: 3, 
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Thus, the above waves are characterised by two subscripts, 
namely, m and n. When m = 0 the field exhibits rotational sym- 
metry with respect to the z-axis. For an ideal waveguide, the 
phases %, are determined by the conditions of excitation. In 
reality, however, they are very dependent on defects in the wave- 
guide walls (departures from circular cross-section, longitudinal 
cracks, and so on). 

The wave propagation along the waveguide is possible when 
k = ((w/c)* - x°]'/? is real. Hence, a wave characterised by 
m,n will propagate in the waveguide, provided its frequency is 
such that 





The minimum possible frequency for a (0, 1) wave is 


c 
©) = Ol me aE 
a 


The corresponding wavelength is 


Ap 28 = 2.60 , 
®o 
which is of the order of the radius of the waveguide. 
The H-waves are 


WH, == J, (er) sin(ma+h,) (m=0, 1, 2)...). 


The propagation constant is given by 
Bian 
R= >> (n= 1. 2,...), 


where Bn is the n-th root of the equation J7(Bmn)= 0. The 
smallest root is Py, = 1.8, and this corresponds to a limiting 
frequency w) ~1.8c/a and a limiting wavelength Ay = 27c/w) = 
~ 3.5a. 

The limiting frequency is lower for H-waves than for E -waves. 
When the frequency lies within the limits wo —.>7 w > Wo,H then 
only H;,; waves will propagate. 


467. E-waves: 
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H-waves of the (m, 7) type 


Co x2 


bi ag | 


mo? 
cx? (22%? — m?) }’ 


where ¢' = Re€. 
468. The wave vector Rk and the frequency w of the waves in 


the waveguide are related by 
2 
z= Rk? + 22, 
where x iS a constant which depends on the type of waves and the 


transverse dimensions of the waveguide. Usual formulae give 


wo c 
ne] 
: R V 1 — fA)? 


vU,= = iC 1 —_ (Aaa)? 





where Apo is the limiting wavelength. 

It is clear from the above forrnulae that vg > c, Vg < c, and 
VegrVg = c’. This result holds for a waveguide in a vacuum (the 
dielectric properties of air may be neglected for the range of 
phenomena under consideration). 

If the waveguide is filled with a dielectric and the dispersion 
of € and p may be neglected, then all the above formulae remain 
valid, provided c is replaced by v = c/(en)'/*. Hence, for this 
type of waveguide Vy = c/(ep)!/?[1 - (A/Aq)?]'/? may be less than c 
and the wave is “slowed down” (cf. Problem 474). 


469. H, => SE lel rrthe) 4 ol (-nx+h2)] e~tet, 


The directions of propagation of the two plane waves into which 
Hj) is resolved are at an angle @ to the axis of the waveguide 
(Fig. 72), where 


a Ce cae 1—(<). 
2 do 


The phase plane J moves with a velocity c in the direction making 
an angle @ with the z-axis. However, its velocity along the axis 
of the waveguide will be larger: 


c c 


— = ———— = 1, 
cos 9 T— (AJA)? 2 


1 —— 


364 ANSWERS AND SOLUTIONS. CHAPTER IX 


This is, in fact, the phase velocity of the wave in the waveguide. 
The group velocity is equal to the rate of transport of energy. 
However, for a plane wave propagating in a vacuum, the energy 
is transported with a velocity c 
in the direction of propagation of 
the wave. Each component plane 
i] wave of Hy) will undergo multiple 
reflections from the walls of the 
JN ~ waveguide, and will therefore 
travel over a zigzag path. The 
resultant velocity along the axis 


z 


Fig. 72. 


of the waveguide will then be 
v=ccos#=c 1—(;) 


which is equal to the group velocity vg. 
z 
470. yp A), (1) 
where A is a constant, and the remaining components are all equal 


to zero. 
The energy flux is given by 


(2) 


ale 


- Are 
oar 


For a single perfect conductor, the field outside the conductor is 
given by (1) and the total energy flux through the z = const plane 
is infinite (y - © when 6 — ~). It follows that this type of wave 
cannot be maintained by a source of finite power, and therefore 
this case is of no physical significance. 

471. #-waves: 


8, = Ann m mn) + Ban Nin mar) sin(ma+,,), m=0, 1, 2,..., 
where Xm is the n-th root of the equation 
Jn (4a) N,,, (#0) — Jig (40) N, (42) = 0. 
In this expression Ny, and Jy, are the cylindrical functions (cf. 
Appendix III) and Ay, and Bmpr, are constants which are related by 
A andi &ma® + Bian m &mn®) = 9. 
H-waves: 
KH, = (Contin mal) + Dian %mnT)) Sin (ma+b,,), m=0, 1, 2,..., 
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where %mn is the n-th root of the equation 
Jin (x0) Nin (x6) — Niu (x) Jin (2b) = 0, 
and Cm and Dm are related by 
Candia mn) + Ding m (mnt) = 0. 


The remaining components of the electric and magnetic fields may 
be expressed interms of & and , by means of Maxwell's equa- 
tions. 

_ U(ats) 

472. % = 9a6 In (b/a)’ 
where ¢’ = Re€. 

473. Ifthe field is symmetric with respect to the axis of the 
conductor, then the longitudinal component &. will satisfy the fol- 
lowing differential equation: 

d*8, 1 a8, 
ee tp ge + 88, = 0. (1) 
Since the conductor has a finite conductivity, the parameters k 
and x will be complex. The sign of x will be defined so that 
Imx = x” > 0. 
The general solution of (1) may be written in the form 


6, (r) = A’H$” (xr) + B’HS” (xr), 


where Hye and Hy are the Hankel functions. It follows from the 


asymptotic behaviour of these functions (cf. Appendix III) and the 
condition Imx > 0 that B’ = 0 since otherwise the field would 
diverge at infinity. The remaining components of & and # can be 
expressed in terms of 8, with the aid of Maxwell's equations: 


6,= AH) ur), 8,= & A’ H}" (xr), 
iw t QQ) (2) 
H, = A’FAY (xr). 
For sufficiently large xv, the functions Hi» and Hi» are propor- 
tional to (xr)7/? exp (-x”r), and therefore the electromagnetic 
field is damped out exponentially at large distances from the con- 
ductor. The maximum concentration of the field exists near the 
conductor, and hence the wave is of the surface type. 
The boundary condition 


$,=(H, 
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at the surface of the conductor leads to the following characteristic 
equation for x: 
Hj) (72) ray 
xa —.——_ = & — 4, 
H}”) (xa) c 
where ¢ is the surface impedance of the metal. For a good con- 
ductor |¢| « 1, and hence the latter equation can only be satis- 


fied for small xa. Using the approximate formulae for HS) and 
Hi» (Appendix III) we have 
(xa)? In (57) =K2a, Iny=0.5772. (3) 


This transcendental equation cannot be solved by a graphical 
method because it involves complex quantities. It was solved by 
Sommerfeld, who used an iteration method based on the fact that 
Inxa varies much more slowly than xa. Let (yxa/2i)? = 4, 
-iy’wta/2c = v. Eqn. (3) can then be written in the form 


ulnu=v. 


If an approximate solution up, (m-th order approximation) is known, 
then a more accurate value Unj+, [(7 + 1)-th approximation] may 
be obtained from the formula 


Uns, INU, =. 
In the zero-order approximation uy = v, and hence 
v 


tan: © 
"Th (u/inv) 


U 


v 
—, 4=———, and so on, 
Inv 2 In (v/Inv)’ 


“g,= 43> 


| 


For decimeter waves (A = 21™c/w= 30 ecm), which propagate 
along a copper conductor of radius equal to 1 mm (the conducti- 
vity of copper is 5.2 X 10? sec‘), the above method and equations 
(VIII.9)—(VIII.11) yield 

u = (4.2 + 4.51) - 1078, 


and hence 


k=—[1+(6.0+6.4i)- 107]. 
The phase velocity is given by 
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and hence the wave is slightly slowed down. 

This result can be understood from the following considera- 
tions. Fora perfect conductor, the transverse electromagnetic 
wave has a phase velocity c and the field inside the conductor is 
zero. Inthe case of a finite conductivity a proportion of the 
energy will propagate within the conductor, and since the velocity 
of propagation in the metal is appreciably less than c, it follows 
that the electromagnetic wave will, on the average, be slowed 
down. Moreover, damping will appear. 

Consider the nature of the field in the limiting case ¢ — 0 
(perfect conductor). It follows from (3) that x ~0, k > w/c. 
Using the expressions for HS) and Hi) for small arguments of 
these functions, we have from (2) 


a DAT per bee DRA A 
2 lim Sine). = tim az 





x20 


H = lim 2A 1 


2 
x20 TH r 


Since the field components cannot become infinite, it must be 
assumed that A’ is proportional to x2. Let A’ = Ax’/k, so that 


6— 6.=4.. £0: 


r 


This is a purely transverse electromagnetic wave propagating 
with a velocity c. 

474. The components of the electromagnetic field in the 
waveguide are given by the following expressions: 

when 7 <a 


= Eo (Hr): 6, = 12 bh, (yr) Hy=—i = BS, Or); 
when a <7 < 0 
8, = Alp (Ha) + BNo (Har), 8, = — 1 [AK (ror) + BN, (X90), 


KH = — 1— [AJ (or) + BN, (%r)1, 


Cry 


w? ew? 
wel = Se. X= Rs 


and &, 4, and B are constants. 





where 
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The boundary conditions may be written in the form 


&, p=p = 9. et eer a Serene espn al poa ks: 





when the boundary condition for 8, will be satisfied automatically. 
When the constants A, B, and &) are eliminated, we have the fol- 
lowing transcendental equation relating k and w: 


em So (ea) __ So (422) No (%26) — No (%24) Jo (725) : (1) 
mS (% a) Sy (%42) No (498) — Ny (22) Jo (%5) 





This equation can be considerably simplified when a « b. Con- 
sider the wave which has the maximum Rk. If the waveguide were 
fully filled with a dielectric (a = 0), then the corresponding value 
of x» would be %92 = @1/b where Q = 2.4, Jg(@ 1) = 0 (cf. Prob- 
lem 466). 

We shall seek a solution which is not very different from x9: 


, A 
Xq = Xqq + x2 = ots, 


where the order of magnitude of 4a is not lower than that of a/b. 
Assuming that @),(a/b) «<1, and using the approximate formulae 
for Jy, No, J4, and N,; (Appendix III), we have instead of (1) 


ox... 
e[ (90)? No (x46) + = Ja H00)] = (490)? [ Ng (Hab) += In = Jo (x8). 
Substituting 
No (%9b)= No (%q, +: Aa) = No (G1). Jo 2) =—— J, (249) Ae, 


and neglecting the small logarithmic term, we have 


sam (1— 4) Selah (5) 








The phase velocity is then given by 


wo a 
0 SS ES Se 


eee iad | a cw? _ (% +- 2a9, 42) 
c? 


62 





Substituting wy = @9(c/b) ~ 2.4(c/b) (minimum frequency for a 
waveguide not containing a dielectric) and using tabulated values 
for No( Qo) and J;(@ 1) we have 

1 


weee—(yse Hey ew 
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When the waveguide is completely filled with the dielectric (a = 0), 
the phase velocity is given by 


The limiting frequency of a partially filled waveguide is given by 





= oe [1+ 1.85(1 -2) 4] 


and lies between the limiting frequencies of an empty and fully- 
-filled waveguide: 








®o 
Ve 
The phase velocity given by (2) becomes smaller than c at fre- 
quencies 


os as [1 +185 (1 - +) 4]. 


Thus, a partially or fully-filled waveguide is a retarding sys- 
tem in which the phase velocity of electromagnetic waves may be 
less than c. An important property of slow waves is the fact that 
they can effectively interact with charged particle beams. This 
interaction may be used both for the generation and the amplifica- 
tion of ultra-high frequency electromagnetic oscillations (back- 
ward wave oscillator, magnetron) and for the acceleration of 
particles (linear accelerator). 

475. E-waves cannot exist inthis instance. The H-waves 
are given by 





He, = iBot (« cosxx —k sin xx) : 
wp Py 





P3 — Soe ksinx x —x—2-cosxx), 6,—8,sinxx, 
x pb Zz 0 

















op 1 
where 
2 2 
eee k= sil (a) n=1 2 3, ’ 
a ¢ a 
Ba 
elit sa Peat 
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The limiting frequency is oa = Cxp/Ey HM. 


It follows from the above formulae ford, and §%, that the con- 
figuration of the magnetic field for this type of wave depends on the 
sign of k, 7.e. onthe direction of propagation of the wave, and on 
the sign of ug, 7.é. on the direction of the constant magnetic field. 
This effect is associated with the gyrotropy of the medium filling 
the waveguide. 

476. Maxwell's equations for the complex conjugate ampli- 
tudes &},3#5 are of the form 


curl &) — 'ky (ez ».4 &) = aa = 95, 


- iW ex (1) 
curl $f — Rp (ez x 3€5) =~ &. 


The amplitudes &, # satisfy the equations 


curl +-1k (e, X 8) = £2 9. 
Nise (2) 
curl $€ +-lk (e, X #) =——— 8, 


where {i #, €8 are vectors with components 1 4,5%,, Cin Ohs Wik = 
= Eth = 64%, outside the region filled by the dielectric. Inside the 
region, Lh = Pik» eth = €ik- 

It follows from the equations for curl &} and curl # that 


9 curl & — Sjcurl H# +-1(k — ky) (e, X &) H = : 
= iw(e 33-28-83) 


Integrate both parts of this equation over the cross-section of the 
waveguide S. The first two terms may be transformed as fol- 
lows: 


[ (3 curt 8} — 8) curl 9¢) 4S => [div (85x ae) av. 
s V 


The integral on the right-hand side of this expression is evaluated 
over the volume bounded by the walls of the waveguide and two 
cross-sections at a distance / from each other (the integration is 
independent of z). 

Next, from Gauss' theorem, we have 


f div (85x 9€)aV = f (85 X 9) -naS= [(nX &)- aed. 


On the wall of the waveguide n x 8&5 = 0 in view of the boundary 
condition 89; = 0, while the integrals over the cross-sections 
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have opposite signs and cancel out. Hence, 


f (aX 8) -9¢as =0 
and Egn. (3) gives 
(k — hy) f (8 X 9€)- ¢,dS=—e | fe + 9€5) aS — 
Ss 


Ss 
—{ (8: 83) dS — fais: 5) (4) 
s 4s 


where Aé= € - j and AS is the cross-sectional area of the region 
occupied by the dielectric. 
Similarly, using the equations for curl & and curl #3 we have 


(k — Ry) [@xs)-e.ds= Z| f(t - Ho) aS — 
Ss RY 


= { (8 8)as+ f aise , x35, (5) 
where Afi = ff - T; > gs 
Combining Eqns. (4) and (5) we obtain the formula given in 
the problem. This formula represents the exact relation between 

the change in the propagation constant and the field amplitudes. 
However, inthe majority of situations, the exact solution of the 
problem of a waveguide partially filled with a dielectric cannot be 
obtained. The amplitudes of the disturbed field & and 4 can only 
be determined approximately, provided that the transverse dimen- 
sions of the region occupied by the dielectric are small. When 
this is so, the formula for the change in the propagation constant 
may be used to calculate the value of 4k, which is an important 
characteristic of the wave propagating in the waveguide. Examples 
of calculations based on this method are given in the solution of 
Problems 477 to 479. 

477. For athin plate, the amplitudes of the disturbed fields 
may be approximately expressed in terms of the undisturbed 
amplitudes, which for an H,) wave are of the form 





Hy, = SH cos, Hy, = — 


ikpa -. TX 
sin —, 
—— Hy : 


iwa + TX 
Gy = = Hosin bo = Boe = Hoy = 0. 


These expressions may be obtained from the solutions of Prob- 
lem 462. Let us now neglect the change in the field amplitudes 
outside the volume occupied by the plate, and also the variation in 
the fields within the plate. This is equivalent to neglecting terms 
of the order of d? or higher. The boundary conditions which must 
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be satisfied on the surface of the plate are 
by = &o,. SH ,= FE on BH, — eH, = Hoy H, = Hoy =, 


where the undisturbed amplitudes on the right-hand side of the 
equations should be taken at x = x;. These equations define the 
amplitudes of the disturbed field in the plate. 

The integral in the numerator of the expression for Ak (cf. 
preceding problem) is equal to the product of the integrand and the 
cross-sectional area 6d of the plate, since the field is independent 
of y and the dependence on x is neglected. 

The undisturbed amplitudes may be substituted into the 
integral in the denominator.. The final result is 


a= ee { [SP +(1 —7-) | sin? 1 + 
+(#,— (4) cos? aa \. 





Since 4, depends on the magnitude of the constant magnetis- 
ing field Hy (cf. Problem 329), it follows that Ak will also depend 
on this field. A change in Ho gives rise to a change in the phase 
of the wave. Devices which are based on these phenomena are 
widely used in electronics for phase transformation. 


478. ae = ee 4 (e— 1). 
me abln Rb 
479, (a) Ak= PS. OS (¢—2); 
me ayn Hy 
a b—a l 
(b) sda Lome | sl 
mr able By 


In (a) the change in the propagation constant Ak is practically 
independent of the magnitude of the constant magnetic field Hy 
since p, = 1 (cf. Problem 329). This is explained by the fact 
that inside the plate the high-frequency magnetic field has the 
same direction as the constant field, and does not maintain the 
precession of the magnetisation vector M. In (b) the high- 
-frequency magnetic field inside the plate is perpendicular to the 
constant field, 1, depends on Hg, and this dependence is of the 
resonance type. 
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480. Integrate the differential equations (IX.1) subject to the 
boundary condition E;, = 0, i.e. 


Ey= E,= x= =a 
E,=£,= y=0, y= 
E,=E£,= z=0, z=A 


The equations and the boundary conditions are satisfied by the 
functions 


Ee = A, cos Rx sin Roy sin k3z F e-fot, 
H,=—l < (Ajkg — Agk3) sin k,x Cos Roy cos kyz - e~ +, 


and similarly for the other components. The quantities entering 
into these expressions are given by 
nn Ng 





where ny, ”2, and 73 can assume integral positive values, includ- 
ing zero. Negative values of n; do not correspond to new types 
of oscillations, since the direction of the fields and their con- 
figuration remain unaltered when &; — -k;. The equation 
div E = 0 leads to the following relation between the constants A; 


Aik, + Agky + Agks = 0. 


Two of these constants are independent, and hence the proper 
oscillations (for 4, m2, m3 #0) are, in general, doubly degene- 
rate, 7.é. to each value of the proper frequency there corresponds 
two oscillations with different configurations of the electric and 
magnetic fields. If one of the numbers ny, m2, n3 is zero, then 
there is no degeneracy. However, if the dimensions of the 
resonator @, 6, h are in the ratio of integers, then the order of 
the degeneracy is increased. 


481. AN = 


w? Aw, 











no’ [alge tar) t2(a+a)): 


tot =~ [age tm) +2(E +) 
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483. The £-waves are 


E,= 8J, (ur)sin(ma+,,)coskze—/!, H,=0, 


E=— £ BJ! (ur) sin (aa 4 ,,) sin kze~ #8, 

E,=— = Gol m (xr) cos (ma +.) sin kze~!t, 
imw i 

H, = — ae bom (ur) COS (ma + }p_) COS Rze~"*F, 


Ai,= a &J/ (xr) sin (ma + ¥,,) cos kze~iet 
where & = In/h, 1=0, 1, 2..., Xmn = @mn/@, and Opp are the 
roots of the equation 
Sin (mn) = 0, w? = c? (x2 + RY, 
The H-waves are 
H, =  J,, (ur) sin (ma + 9,,) sin kze-!t, 


where & = It/h, 1 = 1, 2,...; the value 1 = 0 is impossible; 
%mn = Bmn/a where Bmp is a root of the equation Jp (Bmn) = 0; 
w? = c2(x2, +k). The remaining field components may be 
expressed in terms of Hz with the aid of Maxwell's equations. 

When m # 0, both £- and H-waves are in general doubly 
degenerate, since to each proper frequency there correspond 
two proper functions, for example, 


H,= GJ (xr) sin ma sin kze~!! , 


A,= J, (+r) cos ma sin kze-!eF, 


Chapter 
10 


SPECIAL THEORY OF RELATIVITY 


1. Lorentz transformation 


x’ — xg + V(t! —) 


484. x—x= Von ’ 


487. The coordinates of clocks indicating equal times ¢ = t’ 
in S and S’ are 


ce 1 pa OO 
x4 (1——)r. a 7 (1 7)e: 


It is clear from these formulae that the point at which ¢ = t’ 
executes a uniform motion in each of the systems. In the system 
in which this point is at rest, S and S’ move in opposite directions 
with equal velocities Vy = (c*/V)(1 - 1/y) where V, is the rela- 
tivistic “half” of the velocity V in the sense that the relativistic 
addition of the two velocities Vo yields V. 

488. (a) No. 12h 00 min can be indicated simultaneously 
by two clocks in one of the systems and only one clock in the other 
system. 

(b) The readings of spatially coincident clocks are 
independent of the choice of the reference frame, so that 


t4¢ = 12h 00 min + 1,/V = 13 h 00 min; 


t, = 12h 00 min+ J, V1 — V2/c?/V = 12h 36 min. 


In view of the relativity of simultaneity, the readings of the clocks 
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B and B’ will depend on the choice of the reference frame. 
For an observer on the platform (Fig. 73a) 


ta = 12h 21.6 min, tp =ty = 12 h 36 min. 


For an observer on the train (Fig. 736) 
tyr =tye = 13 h 00 min, tp = 13 h 14.4 min. 
(c) For an observer on the platform 


t4 = 13 h 00 min = tp, bp = 12 h 36 min, by? 13 bh 14.4 min. 
For an observer on the train 
t, =12h 21.6 min, ty = tp? = 12 h 36 min, ¢p = 13 h 00 min. 


The clocks whose readings are compared with the readings 
of the two clocks in the other reference frames will always lag 
behind. 





Fig. 73. 


489. According to the clocks on the earth Af = 8 years. In 
estimating the necessary supplies, the time interval must be taken 
to be At) = 0.01 At = 1 month (according to clocks on the rocket); 


T = me? (y — 1) = 2.510" kWh. 


This amount of energy exceeds the annual world output of elec- 
trical energy by a factor of 10000. 

_____2y At 

(at? + Ble?” 

According to the observer moving with the first ruler (Fig. 74a), 
the left-hand ends will pass each other first. For an observer at 


490. 


((——{{$ ge ey 


a ees eS 
a b 
Fig. 74. 


SPECIAL THEORY OF RELATIVITY 377 


rest relative to the second ruler (Tig.746), the right-hand ends 
will meet first. According to an observer relative to whom thc 
two rulers move with equal speed, the ends will coincide simul- 
taneously. 

491. Consider the transverse and longitudinal components 
of the position vector r: 





r-V P r’-V 
1.=V [Vie 
re Rg ay 


On applying the Lorentz transformation (X.1) tor, and r,; we have 
y= 1 (ry VE). = eh. 
Finally, 
r= 7(r + VE) + (y— 1) EXD 
t= 7(t"-+ “). 





, .V a Vv 





VEVEGHD pel VY 4 V4 
1(1+23%) 


c2 


493. v=Vitvyy= 





It is also possible to differentiate with respect to time the radius 
vector r taken as a function of r’ and ¢’ as given by the formula 
obtained in Problem 491. , 
1 — v?/ct 

OT fue 

498. 1l=1,(1 -v*/c’); the relative velocity of the rulers can 
conveniently be obtained with the aid of the formula given in the 
solution of Problem 493. 

499. (a) V=2xX0.9c=1.8c; (b) V=0.994c. 

500. The relative velocity of the two particles in the system 
in which one of them is at rest is V = 2v/(1 + v?/c*). Hence, 

mc2 p 2 
& pie ae (=) — 1]. 
€ 

In the ultra-relativistic case &) >> mc*, and hence & = 282/mc?. 
Suppose that the particles under acceleration are electrons (mc? = 
= 0.5 MeV). Thenforanenergy &) = 50 MeV, the gaininthe power 


497, [=I 





2 
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supplied by the accelerator is a factor of 200: 8 = 10000 MeV. 
501. This problem is similar to Problem 493 in that it can 
be solved intwo ways. The result is 


— GI VV wv)! 
72s? s8V2 yisic? 





where 
v’-V 
s=] Be 


It is clear from these formulae that if the particle moves with a 
constant acceleration v’ in one system, then the acceleration v in 
another reference system will in general be a function of time 
(because the variable velocity v’ enters into the transformation 
formulae). 

502. 


w= (v—(vx *)Jar[e+ pe 2] > 0. 
z.é@. the 4-dimensional acceleration is a space-like vector. 


503. Let S’ be the system in which the particle is instan- 
taneously at rest. In accordance with the solution of Problem 501 





=r[v+t5te-wy]. (1) 


Hence, the square of the acceleration is given by 


anf 2G ar[e(ixy]} 


If the velocity of the particle varies in magnitude only, then 
vil v and 
v’ = y3v- (3) 


If the velocity of the particle varies only in direction, thenvl v 
and v-v = 0, so that 


v= rv (4) 


Eqn. (2) can also be obtained by another simpler method which 
involves the use of the expression for the square of the 4-dimen- 
sional acceleration which was found in the solution to the preced- 
ing problem. The quantity w; is a 4-invariant. This means that 
the evaluation of ws should yield the same result in S as in S’. 


SPECIAL THEORY OF RELATIVITY 379 


Since the velocity of the particle v’ = 0, this leads directly to 
Eqn. (2). 
504. According to clocks in the stationary frame 


T 1 | dv vu 
Ivl¢ (1 sy lvl a 
—2 Cc 


while according to the clocks at rest in the rocket 


= 47.5 years, 


_ ¢ lfoufe[__ 
foe pth |=25 years, 





505. InS 


Vi° V2 


cos 24 = 
Ivil |] vel , 


while in S’ 


(—V)-(u—W— 5 (v, X V)- (v2 XV) 


cosa’ oo fe a ae 
V (Vv; = Vv)? _ a (v; x v)? V (V2 = Vv)? _ ry (V2 x vy? 


506. In S’ the angle tends to zero. In order to show this, 
let V= Voc, where | Vo|=1. Using the formula for cos a’ 
derived in the preceding problem, and the result 


(a X b) + (a, X b)) = (a: a,) (b- b}) —(@- b,) (@, - b), 
we have 


1 
c?—v,-V—v, ‘Vita (i V) (v2 V) 
cos of = — |, 


. 2 - 2 

(eg) ease) 
and hence @’ =0. This contraction of the angular distribution is 
a specifically relativistic effect which appears in many phenomena. 

507. The determination of the angle of aberration may be 

reduced to the determination of the angle a, between the direction 
of the ray AC (Fig. 75) and the direction of the velocity of the 
earth v in its first position, and the angle a» between the ray 
direction BC and the direction of the velocity of the earth v’ in its 
second position (after six months). The angle of aberration 6 is 
then given by 6 = (m - Gy) - @y = - @;- Q@). The angles a, and 
a, may be computed from (X.15) by expressing them in terms of 
the angle § which is observed in the reference frame in which the 
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C sun is at rest, and is equal to the 
angle between the light ray OC 


and the velocity of the earth: 
1 sin 3 


a lame eee cata 


1 sin 9 
tan (R — @) = —— + Sarge 


where B = v/c andy = (1- B’) ””. 


Hence, 


i) / \—cosb A 
aX Ee tan 5 = itpeose — Or sin’. 


We note that the three angles in 
Fig. 75 refer to different reference 
frames, and the drawing itself is 
conventional (for example, AC = CO = CB = c). It is clear from 
these results that the angle of aberration 6 depends only on the 
relative velocity v of the earth and the sun, and is independent of 
the velocity of the solar system relative to the star. 

508. If the position of the earth on the orbit is defined by 
the azimuth angle y anda = (0, @y, @,) is a vector drawn from the 
point ($, @) on the celestial sphere to the point of the apparent 
position of the star on this sphere, then 





4 


Fig. 75. 


ay = — Bcosd - sin(a— 9), 
a,=— Bcos(a— 9). 


It is clear that the apparent position of the star on the celestial 
sphere will, in the course of a year, describe an ellipse with 
semi-axes 8 cos$ and 8B. 

509. The beam which in S lies in the solid angle dQ = 
= sin? d§dqa will be observed in S’ in the solid angle dQ’ = 
= sind’d9’da’. Since a= a’ and cos)’ = (cos$ - B)/(1- B cos$) 
it follows that 


ee 46 


oer | f ‘4 fi 
dQ’ = sin }’ dd’ da = To Feos 2 a2: 


where 


510, 4N __No. 42 __ No 1— 
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where N, is the total number of visible stars. 





511. 
o=w'(I +") AG o=—" 
i) 
, Vo’ , V 
k= 1 (+) +0 — DW XV) pe 
where 
n=, v=, k=. 


512. If wo is the frequency in the frame in which the source 
is at rest, and V is the velocity of the source relative to the 
detector, then the detector will record the (lower) frequency w= 
= Wo(l - V?/c*)'/2 (this is the so-called red shift). The angle a 
between the ray and the dircction 
of motion of the source in the 
frame in which it is at rest is 
given by 


cosa——. 


c 
513. (a) A= V7 ei 
1+ Vic 
(b) A= Ny W ye 


514, Consider the system 
S’ in which the mirror is at rest, 
and the laboratory system S. Let aj; and a be the angles 
between the wave vectors kj; and kj of the incident and reflected 
waves and the direction of the velocity V of the mirror (Fig. 76). 
Let the frequencies before and after reflection be denoted by wj 
and w3. The analogous quantities in S will be denoted by the 
same symbols but without primes. According to the laws of 
reflection, in S’ we have w;= w3= w’ and aj=7 - a}. Hence 
COS @ = -COSs aj. Wecan now express w’ in terms of w, and 
cosa’ in terms of cos@, with the aid of (X.4) and (X.14). Solution 
of the resulting equations for w» and cos @, yiclds 











Fig. 76. 


__(4#) cos a, — 25 
1 — 23 cos a, + f? ’ 





COS @y = 


1 — 2% cos 2, + B? 


Oy = @) 1 — ? 
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When 8 ~— 1, then for normal incidence on a receding mirror 
Ww, > 90, while for normal incidence on an approaching mirror 
Wo ©, 

515. Ww ,= We. The angle of incidence is equal to the angle 
of reflection. 

516. Suppose that a plane wave of frequency w propagates in 
the direction ny) in a medium moving with a velocity V|]Ox (S’ sys- 
tem). The field components are proportional to exp (ik; x;) where 
k; = [(w/v) cosa, (w/v) sina, 0, i(w/c)}.. The direction of pro- 
pagation ny remains perpendicular to the z-axis and is at an angle 
a to the x-axis; v is the phase velocity of the plane wave. Since 
the phase k;x; is invariant under the Lorentz transformation, it 
follows that k; is a 4-vector. Using (X.4) and (X.14) we have 


o = 7o’(1+-Bacosa’), (1) 


H ‘ 
geen See, (2) 


eS oe 
1 (cos a +4) 
Ey ese a (3) 
V (n cos a’ + 8)? + 2? sin? a’ (1 — $7) 
where B = v/c and y = (1 - p’)"”?. It is clear from (3) that the 
phase velocity in a moving medium depends on the direction of pro- 
pagation. Thus, a particular form of anisotropy appears ina 
moving medium. 
517. The required velocity may be found from Eqn. (3) of the 
preceding problem (a’ = 0): 


1+ pnQ’) 1 
= 6 ray ee aay TY (1 aay) 
where A’ = 21c/w’ and w’ is the frequency observed in the frame 


S’ in which the medium is at rest. Using Eqn. (1) of the preced- 
ing solution, we have, to within terms of the first order in V/c, 


ny o nv 
Oe ah ae’ 
whence, 
c c c dn,nv 








n(v) na) nm? da Me 
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and finally, 





oe 1 h dn(A) 
v= tV (1 —aay — aa dn ) 


2.  Four-dimensional vectors and tensors 


519. One 3-dimensionaltensor of rank 2 [Agg (a, B = 1, 2, 3)]; 
two 3-dimensional vectors [Aya and A,4 (a = 1, 2, 3)], anda 
3-dimensional scalar [A4y]. 

520. The skew-symmetric 4-tensor A; may be written in 
the form 


where A = (Ay, Ag, A3) and B= (B;, B2, 83) are 3-dimensional 
vectors, or more precisely, B is a polar vector and A an axial 
vector. 
924. (a) avector, (b) a tensor of rank 2, and (c) a vector. 
525. The condition for A; and B; to be parallel may be 
written in the form 


ayjA, agjAy a5;Ay ay;A, 
—7 — =, > 
a,;,B, ay Bo a3,B; a4,B, 








where the numerator and denominator of each fraction is multi- 
plied by the same number. Hence, using the properties of equal 
fractions, we have 


Ar Ay Hag: Ay + a3;Ag tals Ai 


=—,. 
B,  44,B, +4,By 4+ 43,83 + 94;By BB; 


é 





526. There are four different components. They are iden- 
tical, except for the sign, with the components of the vector 


1 
A; = go lA k im and hence, A, = -A 493 = Aoy43 = ..05 Aj = Ao34 = 
= Agog = +++, Ap =Agig = Aisa = +++, Ag =Ajog= Aas =---- 


The remaining components Aj, 7 are all zero (they have identical 
indices). It follows that the non-zero components of Aj ) trans- 
form on 4-dimensional rotations and reflections as the components 
of a 4-dimensional pseudo-vector. 
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527. The invariance of dQ 
follows from the fact that the 
Jacobian for the proper transfor- 
mation is 





gu 


7 , / / 
a) es Xp X3y x4) 


=|o,1=1. 

528. If x;= Oi XI, then the 
matrix @ is of the form (the 
coordinate x9 is inserted in the 
fourth place) 


cosha Q Q = sinha 
‘ 0 1 0 0 
== 
0 0 1 0 
Fig. 77 sinha O OQ cosha 


- 


Sa The required matrix g 
may be written in the form ofthe product of three matrices: 


g= 2 —e@e 9. 
The matrix 


costcosp —sing sindcose 


Bde foes 
&(, ¢) —sin 9 0 cos 9 


0 
cos)sing cose sinfsing 0 
0 
1 0 0 l 
describes spatial rotation of the reference frame (Fig. 77): 
x; = x Sir Qa, ?) x: 


The matrix 


1 0 0 0 
: 0 | 0 0 
£0) = 0 O cosha sinha 

0 O sinha cosha 


corresponds to the transition from S” to S”, where the former 
moves along the x3 -axis with the velocity V = c tanha [cf. the 
special form of the Lorentz transformation (X.1)]. Finally, the 
matrix g~1(9, g) describes a rotation as a result of which the 
frame S’ transforms into S” (Fig. 77), and is identical with the 
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transpose of g(%, y). On multiplying the matrices, we have 


1 + wt (cosha~ 1) @,@, (cosha— 1) @,@,(cosha—1) @,sinha 
4 @,@, (cosha— 1) 1 + a} (cosha—1) @,@,(cosha—1) w,sinha 
— @,@, (cosha— 1) @,0, (cosha— 1) 1+@j(cosha—1) @,sinha 
@, sinha @, sinha @, sinha cosha 
where 


w, = sindcos¢, o,=sindsing, o,=cost. 


3. Relativistic clectrodynamics 


530. Ina vacuum 
V : V-E’ 
E=1(e’/—2 xn’)—q—pv SF; 
; Vv V-H’ 
H=1(H +2xE)—Gq—pv aL 





In a medium 


’ 





Vyas Pp’ 
P=1(P +2 xm)—G—Hv cad 
M=y7 (mw —~ x P)—G— pve. 





The transformation formulae for the pairs of vectors E, B and 
D, H are analogous to the transformation formulae for E, H ina 
vacuum. 

031. The problem has an infinite number of solutions. If 
the system S’ (moving with a velocity V) in which E’ is parallel to 
H’ has been found, then in any other reference frame, which 
moves relative to S’ along this common direction, the vectors E 
and H wiil again be parallel [this follows from (X.25)]. In view 
of this, let us try to find the reference frame S’ which moves at 
right angles to the plane E, H. From the condition for the vectors 
E’ and H’ to be parallel, i.e. E’ x H’ = 0, and the transformation 
formulae of Problem 530, we have 


Vv E2 4. 1? (FE? — H2)? +4 (E- Hy? 
— EX 2(E X H)? : 





Using the field invariants we have 
E? =. [2&—4+VE—AY TE wy, 


Wat [Pe + VAY se By. 
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532. When & > H, a reference frame should exist in which 
H' = 0 and E’ = (BE? - H*)'. When £ < H, there exists a 
reference frame in which E£’ = 0 and H’ = (H? - B12, 

When £ > H we have 


EXH E 
Vee, P= LVEF 


In any frame S” moving in the direction of E’ with an arbitrary 
velocity, the magnetic field will also be zero. 
When £& < 4 





HW EYRE. 





533. When x < JY/c and the reference frame moves with 
velocity V = c’x/g parallel to the axis of the cylinder and to 
E XH, the electric field £’ is zero and the magnetic field is given 
by H’ = (29/cr)[1 - (c2x*/9*)]'”. 

When x > ¥/c and the reference frame moves with velocity 
V = J/x parallel to the axis of the cylinder and to E XH, the mag- 
netic field H’ is zero and E’ = (2x/r)(1 - (f?/c?x?)]'/?. 

When x = ¥/c, there is no reference frame in which there is 
only an electric or only a magnetic field. As can be seen from 
the above formulae, when x — J/c, the velocity of such a reference 
frame tends to the velocity of light, and the magnitude of the two 
fields tend to zero. 

5935. 


e@ _,_Vv 
P= FR A= tp 
p= RRO) HS EXE, 





where R* = [(x - vt)* + (1 - B*)(y? + z2*)]'”, (vt, 0, 0) are the 
coordinates of the moving charge at time ¢, R(x - vt, y, Z) is the 
position vector of the charge relative to the point of observation 
at time /, and 4% is the angle between R and v. 

536. It follows from the formulae derived in the preceding 
solution that along the line of motion of the charge (% = 0, 7) the 
field E is smaller than the Coulomb field Eyqy = e/R?® by a factor 
1 - V2/c*, while in the perpendicular direction (9 = 1/2) the field 
— is greater by a factor (1 - V2 02-2, When V ~ ¢ the field is 
large only within the angular range 4d ~ (1 - V*/c*)'/? near the 
equatorial plane. 
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The condition E, = Ej, refers to the same points in the 
4-space. However, if in the rest system of the charge, a point 
A lies on the x-axis at a distance R from the charge, then in the 
laboratory system the same point will lie at a distance R(1 - p’y1/2, 
Comparing the values of E,, at the point R(1 - B*)'/* and Ej, at the 
point R, we have 


EB, = 2RVI= eRV 1—6? (1 — 6?) ae ee 
(RVI—eBP ORE 


as was to be expected. 


537. i 
Po-f v 
o= a ’ A>. 
pa ROM w WY ye, 
vr 





where R = (x - vt, y,z), r* = (x - ut, y/y, z/y); the dipole moves 
along the x-axis and its position vector at time # is vf. 
538. 


1 a 
7 —_—_—_V Vv Vem’ 


ses eos ea etial 





where p’ and m’ are the dipole 
moments in the rest system. 
539. Using the formulae for the transformation of the 
4-dimensional current density, we find that the sides 2 and 4 of 
the rectangle in Fig. 78 are uncharged, while the sides 1 and 3 
carry charges 9g; = -q3= -(V/c)(J'a/c) where J’ is the current 
in the system S’ in which the loop is at rest. Hence (or from the 
result of Problem 538), it follows that the electric dipole moment 
of the loop as observed in S’ is p = g3b = (V/c)m’ where m’ = 
= J'ab/c is the magnetic moment of the loop as observed in S’. 
540. Let u; be the 4-dimensional velocity of the medium. 
Consider the 4-invariant [cf. Eqn. (X.37)] 


fa, =14-V—1Q+f-V=— 7Q=inv. 


If Qo is the amount of heat released per unit volume of the medium 
per unit time in the system in which the medium is at rest, then 
Q = Qp(1 - By”. 

542. Try = 0. 

543. The momentum and energy of the field in the volume V 


Fig. 78. 
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at time ¢ = x4/ic are given by the integrals JT4,dS and JT 44dS 
respectively, where dS is an element of the hypersurface x4 = 
= const (it is evident that dS = dV). The momentum and energy 
of the field at the time t’ = x4 /ic 
Z,'= const is given by analogous integrals. 
Consider an arbitrary auxiliary 
constant 4-vector a; and evaluate 
the sum T4;a@;. Next, consider 
the 4-volume & which is bounded 
by a cylindrical hypersurface S, 
whose generator is parallel to the 
X,4-axis, and the two hyperplanes 
Xq = const and x4 = const (Fig.79)T. 
Applying the 4-dimensional 
Fig 79. form of Gauss! theorem to the 
surface integral of the function 
T,ja; over this hypersurface, we have 


OT, 





I,< const 








since 8T,;/8x;= 0 in the absence of charges. On the cylindrical 
hypersurface T4; = 0, since the field is zero on the boundary of 
the volume V. Hence (taking into account the direction of the 
normal), we have 


a, [ T,aV =a, fT), aV’. 


In other words, the quantity a;{T4;4@V is invariant with respect 
to the Lorentz transformation, and hence ST gy dV should be a 
4-vector (cf. Problems 524 and 4). 

544. Consider the change in Aj, during a time dt, where 
Ky, is a function of the space-like hypersurface ¢ = const. It will 
be necessary to compare the values of Kj, at two hyperplanes 
t = const and ¢ + df = const. Since the field at infinity is zero, 
the difference between integrals over these hyperplanes may be 
transformed into an integral over a closed hypersurface S which 
is formed by adding an infinitely distant lateral hyperplane to 
the above two hyperplanes. The resulting integral may be 


T Note that such figures are only conventional, since the Minkowski 4 -space is 
psendo-Euclidean, i.e. the x4-axis is not fully equivalent to the remaining axes, since 
imaginary quautities are plotted along it. 
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transformed in accordance with Gauss' theorem: 
OA; 
§ Arai 49s =i va a2, 
Ss 2 


where 2 is the volume enclosed by the closed hypersurface S. 
The integrand on the right-hand side may be transformed as fol- 
lows: 





OA 9 
Ox; ~~ Oxy 


OT py OTy 
(XT 2 — % Tu) = Tat — Tit M1 Gg, Xk Gx,’ 





where Tj, = Ty7, owing to the symmetry of the stress 4-tensor. 
Consider now the integral 


oT 1 ‘ 
Since we are concerned with a system of point particles, we have 


. dx, 
f XF phi av=» ex,F ys} 


where the right-hand side of this expression involves the coordi- 
nates of the particles and functions of them at time ¢. From the 
equations of motion of the particles, (e/c)F 4 ,dx,/dt = dp;/dt. 
The integral Jx},(8T 3, /8x1)adQ may be considered in a similar 
way. Thus, the integral with respect to & becomes equal to 
-L(x;dp},/dt - x,dp;/dt)dt and is cancelled by an equal sum over 
the particles. Hence, dK j,/dt = 0 and Kj, = const. 

545. The total angular momentum of the particles and the 
field within the volume is 


i r? 
t 


where kyg = XyPg - ¥g Pq is the momentum of one of the particles, 
and the integral is evaluated over the part of the hyperplane 

t = const whose projection on to 3-dimensional space is V. 

K yg {t + dt) may be written down ina similar way. The angular 
momentum lost by the system ina time di is 


— dK yg = Ky) — Kap (t+ dt) = — DY) dligg + — | epee bere 
t+adt t 
The difference between integrals over near hyperplanes may 


be rewritten in another form, since i + f + 1 = p over a 
t t+dt Syiee 
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closed cylindrical hypersurface 
(cf. Fig. 80) whose generators Hie 
parallel to the time axist. As 
in the previous Solution, jt can 
be shown that is cancelled by 


- ) jak ob» and hence 


—dK,=— 1 Claas dS.. 
Sside 





The elements of the hypersurface 
S.side are normal to the t-axis and 
may be written in the form dS, = 
= tc at ny af. where df is an ele- 
ment of the ordinary surface enclosing the volume V and nis a 
unit normal to this element. Hence, the rate of loss of angular 
momentum of the system is 


oe =| (aT, + X57 ay) 0, 4F. (1) 


Fig. 80. 





Consider now the tensor Rogy = *s Toy - aT py which is 
skew-symmetric with respect to the subscripts a, 8. This tensor 
may be interpreted as the angular momentum flux density, which 
is evident from Eqn. (1). The component Rasy is equal to the 
a8-component of the total angular momentum Kgg which flows 
per unit time through a unit area at right angles'to the Xy-axis. 
Similarly to the way in which Kyg may be replaced by the pseudo- 
-vector K, it is possible to introduce a pseudo-vector equivalent 
of Ropyn y" Eqn. (1) will then be of the form 


—K— frag, (2) 


a= ape (r Xn) — + l(rXE) (n- E) + (r><H)(n- H)]. (3) 





In deriving (3) use was made of the expression given by (X.29) for 
the components T og. 


fT It must be remembered that such diagrams are purely conventional. 


Chapter 
11 


RELATIVISTIC MECHANICS 


1. Energy and momentum 


546, p= +VT(T+ 2me?). 


ee OP, 
547, v= Vip 
Ue. &o\? 
548. p=t=y 1—(f), 
where 8) = mc’. Inthe non-relativistic case B ~ (27/8))'/?; in 


the ultra-relativistic case B = 1 - 4(&,/8)?. 
549. (a) T=tmepimS + ..., 
c 
(b) 





2 


In particular, when eV «K mc 


2eV 3 eV 
62 hae 


m 


When eV > mc? 





551. (a) v= 0.0342c; (b) v = 0.9999985c; (c) 0.81lc; 
(d) 0.9956c. 
552. The length of the n-th tube is given by 


L _ Um _ ¢ i— mc? 2 
a Oy ~~ Ov (autem) ° 
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where UV, is the particle velocity in the z-th tube. At the begin- 

ning of the acceleration mc? > neVo and Ly ~ (2eVo:n/m)/?/2v. 

In the ultra-relativistic limit, Tp, > mc’, v = c, and Ly = c/2v. 
The total length of the accelerator is given by 


N 
c V mec? 2 
t= Yu~e \—(avapmr) = 
n 0 
oe 4 NE 2)2 __ p24 — m2 ot mc? 
= ey; |[V ev, Fie?) mc mc? cos NeVopae |" 


553. The ratio of the intensities is given by 

h h mye 

hiow mow 8 — 

yee 20 a 20 =2, 

where T = T[1 - (v?/¢*%y)-? is the half-life of the ~-meson moving 
with a velocity v. Inthe absence of time dilatation, the intensity 
ratio is given by (assuming v = c) 


A 
ow 20 — 25 — 32, 
The first result (Ip/Iq = 2) is in agreement with observation, and 


therefore constitutes a direct experimental proof of the existence 
of a relativistic slowing down of clocks. 


peat ane So ee 
pcos + VS 1 er 

where 
=e & = 1 (8’ 4 p’'V cos 9’), 


{ins ee 


c? 
and p, p’ are the momenta of the particle in S and S’ respectively. 

The approximate formula given in the question may be used 
provided cos}9’ > | 1- (V/v')|'”?, where v’ = p’c?/8’ is the 
velocity of the particle in S’. The energy in the ultra-relati- 
vistic limit is 6 ~ pe = 2y 8’ cos*49’. 

555. Consider the dN particles moving within the solid 
angle dQ’ in S’. In S, these dN particles will move within a 
solid angle dQ = sin§d&da, generated by the velocity vectors of 
these particles in S. The angular distribution in S which is 
described by the function F(%, @) is then given by 


F(8, )dQ2=F' (8, a) ae’ =aw a=, (1) 
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The angle 9’ expressed as a function of # is given by the formula 


2 
(cos y+ +) 


2 
(cos ¥ + a) + sr sin? 9’ 


1 


Sa nee 
cos?) = 1+ tan? 9 


’ 


which follows from the solution of Problem 554 (v’ = p'c?/8' is 
the velocity of the particles in S’). Since @ = a’, we have 


rl ow 


2 
7 [ (cos y +) + os sin? 9’ | 


(2) 
14+ + cos 


F (8, a) = F’ [¥ (®), a] 


For ultra-relativistic particles v’ = c, and the angular dis- 
tribution in S assumes the simpler form (cf. Problem 509) 


F(8, a) = F’{¥(8), a] ——,"—.. (3) 


We note that particles moving at different angles 9 in S have 
different energies, in spite of the fact that in S’ the energies are 
the same. 


556. Waa Fe Fea fava, 
where 8 = v/c. 


557. f= (1+ 8)/(1- B), and hence & = mc?(1 + f)/2f'/?, 
where m is the rest mass of the 7’-meson. 

558. Since the momentum of the photon is p = &/c, it fol- 
lows that (cf. Problem 554) 





f me? v 
§&= Soe &’ — 5 ’ p =—_-. 
From a comparison of the resulting expression d& = 
= - 8’d(1 - B cos$)/y(1 - Bcos $)? with the angular distribution of 
y-rays found in the answer to Problem 556, the following proba- 
bility distribution is found for the energies of photons produced 
in the disintegration 


aw @)=_ 1) 


, 
Omax Sinin 
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where 6 min = 8/(1 - B)/2/(1 + B)/* is the minimum energy of the 
y-rays (at §=7) and 8,2, = 8'(1 + B)/2/(1 - B)'”? is the maximum 
energy (at #=0). Hence, it is evident that the spectrum of the 
y-rays produced as a result of the disintegration is rectangular in 
the laboratory system, 7z.é. all energies between &min and 8&max 
are equally probable. 


559. m— 2V bib 


eV g*— meet 
960. v=—,———. 
& + m,c? 
561. According to the conservation of 4-momentum 
PO + PS) = Pu + Py: (1) 


To determine the angle of scattering of the first particle, take py; 
to the left-hand side of the equation, and square both sides, so 
that 


PO? + pS? + pi, + 2p) pl) — 2p p,, — 2P§) P,, = P3,- (2) 


In view of (XI.7), ae = pi; = -m? c’, py = = p, = -mic?, The 
scalar products are transformed as follows (ps? = = 0): 


1 

PO pO) = pO - p —— BOY) = — Bm, pOp,, =—m,8,, 
G08 

PY) Py, = PY Py — er G8, = pop, cos, — rt 


where py = (82 - mic‘)/*/c*. Substituting these expressions into 
(2), it is found that 


8, (Go + mye”) —Eynge” = myc’ 


cos}; = 


C*DoP\ 
Similarly, 
— Got m,¢*) (G2 — m2¢") 
cos}, = cat ggg 
362. 


== sia? 9, 


9 (1,+ ale +n) saecpia (10 1) we. 


tot a2)" —(1$— 1) cos 2% 
1 
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where Yo = 8,/m,c?. 

It is evident from these formulae that when m,> my, the 
scattering angle must be such that 9, < sin7!(m./m,)¥? and the 
positive sign should be taken in (1). To each value of 4, there 
are two values of 8. 

When m, = mp», the scattering angle 3, will not exceed 7/2, 
and to each value of #, there is only one value of the energy which 
corresponds to the positive sign in (1). The negative sign would 
correspond to 8; = m,c? whatever the scattering angle, and this 
is unphysical. 

When m, < my, all scattering angles are possible, and to each 
value of #; there is one value of @;. The positive sign must be 
taken in (1) when 0 < 9%, < 7/2, and the negative sign when 7/2 < 
< $,< 7. With this choice of signs, the scattering of incident 
particles through large angles will correspond to large energy 
losses, as expected. 


Ty cos? 9, 


563. T,=—— 


564. = 7,(—) [1 +(Z2) —2sin?9, + 


m, + m, 


The signs should be chosen as in the solution to Problem 562. 
565. The angle x = 9; + 8, between the directions of motion 
of the particles is given by 


(v; +)) V 1 sin 9’ 


tan X= = 
+ v; sin? 9 + (v— v;) (1 — cos 9’) 


(cf. Problem 505). When m,= my, we have v4 = v3 = V and 
X= Visine" 


In this case, xX < 90°. Inthe non-relativistic limit x — 90°, 
566. Proceeding as in the solution of Problem 561, we 
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find that 
Wp (£ — py cos a) 
o = = >? ——_ 


& _ 5, cos $ + wee (1 — cos §) 





where 4 is the angle between the directions of motion of the pri- 
mary and secondary photons, and 4, is the angle between the initial 
direction of motion of the electron and the direction of motion of 
the photon after scattering. If the electron is initially at rest, 
then 


®o 


ue (1 — cos 9) 


mec? 





1+ 


567. Let ny and ny be the numbers of scattered and scatter- 
ing particles per unit volume, and consider the scattering process 
inthe system S. The total number of particles dN scattered into 
a solid angle dQ in atime ¢ by target particles lying within a 
volume V is given by dN = dojgJdy.n_,Vt, where 04. is the cross- 
-section and Jy = n4vy. Inthe S’ system, the corresponding 
expression is dN = doj,Jj.n5V't’ where Jj, = nj|vy - vz|. Inthe 
latter system dN represents the number of particles scattered 
into the solid angle dQ’ which corresponds to dQ. Thus, 


do, .n,n,v,Vt = do nin, | v, — v,|V't’. (1) 


Since n;= inv[1 - (or/ey the set of 4 quantities (n;v;, in; c) 
is a 4-vector which is proportional to the 4-velocity of the par- 
ticle. It follows that 





re Pee ee 
nn, = nn, \1——z-] (2) 
since the scalar product of 4-vectors is an invariant quantity. In 

view of (2) and the fact that the 4 volume is an invariant quantity, 

we have Vt = V’t’, and hence finally, 
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(cf. Problem 493), and it follows from (8) that the cross-section 
is an invariant quantity, 7.e. 


do,, = ds}.. (4) 


This case occurs, for example, in the transformation from the 
laboratory system to the centre of mass system. We note that if 
the flux is defined by J) = ny where 0=4[1 - (vy: v2)/c?], then 
the cross-section is invariant under any Lorentz transformation. 


2 

568.0 m= mi+m+4 V (p? + mc?) (p3 + mic?) — p, p, cos 9]. 
2 ee ee es 

569. mi==m?+-m3— V (p? + mc?) (p3 + m3c*) —- pp, cos ®,]. 


1 2 
570. m? — | (8? — c?p®) = m? + m3 +- mat 
V 1—— 
c2 
V = Pe mu 


Dae eNOS eee Se 
m,+m, V 1-5 


571. Particles 1 and 2 assume the following kinetic ener- 
gies: : 
Cc 
T, = 8, — mc? =(m) — m, — m,) (my — m+ My) a 


c2 
T, = & — myc? = (m, — m, — my) (my +m, — >) Dr, ; 


where T,; + T, = A&. It is evident from these expressions that 
a large fraction of the energy is taken up by the lighter particle. 

572. (a) To/T pn = 58.5 where Ty and Tp are the kinetic 
energies of the @-particle and the recoil nucleus (daughter 
nucleus) respectively. 

(b) T,/T,, = 7.27 where T, and T, are the kinetic 
energies of the neutrino and the 4-meson. 

(c) Ty/Tn= 2mc*/A& since mc” > A® and the rest 
mass of the photon is zero. (Ty is the energy of the y-ray and 
m is the rest mass of the disintegrating nucleus.) 

573. o=#(1— 5). 

574. Consider the energy-momentum 4-vector p; of the 
system of particles. It is conserved, t.e. the corresponding 
components of the energy-momentum before and after the reaction 
are equal. At the threshold kinetic energy, To, the particles 
produced in the reaction are at rest in the centre of mass frame 
(we note that in the laboratory frame the particles cannot be at 
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rest for the threshold energy JT since this would violate the law of 
conservation of momentum). The total 4-momentum vector of the 
system before the reaction is (in the laboratory system) 


p= (Po. p Bo, imc), 


where &, is the total energy and py is the total momentum at the 
threshold. 

After the reaction, the 4-momentum in the centre of mass 
system is p' = (0, iMc). In view of the invariance of the square 
of a 4-vector, and the law of conservation of 4-momentum, we 
have pe = pe. Explicitly, 

— Me? = pp— © 2m,8 — mie’, 


and hence, 


Ty = ser (M— my, — m) (Mm +m). 


575. (a) Ty = 288 MeV, (b) Ty = 160 MeV, (c) Ty) = 763 MeV, 
and (d) Ty) = 2(m,/m)(m + 2m p)c? where mp is the rest mass of 
the proton. Inthe special case of a collision with a proton m = 
= my, and hence T 9 = 6m pc? = 5.63 BeV. The approximate for- 
mula for the threshold energy is 


T= PALD mye? 


For large A this may be replaced by T) ~ 2m pc’. 

576. TT, = (1+ m/M)A&. Incase (a) we have A&= Ty = 
= 2.18 MeV (m = 0), in accordance with the above approximate 
formula. When the exact formula is used (cf. Problem 574), 
the result is larger by | Q|?/2Mc? = 0.0012 MeV, where Q = 
= -(M - m, - m)c?. In case (b) the approximate formula yields 
T, = 2|Q| = 7.96 MeV, and the difference between this result and 
the exact value is 0.003 MeV. 

577. The equation for the reaction is y + (particle) — e+ 
+ @ + (particle). The threshold energy may be found from the 


general formula (cf. Problem 574) 


m 
Ty = hiv = (mm, + 2m — m,) (m, + 2m + m,) = 2me?(1 +=), 
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where m is the rest mass of the electron (or positron). 

When there is no particle, so that m, — 0, the threshold 
energy T, tends to infinity, which means that the reaction is 
impossible. The latter result may also be obtained by showing 
that the relation k; = py; + p-; cannot be satisfied, where kj, p,;, 
and p_; are the 4-momenta of the photon, positron, and electron 
respectively. 

580. When a particle moving in a medium with a 4-momentum 
Poi emits a photon with a 4-momentum k; = (Awn/c, ihw/c), then 
the laws of conservation of energy and momentum may be described 
by the 4-dimensional equation 


Po = Pi t+ kp 


where p; is the 4-momentum of the particle after the emission of 
the photon. Put k; onthe left-hand side of this equation and 
square both sides. After simple rearrangement it is found that 


cost 114+ Ww — I) VI-F ], (1) 


where A= fi/mc is the Compton wavelength of the particle, A» = 
= 2mc/wn is the wavelength of the photon, and B = v/c. The 
second term, which is of the order of A/A, is usually very small. 
This term represents quantum corrections (A is proportional to 
fh). When it is neglected, the relation given by (1) reduces to the 
classical condition for the emission of Vavilov—Cherenkov radia- 
tion, which is 

cos} eo : 


np 


582. Let poz and p; represent the 4-momenta of the particle 
before and after the emission and k; the “4-momentum” of the 
photon. The law of conservation of energy and momentum may 
then be written in the form 


Po — 8 = Pr- 


On squaring both sides of this equation, and neglecting terms con- 
taining hi’, it is found that 


(m? — m2) c? — 2p - k + 788 — 0, 


where mz, is the rest mass of the excited particle and m is the rest 
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mass of the particle in the ground state. 
Since c2(my - m)(my + m) =~ 2hwym we have 


n(w)Bcos? = 1—=2 V 1 — 8, (1) 
where B = v/c. When w,) — 0, Eqn. (1) becomes 
n(w)Bcosd = 1, 


which is the condition for the emission of the Vavilov—Cherenkov 
radiation. It follows that this radiation is not associated in any 
way with a change in the internal state of the particle. 

When w,) #0, Eqn. (1) is conveniently rewritten in the form 


__ Az 
o= pro (2) 
which describes the Doppler effect in a refracting medium (cf. 
Problem 516). It may be used when 2(w)8 cos$ < 1 and differs 
from the corresponding formula for the Doppler effect in a vacuum 
only by the presence of 2(w) inthe denominator. When 8 « 1 no 
fundamentally new effects arise, but when 6 ~ 1 and there is dis- 
persion in the medium, the phenomenon becomes more compli- 
cated. 

In general, Eqn. (2) is a non-linear equation in w (isa 
function of w!), and there may be more than one solution. Instead 
of a single shifted line, as in the usual Doppler effect, there are 
then several lines in the laboratory frame (composite Doppler 
effect). 

583. Proceeding as in the solution of Problem 582, the fol- 
lowing results are obtained. 

Emission at a frequency w, which is accompanied by the 
excitation of the particle, may occur when the velocity of the 
particle v = Bc exceeds the threshold value c/n(w)cos% where 4 
is the angle between the direction of the velocity v and the direc- 
tion of the momentum of the photon. The energy necessary for 
this to occur is taken at the expense of the kinetic energy. This 
type of emission is observed at a fixed value of w only in a certain 
range of acute angles 9 within the Cherenkov cone whose surface 
is defined by nBcos$ =1. The observed frequency w is then 
given by 


®o Vi — 
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which is an equation in w as in Problem 582. In general, this 
equation has several solutions (composite super-relativistic 
Doppler effect). 





584, 
P=YVTTone), WT 
ce @ 
585. 
__ 2mv?N 
= me 
roe 


The pressure in the system attached to the body and in the system 
attached to the gas is the same. This may be verified either by 
direct calculation of the pressure in each of the systems, or by 
applying the Lorentz transformation to the 4-force [cf. (XI.14)]. 


2. The motion of charged particles 
in an electromagnetic field 





m dv muv dv, 
I-33 c 1-3) 
d m dv 
x) m 5 FT=F v||F; b) a) a v LF; 
(1 =) =3 
~~ 2 
dv __ 
Oa 


The quantities m[1 - (v?/c?)]~*/? and m[1 - (v?/c*)}"”? are 
sometimes referred to as the longitudinal and transverse masses 
respectively. 


587. FP +(1 en, 





v2 
.F 
P= F—-G—)Sy™, 
where y = [1 - (v2/c*)]7/. 
mv? 
588, f= 7 RR: 
590. $a) —=— ci De 


V (1 — 82) cos? a + sin? a a 
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where 8 = v/c and ¢ is the distance of the point of observation 
from the conductor. 

591. F=2ex/yr. The problem may be solved in different 
ways: (a) the electromagnetic force on the moving point charge 
due to the linear charge and current can be computed directly (the 
Lorentz contraction must be taken into account!), (b) the force 
can be evaluated in the reference frame in which the magnetic 
field is zero, with subsequent application of the transformation 
formulae for the 4-force, and (c) one can use the convection 
potential » obtained in Problem 590 and defined by F = -e grad». 

592. F = e(1 - v*/c*)(2I9,/vr) where + is the distance of 
the electron from the axis of the beam. The current through a 
circle of radius 7 is given by 


_. _2nv 
I= ep J viorar 


and the electron velocity is given by (cf. Problem 591) 
ev\~! ev 2eV 
o=(1+55) (\4+-tha)V ae 


A surface electron experiences a force F = e(1 - v*/c*)(2F/va) 
where @ is the radius of the beam. 

593. The acceleration of an outer electron is normal to the 
axis of the beam and to the electron velocity, and hence in the 
laboratory system we have (cf. solutions to Problems 586 and 
592) 





1 


(i-3) Fa ee (1 aa 


- m mav 








The broadening of the beam is given by 








__ U_l? yl? 
Aa = 2 ~~ 2y? * 
Since Aa « L, we have dpL/v « v or tpt K v < c. The 


broadening Aa can therefore be calculated from a non-relativistic 
formula. 

The same result may be obtained for Aa by considering the 
broadening of the beam in the reference frame moving together 
with the electrons. In this frame the electrons experience only 
an electrostatic force. 
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594. Let the direction of the x-axis be parallelto E. The 
differential equations of motion in the 4-dimensional form are 
d*x _—|e|E d(ct) diy _ d7z d?(ct) ss jeJE dx 
dv me dt ° dvi” _ 


dt2 ~~’ dt? me dt * 


Integration of these equations subject to the initial conditions 


ey ae dx Pox dy Poy 
LSI ech = 0, dt mi’ dtm’ 
dz dt &o ae |e 274 
a= $F=me 8 t=0, where 6,=—Vc?pi-+ mc, 


leads to the following equations for the particle trajectory in the 
4-dimensional space: 














_ Bo ( = —1) CPox i lel Et 
<= 4916 cosh my I + TE oh ra 
== Poy? = 

a eR 

_ _ &o lel 
ck=T TE sinh 





ele mc 


+ at (cosh L2L= — 1). 


From the last equation we have 





ee ty Poe THE EEAV (Poe tle EDP met + Bry 


por + 2 


Using this expression, and eliminating the sinh and cosh terms 


from the first and last equations, we obtain the following equations 
for the trajectory in the 3-dimensional form 


x)= Tyg [V Gon Fle Emery py, — 2); 


c 





CPoy Potlelet+ V (port lel EO + met + Poy 


Pox + — £o, 
z()=0. 


When fy) K mec andt <« mc/|\e |E, the motion is non-relati- 
vistic. 


The expressions for x, y, and z then go over into the 
usual non-relativistic expressions 


el|E 
x= Bee ig Be 


y(t) = 7 ¢., 
m 
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After a sufficiently long interval 
of time (f > mc/\e|£), the 
velocity of the particle will 
approach the velocity of light 
(even when it is initially small). 
Then 








mc? 
sd demeaadiaee TB , 
__ ¢Poy 2(e]E£t 
yO= pet mc 


yt 


and the motion becomes uniform. 
The functions x(f) and y(t) are 
illustrated in Figs. 8la and 81b 
respectively. The motion for 
3 which poy = 0 (cf. Fig. 81a) is 

; usually referred to as hyperbolic. 
Reet 595. The particle trajec- 
tory is given by 


Go 
je[E 


lel E 
Poy 


—— CPox inh [ejez 
y—1)+ TP sinh 2 9. 








= (cosh 
In the non-relativistic limit &) = me, Pa K mc. and le LEy/cpoy << 
<1. The latter result follows from the fact that |e| Er, which 
is the momentum given to the particle, should be small in com- 
parison with mc on the non-relativistic approximation. Thus, 


2 


2Poy Poy 
596. l= (8 - me*)/eE. 
597. Let the z-axis be parallel to H and consider the dif- 
ferential equations of motion in the 4-dimensional formt. 
ax dy dy dx d?z SG at —0, 


de Ge “at Ola? ae 











where w, = eH/mc. 


f It is possible to start with the 3-dimensional equation p/de = ev x H/e by 
making the substitution p = &v/ * and using the fact that & = const (the magnetic 
field does no work on the particle). 
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The first two equations may be conveniently written in the 
form d?u/dt? + iw ,du/dt =0, where u= x + iy. It follows from 
the latter equation that 

ct =f, &o=cV pit m2, S=me? = 8). 
The energy of the particle is independent of time, since forces 
due to the magnetic field do no work. By integrating the equations 
for u and z, separating the real and imaginary parts of u, and 
expressing the proper time T in terms of t, it is found that 





CPoy 
x = R, cos (wot +a) + oH + Xo, 
y == — R, sin (wet + a) — “Bie + y,, (1) 


zZ=%,t. 

It is evident from Eqn. (1) that the particle will travel on a 
helix. The radius of the helix is R = |R,| where R,= py c/eH 
and pou. = (px + ae The associated frequency is given by 
w = | wo | where w= eHc/& (the sign of the charge may be nega- 
tive). The pitch of the helix is given by 


2r | Voz| = 22 | Voz | 
© ~~ te| He 


where Voz = pPozc?/8. 
R = Vq,/w where vg, = po, c?/& is the velocity component per- 
pendicular to the field. At low particle velocities & = mc’, and 


mcv e| 
merece ey , wo = | 
jel mc 





The angle a is given by 


sina —= — 2% , ee a 
Pot Pot 
. cEy 
598. x= asin ot +—-t, 


y= a(cos ut — 1), 


é 


E, (1) 
pea om Cty t, 





where @ = [U9x - (cE,/H))/w. 

The motion in the direction of the z-axis takes the form of 
uniform acceleration under the action of the z component of the 
electric field. In the x, y plane, the orbit is circular, of radius a, 
and the centre of the circle moves in the direction perpendicular 
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to the (E, H) plane. The drift 

velocity iS Var = cE ,/H. The 

possible projections of the tra- 
* jectories on the x, y plane are 
shown in Fig. 82. The curves 
shown in Figs. 82a, 82c, 82e, 
and 82g are trochoids, while those 
in Figs. 82b and 82f are cycloids. 
The motion is non-relativistic 
when ¥) K c, E,/H < 1, and the ' 
time ¢ is not too large, t.é. 


mc H 
i< eE, wE,° 


Ug <0 














599. 
z 
d x= Port sin x He + Py (cos xHz — 1), 


c 
y = Pee (cos xt — y4+o5 sinxHt, 








So (coshxEt — 1)-++ Por sinh xEt, 





== 7H eH 
ct = Pe (cosh xEt — 1) + Bo sigh xEt, 





where x = e/mc. 

600. (a) Let the electric 
field E be parallel to the y-axis, 
and the magnetic field H parallel 
y Yor> to the z-axis (in the S system). 

z At t = 0 the particle is at the 
point x = y = z=0andhasa 
7 momentum py. The motion is 
Fig. 82. different when E > H and when 
H>E. Inthe first case, E-H = 
= 0, E* - H* > 0, and hence there exists a frame S’ in which the 
magnetic field is zero. It is clear from the Lorentz transforma- 
tions for the field that S’ should move relative to S with velocity 
V = cH/E along the x-axis (cf. Problem 530). The required 
equations of motion for the particle in S may be obtained from the 
equations of motion in a uniform electric field E’ with the aid of 
the Lorentz transformation x = (x’ + Vt’)/(1 - V2/c?)'”2, ete. In 
this method E’, pox, Poy, Poz Should be expressed in terms 
of the corresponding quantities without primes. The final 
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result is 
_— EtepoxE— GH) H(G.E—cPoxH) .. _. Ff2 
= ne (BH) t+ mye sinh x V E2?— H2e-+ 
H 
Fea (cosh x V FE? — H2« — 1), 

e 

where *% == —-; 
me 


(cosh x E? — H?+—1)+ 


Poy ; 7 F.. { 0) 
Ba omy} sinhx V E Aen; 
za Po a, 
m 
— AlepoxE—8oH) E(Go.E—cpoxtt) _. V — H2 
tm ay. tage ee 


+ gerry (com x E? — H2,— 1). 


When H > E, the transformation to the system in which there 
is only a magnetic field leads to the same result as that given by 
(1), except that E is replaced by H. In carrying out this replace- 
ment, it must be remembered that sinhia =isina@ and coshia = 
= cosa. 

The solution for E = H may be obtained from the above for- 
mulae by letting E ~ H. The result is 


2H? CPoyH Po 
Se 6m (£2 —py,)s a a oe as - 


and soon. The solution for limit (b) is similar to the solutions 
used in Problems 594 and 597. 

601. T= mec*(dt/dt - 1) and hence, for example, in the 
system considered in Problem 599, we have 








T = 6 cosh xEt + ¢ po, sinh xEt — mc?. 


602. Using the result obtained in Problem 530, and evaluat- 
ing V/c to within terms of the first order in E/H, we find that 
V/ce = E,/H. The solution is similar to that for Problem 600, 
In all the calculations, second and higher orders of E,/H, E,/H, 
and v,/c should be neglected. The final result is 

x =asin of +— (cos of — 1) 4c i 
1 
y =a(cosot — 1) 4+-" sin of, @) 


mt Costs 


a 
z= 
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where 


At ¢ = 0 the particle is at the point x = y= z=0. The for- 
mulae given by (1) contain the solution of Problem 598 as a special 
case. 


603. Let the x-axis be parallel to the direction of propaga- 
tion of the plane wave. The wave field can then be described by 
two functions of t’, for example, E(t’) and E,(t’): 


E=(0, Ey(t’), E,)) H=(0, —E,(¢). E,(@)). 


Using (XI.15) we find that t’ = 7 and hence the parametric 
equations of motion are 


1 1 
xQ=ghy | pas yo=st | paz, 
0 0 


7 t 
1 1 
2@=4 fra. t= t+ aha f olan. 
0 0 


o 
where p, =ef E(t’)dt’ = ey Py + @zpz is the component of the 
0 

momentum of the particle in the E, H plane. 

604. The coordinates of the particle are given by 

xX=X),coswt, y=ypcoshot, 2—v, 

where w*=2ek/m. 

It follows from the form of x(t) and y(¢) that this type of lens 


may be used to produce a charged particle beam in the form of a 
flat ribbon. 


605. : ‘ 
—- BEV gp Ah a ZA a), 
v2 v2 c 
evar es ae 


4 eee =e[E +7 (He — Hr) |- 


it a) = [e+ (Hyr — H,ra)| 
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The first and last of these equations have the form of the 
usual Newtonian laws of motion, except that they contain the 
variable mass m/(1 - v?/c*)”?. Moreover, the right-hand side 
of the first equation contains the term mrda?/(1 - v?/c*)!/* which 
is independent of the form of the electromagnetic forces (centri- 
petal force). The second equation gives the time derivative of 
the angular momentum of the particle about the z-axis in terms 
of the z component of the moment of the Lorentz force. 

606. When H =0, the electron trajectories are rectilinear, 
As the magnetic field increases, the trajectories become more 
and more curved in the plane perpendicular to the axis. Con- 
sider the cylindrical coordinates 7, a, z, where the z-axis lies 
along the axis of the cylinder. The electrons will not reach the 
anode if at r = 6 their velocity is parallel to the surface of the 
anode, i.e. when | p-5 = 0. Moreover, @| p25 = Umax/b. Let 
us use the second of the equations given in the solution to Prob- 
lem 605, which in the present situation assumes the form 


at 


d ae Jone Or ar: (1) 


Integrating (1) along the particle trajectory between vy = a and 
vy = b, we have 








2: r=b 
ee ¢_ f oxtirar=— 22. 
v2 Qnc. 27 
V1 —_— a 
€ r=a 
Hence 
2Qzxcb 2mV je|V 7 
Corit = Te Poax == LTO a( + Ime? ) (2) 


where we have used the result of Problem 546 and the fact that 
T max = | é | V. 

When the potential difference is small, so that |e|V <« me®, 
which is equivalent to saying that v «< c, Egn. (2) assumes the 


simpler form 
: 2mV 
orig = 2ncb YW zl : (3) 


607. The potential difference V should be larger than 


[ae 56 mt me? 
Vorit = 2 In ae Pea ie 
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When |e|V « mc? (non-relativistic electrons), we have 


277 | e@| 


V 
mc‘ 





crit in? 

608. b=aexp(po c*/ J e | ) where pp = mvy/(1 - wesery?, 

610. Consider the cylindrical coordinates 7, a@ whose origin 
coincides with the charge Ze and whose polar axis is parallel to 
the angular momentum of the particle. The motion will then take 
place in the z = 0 plane and vy will be the distance between the 
charges -e€ andZe. The first two equations in the solution to 
Problem 605 will then be 


(1) 


It follows from the second equation that the angular momentum is 
an integral of the motion, so that 


mr?a 
v2 
Vi 
¢c 


The second integral of the motion is the total energy of the system: 


= K = const. (2) 





me? Ze? 
2 r 
Vi-= 
It follows from (3) that there are two main types of trajec- 
tories. At large values of 7 the total energy is 8 = mc? + T 
(T is the kinetic energy), since as y ~ ~, the potential energy 
Ze*/y 0. Since T = 0, it follows that when E < mc? the 
particle cannot reach large distances from the attracting centre, 
and its trajectory will lie in a finite region (finite motion). When 
E> mc’, there will be trajectories extending to infinity (infinite 
motion). 
Let us now find the differential equation for the particle tra- 
jectory. It follows from (2) that 


== §= const. (3) 





feral Ra i a (4) 
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Substituting (3) and (4) into the first equation in (1) we obtain the 
required differential equation: 


£.()-0—-l aa. 6) 








where p = Ze*/Ke. 
When p # 1, the integration of this equation yields 


hee Pine  aglie ae 
1+ecosVY 1 —pa ’ i Zeg : iS) 


where _€ is the integration constant. The second integration con- 
stant may be eliminated by a suitable choice of the origin of the 
angle a, andthe quantity « may be expressed in terms of & and 
K. Thetrajectories are symmetric with respect to the x-axis 
(q@ = 0). 

Consider the case p < 1 in greater detail. As can be seen 
from (6), the particle will not approach the centre to distances 
smaller than 7 min = p/(1 + €) if it is assumed thate>0O. In 
Eqn. (6) the origin for the angle 
@ is chosen so that 7 = 7 min 
when a =0. The particle can 
therefore reach the distance 7 min 
from the centre several times. 
At all such points 7 = 0 and the 
velocity is perpendicular to the 
radius vector r. Hence, K = 
= mvr min/(1 - v2/c?)/*. By 
eliminating v from this expres- 
sion and from 


r 


mc? Ze 


V i a a 


c2 





and expressing 7 min in terms of 
e it is found that 


: 1 274 
Fig. 83. ‘=; l — “gr (lp). (7) 


It follows from (7) that «< 1 
when & < mc*. The motion is then finite, and the trajectory is 
quasi-ellipsoidal (Fig. 83). It takes the form of a rosette lying 
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between circles of radii p/(1+ €) and p/(1 - «). The rosette 
may be obtained by rotating the non-relativistic elliptical trajec- 
tory in its own plane. A complete oscillation of 7 from the 
minimum value 7 min =p/(1 + €) (perigee) to the maximum value 
Y max =P/(1 - €) (apogee) and back to a new minimum, occurs when 
a@ increases by 27/(1 - p*)'’?. ‘The perigee of the orbit is thus 
rotated through an angle 2m{(1 - p2)7'/ - 1) in each period of 7. 

If (1 - p*yi/? is a rational number, 
thenthe trajectory will close after 
a finite number of revolutions. 

—e >1when & > mc*. The 
motion is infinite and the trajec- 
tory is quasi-hyperbolic (Fig. 84). 
It has two branches extending to 
infinity at @ = +@), where Q) = 
= cos !(-1/c)/(1 - p2)”*. A 
particle approaching the charge 
Ze along one of these branches 
may execute a number of revolu- 
tions about the charge before it 
leaves it to escape to infinity 
along the other branch. 

e = 1 corresponds to 8 = mc’. 

Big. ae Here, the motion is again infinite 
and the trajectory is quasi-parabolic. 

When p << 1, the above trajectories become elliptical (« < 1), 
hyperbolic (€ > 1), and parabolic (« = 1), and correspond to the 
usual non-relativistic Keplerian solutions. This is inevitable, 
since v/c « 1 when p « lf. 

611. When p > 1, the solution of Eqn. (5) in the preceding 
problem can conveniently be rewritten as 

Pi 
om —1+e,coshV p?—1 a @ 
where _ Kr2 4. Ze! 
Pi =—zag 


VEO) 


ft In the non-relativistic limit 
_ Ze? Ze? |U| 
>= = ~—.- 
Ke rmvc mvc 











According to the virial theorem |u| =27T = iy so that p=u/e «1, 
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The trajectories described by (1) become spirals which pass 
through the origin when @ > +. The particle passes through 
the centre of force (in the non-relativistic limit this is only pos- 
sible when K = 0, p = ©). When &> mc? we have €, < 1 and the 
trajectory has two branches which reach out toinfinity at @ = +Q), 
where Qp = cosh™! (1/€4)/(p? - 1) (Fig. 85). When 8 < mc? we 
have €, > 1 and the trajectory is as shown in Fig. 86. 

When p = 1, the solution given by (1) cannot be used, and the 
differential equation for the trajectory must be integrated again. 

The result of this integration is 


2Ze2°E 
= geapeee:  &) 


Thetrajectory is thenalsoa spiral 
passing through the centre when 
q@ — +, although the centre is 
approached much more slowly as 
compared with the case p > 1. 


g 





Fig. 85. Fig. 86, 


The general nature of the trajectory is similar to that illustrated 
in Figs. 85 and 86. 
612. When Ze*/Ke < 1, 


P 


2p’ 
—1+ecosay l— ar 


[= 


where 


Zot — K2e2 


p= — zag 8 Zag VR mi K— Heh) > 1. 


The trajectory is quasi-hyperbolic (Fig. 87). Its two branches 
reach infinity at @ = +Q@, where 
1 Pay 

& 


jie cos 
~ Reet 


ay = 
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When Ze*/Ke « 1, the particle moves ona 
hyperbola. This corresponds to non-relativistic 
motion with v « c (cf. footnote to the solution of 
Problem 610). 

When Ze?/Ke > 1, 


eee: eee 
1—ecosha Ze l 





K2c2 
where ¢ <1. The general character of the tra- 


jectory is similar to that in the previous example. 
The two branches reach infinity at 


V et 
Fig. 87. Kc? 


When Ze*/Ke = 1, 





= 2206 
"= 8? (1—a?) — mrct * 


The two branches of the trajectory reach infinity when 


ee eta 
teen. 


614. When ee’ < 0 (attraction) 





_ aje?—1] 
i 1+ecosa ’ 
where 
ee’ _ 26K? ___' MM 
= Dee Drage PP mm 


K = pr*a is the angular momentum, & = ee’/r + uv’/2 is the total 
energy of the particle, and vy, a are the polar coordinates. The 
particle trajectory is a conic section: it is an ellipse (© < 1) when 
& <0, a hyperbola with the charge e’ at one of its foci (€ > 1) 
when & > 0, anda parabola (c = 1) when 6 = 0. 
When ee’ > 0 (repulsion) 
a(e?— 1) 
PSS 2 ees a. 
In this case, 82 0and «21. When &>0 (ce > 1), the trajectory 
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is a hyperbola with the charge ec’ at the external focus, or a para- 
bola when 6 = 0 (€ = 1). 

615. The differential scattering cross-section may be calcu- 
lated from the formula 


oO)= say (1) 


where @ is the angle of scattering corresponding to a given value 
of the impact parameter s. The relation between s and 0 may 
be found from the equation for the trajectory of the particle (cf. 
Problem 614). In the case of attraction (ee’ < 0), cosa@ > -c7!, 
The angle @ varies between -q@) and dp (Fig. 88) as the particle 
traverses its orbit (cos ay = -c'). The scattering angle @ is the 
complement of the angle between the 
asymptotes of the hyperbolic trajec- 
tory. It follows from Fig.88 that 0/2 = 
= -1/2 + ag and hence cotan’ (6/2) = 
= cosec” (9/2) - 1 = sec’a, - 1 = ? - 
-1=28K*/me’e'*. The angular 
momentum is K = mugs, so that 

72 


ere 2 8 
cotan’ —. 


2 
== — 
mpi 2 





Differentiation and substitution into 
(1) yields 





Oe ae ) cosec* (6/2). 


v] 
2mv) 





This is the well-known Rutherford 
Fig. 88. formula. The Same result is ob- 
tained when ee’ > 0. 


616. For ee’ < 0 (attraction), 


2cK 2cK V 2K? — Ze 
0= (Taam \n tan? YoV o?K? — Ziet 
VceK —Z°e c*#Kk — Z2o4 cle ’ 


where Uo is the velocity of the charge when + _, 00 , 
When ee’ > 0 (repulsion) 
§(—=—7r— ach 1 Up V c2K2 


Stan c — Ze 
SS a or te IA 
y c?K?2 = Ze cZe2 t 
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617. Large impact parameters s correspond to small angles 
of scattering. Hence, by putting K = pys, where py is the momen- 
tum at 7 — ~, it is possible to find the required dependence of the 
angle 6 on s by letting s — © (evidently, K > |ee’|/c) in the 
general formulae derived in the preceding problem. On passing 
to the limit, the same result is obtained both for ee’ < 0 and 
ee’ > 0, namely, 


1 Uo Pos —_— 2Ze 
jee’ | Uppos 








§@=—x—2 tan 


<i, 


and hence s = 2| ee’|/vpp)8 and 


o( = SS = 4(2) 7 
68 Uppy’ 0° 


sa =iy m_? etl ma 
618. x=uo=az Rk =e. re . e2 . 


619. The accelerating electric field is given by 














__1 ae 
a Qnre dt’ 


where + is the radius of the orbit of the electron, @is the mag- 
netic flux intercepted by the orbit, and @ is the azimuth angle of 
the electron. 

When the electron travels along the orbit through a distance 
yda, the work done by the field Ey, is 


3A = E,r da. (1) 


The acceleration of the electron takes place on an orbit of constant 
radius v = cp/eHy (cf. Problem 597), where Hy is the magnetic 
field at the orbit. This field is perpendicular to the plane of the 
orbit and increases with time. From the condition dv = 0 we find 
that 


dp = 7 dy, (2) 


The electron energy & = c( p+ m*c?y!/2 is increased by 


_ ¢pdp _ cp’ dH, 
dé = = 6H (3) 


in which Eqn. (2) has been used. It follows that 
3A = dB. (4) 
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Substituting (1) and (3) into (4), and using the equation c*p/8 =V= 
= rda/dt, we have, after integration, 


@ = 2), 


where 6) = 77°Hp. 

The latter result is the required 2:1 rule. 

620. The energy of interaction U between the two charged 
particles is given by (XI.19) into which the charge @, of one of the 
particles and the retarded potentials 2, A» for the other particle 
should be substituted. From the explanations put forward in 
Problem 658, we have 


é @, O?R eV 
R= p+ oF or’ A, = oR. , (1) 


where R is the distance between the particles. Writing X in the 
form 
pam las 
X= OC OF’ 


and carrying out the gradient transformation of the potentials, it 
is found that the new potentials are 
F 10h & 
P= Po OER” 


Ag= Ay-terad y= le EE vada) 


where n= R/R. Hence, the energy of interaction is given by the 
Breit formula 





U = e7%—— (v, - A.) = e \1 rly *Vot+(V,-1)(Vo- n)|}. 


This formula gives an approximate representation of the fact that 
the force acting on one of the two interacting charged particles 
at a distance R from one another is determined by the previous 
position and state of motion of the other charge. Energy and 
momentum are communicated by the charges to the field and are 
transported by the field from one charge to the other in the time 
interval R/c. The particles and the field form a single system, 
and hence an exact description of the motion of a system of inter- 
acting particles cannot be given without considering the degrees 

of freedom of the field. 
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m a mvt mt Mavs 


“ae 8c2 oa Es gee a 8c? a 
di Sire (My Ve + (yy 9) (v2 - M)]. 


622. The magnetic moment of the particle precesses about 
the direction of the magnetic field with an angular frequency 
w = -xH. 

623. The electric dipole moment of the particle in the 
laboratory system is p = (v/c) X m, and hence in an electric field 
E = -(r/r)dg/dr the couple acting on the particle is N =p XE. 

If the resultant force acting on p is neglected, the vector E in the 
latter formula may be replaced by (m/e)v. 
The mean value of the couple is given by 


621. 











N= pXv=— (vx m) Xv. (1) 


Differentiating the product (v Xm) X v with respect to time, and 
using the fact that the average of the time derivative of a periodic 
function is zero, andalso the fact that the term with m= (e/2mc)pXE 
is smaller than the terms with v, we have 


(VX im) Xv+(V Xm Xv=0. 
Hence, using the identity 
(v Xm) X v-+(an Xv) X V-+ (VX v) KM =, 


the average couple is found to be 
N=a>m Xi’ (2) 


where H’ = -(v X E)/c is the magnetic field in the system in which 
the electron is instantaneously at rest. 

The field H’ may be expressed in terms of the angular momen- 
tum 1 associated with the orbital motion of the particle about the 
centre of force: 





re spend _ | de ees 
W=— ZV KE = ae ar A" = mer ar i: (3) 


The interaction of the magnetic moment of the particle with 
the field, which gives rise to the average couple given by (2), may 
be described in terms of the potential energy: 


U=s—szm-W=—sa5-7 Gls. (4) 
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We note that this expression can also be used to describe the inter- 

action of the electron spin with the orbital motion of the electron 

in the quantum-mechanical description of the atom. 

624. The motion of s is described by 

ee (1) 

where j =1 +48 is the total angular momentum. It follows from 

(1) that s will, on the average, precess about the direction of j 

with an angular velocity 


625. A reflection will occur for an anti-parallel orientation 
of the magnetic moment and the field, provided the glancing angle 
a is such that sina < (m)H/8)'””. 

626. The motion of the neutron along the conductor is uni- 
form. The motion in the plane perpendicular to the conductor 
occurs in the potential U = +2mgG/cr. It follows that the projec- 
tions of the neutron trajectories on this plane are similar to the 
trajectories of the uniform motion of two charges e and e’ which 
interact in accordance with Coulomb's law (cf. Problem 614), pro- 
vided ee’ is replaced by +2 moG/c and & = mr?/2 + K*/2mr’ + 
+ U(r) is regarded as the energy of the transverse motion (K = 
= mr’& is the angular momentum). In particular, when & < 0 the 
neutron executes a finite motion about the conductor. 


627. 
WoT 
2:92 2° 


emupsin oy 


l= 


Chapter 
12 
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1. The Hertz vector and the multipole expansion 


632. The angular momentum flux density is given by 


oy (2 XP) (1B) 


Qrcesr2 


In evaluating the quantity -dK/dt = jmr'aa it is convenient to use 
ee | 
the formula 777}, = 30k (cf. Chapter I). The result is 


_ d t 2 
Ke) — arb Xl 





t=t— 


633. The magnetic lines of force are in the form of circles 
whose planes are perpendicular to the z-axis, and whose centres 
lie on this axis. The electric lines of force are described by the 
following equations: 


C, = sin’? [ Fc0s (kr — wl)+e sin (ar —ot)|, C,=4, 


where C, and Cy are constants. 


634. 





q) 


— eal ey (—: ataa}te (4 +i- <7) cos 0] el (Rr atta) 
E =curl curlZ eae (— or? + Fr) 2sind 
wo 


w : 1 w? o f er 
+ (ao +i — +r) cos 9 +e, (s-—gr— allem mETa). 


In the wave zone y > A = 2mc/w and the expressions for E and H 
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assume the simpler form: 
w? 
H = ea 3- (— ley +e, cos) ef (trot ta), 
2 
E= ea (ey) cos } 4 e,) ef (4-9) —= H&K a. 


When the emissiontakes place into the upper hemisphere (cos? > 0), 
the polarisation is in general ellipticaland left handed (it becomes 
circular when # = 0). When the radiation is emitted into the 
lower hemisphere (cos } < 0), the elliptical polarisation is right 
handed, and the special case of circular polarisation occurs at 
§ =7. Waves emitted in the equatorial plane are linearly pola- 
rised. The angular distribution and the total intensity are res- 
pectively given by 
—_—- nr? = 22" +-cos? 8), p= ee 

The above situation obtains, for example, in the case of a 

charge moving in a magnetic field 


635. 
p=m=—0, Q +0, 





= — ee sin 9 [eg cos (2ut’ — 2a) +e, cos ? sin (2wt’ — 2a)]. 


The frequency of the oscillations in the charge and current distri- 
butions, and therefore the frequency of the field, is equal to twice 
the orbital frequency w. In general, the polarisation is elliptical, 
and becomes circular as § — 0, 7 and linear when 9 = 7/2. 


“al Qe7asw6 





0 = ae sin? $(1 ++ cos? 4), 
= 32 e?a4w8 
i= 5) 5 





When one of the charges is removed, the intensity increases 
by a factor of the order of (A/a)*, i.e. very considerably, since 
the condition a/A <« 1 is satisfied. 

636. If the angle between the position vectors of the charges 


is equal to 7 - ¢, then 
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637. Let the dipole moment of the oscillator which leads in 
phase lie along the x-axis, and let the xy plane contain the dipole 
moments of both oscillators. The magnetic field is then given by 

: w? 
H(r, ¢) == He7!" = <P {ey [sina +-/sin (a —o)] + 
+e, [cosa -+-/cos(a— ¢)] cos} e-!#’, (4) 





= -_ 
a= a {2 — [cos? a +-cos? (a — 9)] sin? 9], 
= Qprw' 
eer 


where the unit vector n in the direction of propagation of the wave 
is defined by the polar angles $ = 0, 7. 

The angular distribution is a maximum in the directions $ = 0 
and § =7, which are perpendicular to the dipole moments. The 


v4 





Fig. 89 


distribution is illustrated in Fig. 89 for g= 45°. Fig. 89a shows 
the angular distribution in the plane 9 = 90°, and Fig. 89b the 
angular distribution in the plane a@ = 39 = 22.5°. 

When the origin of the phase is displaced by y, the new ampli- 
tude becomes Hexp (-zy) = H; - tH,. Since H,-H2 = 0, we have 


sin a sin (a — ¢) + cos a cos (a — 9) cos? $ (2) 
sin? a — sin? (a — 9) + [cos? a — cos? (2 —¢)] cos? $ ° 


tan 2y =2 


cosy and siny can now be determined from (2), and hence Hy, and 
H, may be found as functions of $, a, and ¢. 

When 6 = 90°, the polarisation is linear and the plane of 
polarisation is perpendicular to the xy plane. When $= 0,7, the 
polarisation is elliptical and the ratio of semi-axes of the ellipse 
is equal totangy. In particular, the polarisation is circular 
when g=37 and?=0,7. The values a= 39, $(y+m7), and 
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29 + 7 are equally simple to discuss. In all these cascs the 
polarisation is in general elliptical. When a = 39, 39 +7, the 
polarisation is circular in the directions defined by tan$gy = | cos9\|. 
When a@ =4(g +17), the directions in which the polarisation is 





circular are defined by cotang@ = | cos 9]. 
639. 
Y= ee (1 + cos? 9) ei ee es _ 3 a ail de, 


The latter result may be obtained by recalling that the rate of loss 
of angular momentum dK/dt = -(2/3c*)p x p (cf. Problem 632) is 
equal to the couple N onthe screen. Alternatively, the couple 
may be computed directly from the formula 





— ‘i r X yr? dQ. 
r>a 
640. 
H= meee (e, cos } + /e,) e! (r— wets), 
nto? sin ¢ ; = 
E = —a,— (— e. cos d+ ieg) ef (4r- wf +e), 
where 
m= > a5M, 
dl __ mt sin? @ 
7 a Bnco re! + cos? 3), 
f= 2ut2w! sin? » 
=< 3c3 
641. ar 9 wg? Ria? 
—_—= - ——_.— sin? dcos?, 
de 800z c 
= 3 w° 2 Ria” 
b= 505 es 
642. E=“, H=0. 


643. The Hertz vector Z(r, f) may be resolved into mono- 
chromatic components. Using the expansion given by Eqn. (20) of 
Appendix III, we have 





Z, (r, H)= P©) ’ (1) 
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where t’ = t - (y/c) and 
Zo(r, f= 5 Q (+5 Q(t), (2) 
Duke: ja mOxa st of f meat] xa. (3) 


These formulae will hold for , > a, where a is a linear dimen- 
sion of the system. The arbitrary constant which arises as a 
result of the integration in (3) will have no effect on the magnitude 
of the field strength. 
644. The field of the magnetic dipole is 
En (f, th=— LA, =2XRO nX m(t’) J NS) aX mt’) 


rs) cr? 


Hn (r, 4) = curl A 3n(m-+n)—m abs nX (a Xm) 


ir cr? cr 


The field of the electric dipole may be obtained from that due to 
the magnetic dipole by substituting 


m—>p, Hn—E,, En — —H,. 


645. The dipole moments of the system are zero, and the 
electric quadrupole moment has the single non-zero component 
Qzz (if the z-axis is parallel to py). 

Hence, the vector Q is parallel to the z-axis and is equal to 
Q(t’) = Q) cos) cos wt’e, (when the origin of time is suitably 
chosen), where Qo = 2poa. ‘ 

It is convenient to carry out the calculation in the complex 
form using expression (2) of the solution of Problem 643, and 
taking the components of Z along the axes of the spherical system 
of coordinates. Separating out the real part, we have the follow- 
ing final result: 


3 Som (= ~ =) sin (wf — kr) — * cos (wt — hry], 

p= Mey (Ge =) cos (ot — kr) — 34 sin (ot — hr), 

Ey = Sos [(= 2388 Sr ) cos (wt — kr) +(= — a) sin (wt — ar))], 
a Oe _  Qeut 


a = Boner sin? 0 cos? 9, = 


where Qo = 2foa@. 
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646. Consider the coordinate system shown in Fig.90. The 
current distribution in the antenna is given by 


J= TF osin k(E +5)e", 


According to (XII.9) the electric dipole moment 
per unit length of the antenna is P = (i/w)J. 
The element dé of the antenna may be looked 
upon as an electric dipole oscillator with a 
moment dp = Pd&. Since d& «AX, it follows 
that the magnetic field at the point A due to 
this element may be calculated from (XII.17) 
and (XII.20): 


2 
dHo(tq. )=—-4-e, sin 9P (¢ 2 7) dt, 





Fig. 90 where 
r==f,—icosd. 

Since we are only interested in the field in the 
wave zone, the quantity sin}/7, which is a slowly varying function 
in the region 7 >> 1, may be taken out from under the integral 
sign. Thus, 





fl, = A, == 0, 
rg 
2 
fa) sin $ 3 = . E 1 » 
H, oe ae TF ge! (Rro— wt) i efki cos § cin pag (+ + a Jae. 
1 
“tas 


The angular distribution may be found by evaluating the above 
integral, since dI/dQ = (c/4n) Hir?: 


gz cos? (> cos 9) 


2 
al 7 2rc sin? 9 m add, 
a g sin? (7 cos #) 
One . So ginkgo m cVEeN. 


The angular distribution is illustrated by the polar diagrams in 
Fig.91. The dashed curves show the current distribution along 
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the antenna; the continuous curves represent the angular distri- 


bution of the emitted radiation. 


647. 
_ g£ 
l= >, [In (Qum) +-C — Ci (2nm)), 
R=2-4, =1 In enm)+C —Ci(2nm)}. 
I, ¢ 
648. 
ar F sin? $ sin? [+ (1 — cos ®)| 
dl ~ Dre (1 — cos 9)? : 
a - ee 4nl 4nl sin (4z1/\) 
T= [c— 1 -In>—c1 (=) ae 7) oe ? 


where A = 27/k is the wavelength of the emitted wave, and # is the 


polar angle measured from the é-axis. 
It is easy to show that a travelling wave is emitted more 


intensely than a standing wave with the same values of /, A, and 
TF 9: 


~~ 
~ 
— 
=~ 





Fig. 91 


649. If the distance 7 of the point of observation A(7), 9, @) 
(Fig. 92) from the loop is large (vy > a), then the position vectors 
r of all the elements of the ring, dl, may be regarded as parallel 
and 7 = 7) - a cosg = ¥) - asin $ cos (a’ - a) (cf. Problem 1). An 
element dl has an electric dipole moment dp = Pdl = (i/w)fal, 
where P is the electric dipole moment per unit length of the wire 
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which gives rise to a magnetic field at A of magnitude [cf. (XII.20)] 
w2 
dH (ry, =— 2 ap’) Xn _ 


c2 r 


wa a e—twt+ikr,—iak sin § cos (a’ —2)| x 


x dint na’ [cos (a’ — a)ey-+- cos} sin (a’ — a)e,| da’. 


In the denominator of the latter expression quantities of the 
order of a have been neglected in comparison with 79. This 
cannot be done in the exponential, since ak is not small in general 
and has an important effect on the phase. 

The field may be found by integration: 


ad 


Hy es fwa To ef (kr,— wt) f cos (a’ aa a) sin na’e—ika sin § cos (a! —a) da’, 
“et Ty 

The expression for Hq may be obtained from that for Hs by 

replacing cos (a@’ - a) by sin(a’ - q@) in the pre-exponential factor 

in the integration. 


Substituting B = a’ - a@ we have 


iwa 


H,= — . a @ {(kro—et) (cos na. [cos 8 sin nBe—ika sin 9 cos B gg + 





c? 
—k 
Tw 


+ sin na f cos Beos nBe-!ka nro ag] , 


—z 


The first of the integrals in the brackets will vanish because 
the integrand is odd. The second integral has an even integrand 
so that its limits may be transformed to 0, 7 and the integral 
itself may be expressed in terms of the derivative of a Bessel 
function (cf. Appendix III). Thus, 

Hy (ro, =F, = =e. <6 ets 2) sin naJ, n{ka sin 9). 
0 
Since Jpn-1(x) + Jney(%) = (2n/x)Jp(x), similar calculations will 
ield 
i (kr—-wt—n 5) 


Qrwand oe Jy (Ra sin §) 
A (ro. f= Ey = or, cosna —2+——__~ Ea tace 
650. 
oo in2 2 o 
dl @ An sin’ | ®% COS oy 


=m sin? $ cos? Ua 
sin? (5 cos?) 
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where $, @ are the polar angles characterising the direction of 
emission (cf. Fig.93). The oscillator which leads in phase is in 
the upper position along the z-axis. 

651. Since j= pv = pdr/dt, it follows that (jx, jy,jz) > 
— (Fx; “Jy +j-) where the reflected currents are calculated at 
the reflected points: jx(r) = -j7%(r’), and so on. 





Fig. 93 


Similarly, from usual definitions and Fgqns. (XII.1) and (XII.2) 
in the Cartesian form, we have 


(Py Py: Pye Px = Py, P2)s (Q,, Qy, Q,)> (—Q,, —Q,, —Q,). 
(ity, My, M,)—>(m,, My, —m,), (EF, Ey, E>(—E,, —E,, ED. 
(Hy Hy, H,) +> (H,, Hy, — Hy. 


652. The boundary conditions Hy, = 0 and E, = 0 are satis- 
fied at the surface (z = 0) of the conductor: this is a direct con- 
sequence of the results of Problem 651. Inthe special case of 
the electric dipole oscillator, the electromagnetic field in the 
half-space z > 0 is the same as the field due to an electric dipole 
oscillator of moment p= 2e, f(t) singy. The field vanishes when 
@o = O (dipole parallel to the plane) and reaches a maximum when 
Po = 37 (dipole perpendicular to the plane). The total energy 
emitted into the half-space z > 0 for gg = $7 is greater by a factor 
of 4 than the energy emitted by this oscillator when it is at a large 
distance from the conducting plane. 








653. 3 
ss a ie cos 2 cosacoswt’, 
3 
E,=—A= i cost sinacos wt’, 
dl pa? 
jx = Bae (cos® 24 cos? a ++ cos? $ sin’ a). 
ik Ou ., Ou 
654. b) H,=0, Lp Se Pa H, = ik, 


a Z% OF (ur) > __ 1 OF (ru) _ 1 a (ru) 
E, = k*ur +- gre? Ey=7 or as * «~~ rsio}d dOrea ~ 
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656, 
tkR bac ql) 
P e hi") (kb) 
ue thy YUAN X 
l=0 
d (rj, (ar)| 
dr (1) Ne ote 
aS WY? (kr) P, (cos). 
d [rat (er)| ‘ Ce 
dr 


r=a 
The fields E and H are given by the formulae obtained in the 
solution of Problem 654. In order to determine the angular dis- 
tribution, it is necessary to use the asymptotic expressions for 
the spherical Hankel functions [Eqn. (19), Appendix III]. This 
gives 














E = Ay= 
Ou ei 
Hal, coo == ik 4 | =F (8) —=E, yee 
where 
oO d rh (kr) d [rj (kr)| | 
F(8) = Poe S U+1 4, (40) SE OL 0 Gen) | ’ 
( )= b ji-3 d|rh'! (ér)| 
l=V —— = 
dP, (cos 4) 
* qS~S~S 


al 
B= el P= glP OP. 


2. The clectromagnetic field of a 
moving point charge 


657. The potential g for the field of the particle is given by 


R R 
o\r’, f£— — Bl 6 —rol f£— — 
o(r, jN= Cicer (1) 
where R= |r-r’]}. This integral may be evaluated with the aid 


of the formula J f(Ry)5(Ry)(dRy) = f(0) (cf. Appendix I). Let 


R,=r’- rp(t - R/c). The Jacobian of the transformation is 
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In terms of the new variables, the integral in (1) becomes 


” 3(R,) (dR 
C08) ae a ae 
eS c 








R,=0 


The condition R; = 0 means that on the right-hand side of this 
formula all the quantities are referred to the point r’ = rp(¢ - R/c) 
at which the charge was located at the retarded time t’ = t - R/c. 
The vector potential may be calculated in a similar way. 

658. 

i ears Pea ce 

o(r, j= fla [rR lo(r’, t)dV! = 


cn! of? 








n=0 
= (—ly" a"Rn-! 
c"n! dt" ° 








=e 


where Ry = |r - rp(t)| and 


(1)? d"(v @) R27} 
A(r, 2 ee 
n=0 
All the quantities on the right- and left-hand sides of these equa- 
tions are to be taken at the same instants of time. The retarded 
interaction is thus formally reduced to the instantaneous inter- 
action. The above expansions may be used for a sufficiently slow 
(v < c) and continuous motion (finite acceleration and all its 
derivatives), provided R is not too large. 
661. For small v/c, Eqn. (XII.25) becomes 
é er(r-v év er r Vv 
E=3+3 (r-v) — 4+ 24x 


cr cr? ver le 





Hav Xe Xe 


3 22 nr? 
cr cr Me at—4 








where r is the distance between the point of observation and any 
point in the rcgion in which the motion of the charge takes place. 
The first three terms in the expression for E and the first 
teri in the expression for H are proportional to vy? and are the 
leading terms at relatively small distances from the charge 
(quasi-stationary zone). The electric field in this zone is essen- 
tially the Coulomb field E = er/r’, while the magnetic field is 
given by the Biot—Savart law H = ev X r/cr®. At large distances 
from the charge (in the wave zone), the leading terms are the last 


terms, which are proportional to vy’, These terms represent 
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the radiation field and are of the form 


Ea 21 X(n Xv) 
= cer 
_ ev xXn 


~ ¢air 





where n=r/r. The position of the boundary between the quasi- 
-stationary and the wave zones is defined by the condition 


elr', 


—_—_—_—_—_— ow , 
elviferry, 


and hence 
c2 
To a(S). 


since |v| ~ v?/a, where a is of the same order of magnitude as 
the linear dimensions of the region in which the motion of the 
charge takes place. 


662. 


dal @ : 
Ga Feet (VX, 
2e2 “9 
{= 3a V . 


where n= r/r. 

663. (a) The portion of energy -d& emitted by the particle 
into a solid angle dQ in a time dt’ will travel past the point of 
observation ina timedt. Hence, 
~d& /dt'dQ = (dI/dQ)(dt/at'). 
Since t = t’ + R/c and 9R/at’ - 
= -n-v where n= R/R, we have 


dt=at'(1—*~), 





and hence, finally, 








dg (te 
do ° 


Fig. 94. di’ da e } dQ 
(b) The energy emitted by the charge in a time interval 
dt’ is localised between two spheres. The first sphere has its 
centre at the point O at which the charge was located at time t’, 
while the second sphere has its centre at the point O’ where the 
charge was located at time ¢’ + dt’ (Fig.94). The radius of the 
first sphere is R and the radius of the second sphere is R + cat’. 
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Consider the volume element dV = dSdR = R*dQ(c - n-v)dt’. The 
electromagnetic energy residing inthis volume is dW = (E*/4m)dV = 


= (cE?/4n)(1 - n-v/c)R°dQdt'. Hence, the rate of loss of energy 
-d& /dt'dQ = dW/dt’dQ is given by the expression quoted above. 








2 ° . 2 
008. (a) 6 = 2 l(b) } 
vXH\? (E-v)? 
d& _—2es (E+ c )- c 
(b)  — dt’ ~~ 3m?c3 1 ve ; 
ee 
667. 
dp vo dg 
a ee ee 


where v is the velocity of the particle at time t’. 

668. Consider the rate of loss of energy by the particle in 
two reference frames, namely, the frame Sj in which the particle 
is instantaneously at rest, and the laboratory frame S in which 
the particle has a velocity v. In Sp the emission is of the elec- 
tric dipole type, and hence there is no loss of momentum in Sp. 
This follows from the central symmetry of the angular distribution 
of the emitted radiation in this reference frame (or from the re- 
sult of Problem 667). 

Consider now the amount of energy -d&) emitted by the 
particle in a time dtj = dt in the frame Sy. The energy loss 
observed in S in a time interval dt’ = at/(1 -.v?/c?)'/* is then 
-d& = -d8)/(1 - v2/e?yi/2, Hence, the rate of loss of energy 


is given by 
2 
480 /V/ see) 
a 8» / I Bs 
a pe 0 ee 
«/fi—a 


This result is independent of v, which means that the rate of 


loss of energy integrated over all directions is the same in all 
reference frames. 








The total radiated intensity at a time ¢ is given by the integral 
of the normal component of the Poynting vector over a spheie of 
radius R and centred at the point occupied by the particle at the 
retarded time t’=t- R/c. In contrast to the invariant quantity 
-d&/dt’, the total radiated intensity does not exhibit simple rela- 
tivistic transformation properties. 
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669. d/ (t) — c E2R? e2y2 sin? § 


“dQ ~ 4x — “4nc3 (1 — B cos 9) ’ 
where # is the angle between the velocity v and the direction of 
emission n, and 8B =v/c. The polar diagram of the radiation is 
shown in Fig. 95. At low veloci- 
v0 v= ties Vv, the intensity emitted in 
the forward and backward direc- 
o v o tions is the same. Emission in 
the forward direction predomi- 
nates when v becomes compar- 
Fig. 95. able with c. Maximum emission 
is observed at an angle % which 
is given by 


cos 99= ag (VIF 128 — 1). 


When 8B > 0, % ~7/2; when B ~1, % —0. The total intensity 
is 





_ f dl 4 2eu? 1482/5 
i= f aos dey 


The total rate of loss of energy is 


670. The total radiation emitted is given by 
daw QP d& 1 
da ~ [| ie=[(-air)e _ 
eu) sin? 9 1 
~~ T6xe3z | cos o I — % cos ) — | 


where 4 is the angle between the direction of motion of the particle 
and the direction of emission of the radiation n. 

The observed duration of the pulse depends on the angle 4 
between the velocity of the particle and the direction of emission: 


At = [1 — = cos 9. 


671. d& eH 2p? 
dt? — 8mt*e5 
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672. dl @\vi?_ (1L—8 cos 8)? — (1 — 8%) sin? 9 costa 

dQ Ane3 (1 —B8 cos §)6 ‘ 
where B = v/c. 

Suppose that the polar axis is in the direction of the velocity 
and the azimuth angle a is measured from the direction of the 
acceleration. The angular distribution of the emitted radiation 
is shown in Fig. 96. No radiation is emitted in directions defined 





a a) 
N 


vent 





Fig. 96. 


by y[1 - (v/c)cos8] = sind|cosa@|. In particular, when @ = 0, 7 
(Fig. 96a) no radiation is emitted at 9.= cos !(v/c). When a@ = 
= 1/2, 31/2 (Fig. 96b) the intensity is finite for all 4. 


673. ga = — Wat = taimies (| — PY) X 


on 
(1 — 8) cos? $-++ (B—sin 9 cosa)? » 
os = == (i pamticongy 


_ crepe THT a RAE ants 
= Bxmics ‘ 7 
(1 — B? sin? 9)? 


where 8 = v/c. 

The origin of the azimuth angle is chosen so that the direction 
of the vector n is characterised by the polar angles §, 1/2. In 
the ultra-relativistic case, the emission of radiation is confined 
to the neighbourhood of the plane of the orbit in the angular range 
Adv~ (1 - pryi/2, 


2 
te epe!®Re j pl (na! —n sin 9 sina’) da! 
—_— na'—nB sin > sina’ 
Ay» = onRe cos) f cos ave da’, 
0 





(1) 





Qn 
; 7 ' 
f sin a’e! (na' —nB sin S$ sina ) da’, 
i 


where k = (w/c)n, the origin of coordinates is at the centre of the 
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orbit, the z-axis is perpendicular to the plane of the orbit, the 
direction of k is characterised by the polar angles 9, 7/2, and Ry 
is the distance from the centre of the orbit to the point of obser- 
vation. Hence 





ikR, 
A= i= nAjy~i Bene. cotan)) J, (mB sin 9), 
0 
a0 pIRRos (2) 
Hyy = — i= nA,, = = — Jn (n8 sin 9). 
i) 


The polarisation of the emitted radiation is, in general, 
elliptical. The ratio of the semi-axes of the ellipse is equal to 
B tant [Jp(nB sin$)/J,(nB sin$)]. The sense in which the ellipse 
is traversed is determined by the sign of this ratio. When { = 0 
and 1 = 7/2, the polarisation is circular and linear respectively. 
For sufficiently large » and $, the polarisation is linear in those 
directions for which J;/J, is zero or has a pole. 

675. The presence of higher harmonics in the spectrum of 
the radiated field is explained by the fact that the time taken by the 
field between equivalent points on the orbit is finite, andis, in 
general, comparable with the orbital period (provided the velocity 
of the charge is comparable with the velocity of light, c). Hence, 
the time taken by the field emitted during one-half of an orbital 
period to travel past the point of observation, when the particle 
approaches this point, is smaller than the corresponding time 
during the next half-period. Since the coordinates of the particle 
are not simple harmonic functions of time, it follows that the field 
is a complicated periodic function of time which can be repre- 
sented as a superposition of Fourier components. 

It is to be expected that when 8 — 0 the higher harmonics will 
vanish. In fact, when x ~ 0, n > 0 we have (cf. Appendix III) 


nm—t 





I (Qe, Ih = 


= odes Si 352 
2°n i “98 (n—1)1° 


It is clear from these equations that when 8 — 0, the important 


harmonics are those with |x| =1. Thus (cf. solution of Prob- 
lem 634), 
= ___—-e_—s cos Fsin kRg 
Ai,=,,+H_|,= a acre ° Waa 
ef? cos &Ry 


Hes iil gt Sopa s 
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676, wa 





= |H,|"Ro= 
cre [cotan? 9/2 (n8 sin 9) +8, (n8 sin 9)]. 


2na? 
If the circular motion occurs under the action of a constant uni- 
form magnetic field H, then 





mc?3 


~ eHVI—B 


677. The n-th harmonic of the field emitted by a single ; 
charge was obtained in the solution of Problem 674 [Egqn. (2)]. The 
expressions for the harmonics due to a number of charges will 
clearly differ from each other only in the initial phases. Let %1 
be the phase difference bctween the field due to the l-th electron 
relative to the electron which we shall agree to call electron num- 
ber 1, so that the final field (in real form) is 


ai 





Hy= 





N 
a (nB sin 9) > cos n(wt — 


a 1 


+4). 


There is an analogous expression for Hpn,g The average intensity 
over the period T = 21/w is 


dyn = 4 wir s+ Hi) dtR2d2 =S,dl,, 


where dl, is the intensity due to a single electron (cf. preceding 
problem) and Sy is a factor which represents interference effects 
between the fields emitted bythe electrons (the so-called coherence 
factor): 


Sy=N+ oy cos nb, — by). 
toe 


Consider three special cases: 
(a) electrons distributed at random on the orbit: 


> cos n(Y — Yr) = 0; 
(b) uniform distribution of electrons on the orbit 


Qa 
yw=yve—D) 


and 
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a N oF Qn (t-1) 2 
n 
Sy, =N Y ses2nd— Da— a |S é N + 


f=2 f=1 


< = not an int 

Nuc? d=) 1 5 nightie 0, Wy fot an integer, 
+ eb = N(— 1) ne en ; 

= ae N?, jy an integer. 


(c) ifthe electrons form abunch, then all the differences 
~.- yy’ are small, provided » is not too large, so that the linear 
dimensions of the bunch are small compared with the correspond- 
ing wavelength. All the cosn(?; - 7’) in the expression for Sy 
can then be replaced by 1. Hence, Sy = N*, The factor Sy de- 
creases with increasing ». The actual value of Sy depends on 
the precise distribution of the electrons in the bunch, and cannot 
be given in a general form. 

678. Let the origin be at the centre of inertia of the system 
of charges. The electric dipole moment of the system is then 
given by 


p= er, + ety =p(ot — Jr, (1) 


where r =r; - fp and p = mym,/(m,+ my). 

Since the ratios e/m are different, it followsthat p # 0 andthe 
system will radiate as an electric dipole (v/c « 1). The instan- 
taneous intensity is 





_ 2p? _ Qy.2 e e, \2« 
NO) a ae (Ft — =) re). 

Since the equation of motion of the charges is p¥ = €,@or/r*, 
it follows that I = (2e%e3/3c3)(e,/m, - €,/m)*/r4. To calculate 


T 
the time average of the intensity, I = rt | Idt’, we can replace 
0 
integration with respect to t’ by integration with respect to the 
angle @ by substituting dt’ = (urv?/K)da (K is the angular momen- 
tum) and using the equation of the trajectory. The result is 
3 5 3 
T=35(2 za p? Levee P18 1 (s = 21g? ). 


Cee ye = eee ps 
peres 


679. M2 71807 (2a) % 
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680. Proceeding as in the solution of Problem 678, we can 
write the second derivative of the dipole moment as 


p=(4—2)=%. (1) 


The evaluation of A presents no difficulties. To determine 8B it is 
necessary toknow pz, i.e. the component of p inthe direction of the 
initial motion of the scattered particles as a functionof the coordi- 
nates 7, @ (the polar coordinates in the plane of the relative motion 
of the particles). It must be remembered that in the equation‘ 
for the trajectory of relative motion [-1 + « cosa = a(e? - 1)/7), 
the angle @ is measured from the axis of symmetry (z’-axis) 


of the trajectory. Thus, y’ = yr sina, z’ =rcosa. The 
angle betweenthe z- and z’-axesis 7 - @ (COS @ = 1/<), and hence 
z = -z'coSa@ -y’ sina, = -(r/e){cos@ + (c* - 1)" sina]. Using 


Eqn. (1), and recalling that sina is an odd function, we have 


ao +0 


f f plat sds= 
+o 


0 
co +00 


e e, \? cos? a e?— |) sin? « 
= eres ( — <:)) ni i ee Gs dts ds. 
m, Mg e*r 
cs) 


The equation for the trajectory may be used to express cos’? a 


and sin?@ interms of ry and c. Substituting ©? =u, sds =4a’du 
we find that the above integral can be transformed to 


+(-siee2—2)b42(2 1) s] oe 


(Z-1) -u 


The evaluation of the integral with respect to uw leads to a loga- 
rithmic term which may be transformed by integration by parts. 
To evaluate the integral with respect to 7 it is convenient to sub- 
stitute x = 2a/r which converts this integral into a sum of a num- 
ber of B-functions which are defined by 


1 
B(k, N= f x — x de = 
0 


P(k)T () 
r(kt+)D° 
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The final result is 


681. On the present approximation, v = const and the tra- 
jectory of the particle is a straight line. Suppose that the motion 
of the particle takes place in the xz plane in the direction parallel 
to the z-axis. Interms of these coordinates, 


n=(A,, ay, n,),wheren, =sin § cosa. ny =sin § sin a, 


n,=cos?, r=(s, 0, wt’), r=Vs?+ vt", 


v=(0, 0, v). 


Since v= c’p/& where 8 = mc*/(1 - 8)” and B = v/c, we 
have v= c’p/8 - c*p8/8*. Moreover, from the equation of 
motion of the particle we have p = @4@or/r°, and the law of conser- 
vation of energy requires that & + e,@,/y = const. When the last 
equation is differentiated with respect to t’ we have 








so that 


= E(B ie tr Pe 


Substituting these expressions into (XII.26) we have 


d AW, etete! | 
dQ = Fee? (T= Ba s*[(1 — Ba, — ne(1 — 8) X 


| 
t? dt’ 
x a ay + 6p? (i — 8)? (1 — 2,” Lites} 


Integration yields 
daw, eles (1 — 8?) ‘ F 
dQ 32m?c3s3v (1 — fn,)® [4 3ny — nz, — 6En, 
+B (— 2+ 3n2 + 502) + BAL — n?)). 
In the non-relativistic limit B - 0 and 
daWy ete 
dE Bmterany (4 — 32 — 0, 








(1) 





440 ANSWERS AND SOLUTIONS. CHAPTER XII 


In the ultra-relativistic limit 8 = 1 and 
3eqe5 (1 — B) 
a 29m?c4s3 sin‘ > 
When  < (1 - g)!/2\ the latter formula becomes incorrect, and 
the exact expression (1) must be employed. 


42 2 
Tee) 4—8 _ vAW 
682. AW = tones TOE’ p= c2 
633, 74We Beserw'c Fo (ws K3(28)] 
 Ggt =e (ATS) + RS) 


684. Egn. (XII.33) will hold for all frequencies w since the 
collisiontime t=0. For scattering by a perfectly hard sphere, 
the angle of incidence is equal to the angle of scattering, and 
hence | ve -— Vy |? = 2v siné%, where * is the angle of scattering 
which is related to the impact parameter s by $s = a sing9 when 


S <a. Whens >a, the particle is not scattered. Hence, 


a 
2e2 y) Po) $ __ 4e2a2v2 
3ner 4Y J x 2ns dsdw = —35 








dx, = 


The above differential effective emission is independent of 
frequency. Hence, the total effective emission is 


foe) 
x= f des =00. 
0 


This is due to the fact that the sphcre was assumed to be perfectly 
hard. Infact, perfectly hard sphcres do not exist, +r #0. and 
for large values of w the above expression for dx, is invalid. 

685. Eqn. (XII.30) for the effective differential cmission may 
be written in the form 


de oo Pa 
6 =o f f Hatsas. (1) 
0 -c 


The intensity is given by dI/dQ = (c/4n)H’r?, where H = A Xn/c. 
In (1), the averaging of the radiated intensity should be carried out 
over all directions in the plane perpendicular to the direction of 
the incident beam. It is convenient to write the vector product in 
the expression for H in the form Hy = Copy AB ny/c where € py 

is the skew-symmetric unit pseudotensor (cf. Problems 24 and 
26), and the summation is carried out over the repeated indices. 
The components of the vector potential Ag may be expressed in 
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terms of the components of the quadrupole moment (3: which arc 
given by Eqn. (XJ1.19): 

A _ ] o 
a= Heap Voate- 
Thus, 


1 a6 
A, => er Cap, pel Me 


and 
d/l loc ees 
ao = T6nc® QpeQs' 21 Cady Ca3’y!MyMely' Ne’ 

Consider a polar system of coordinates with the polar axis in 
the direction of the incident beam, and the particle é@9, my at the 
origin. The average should be taken for a fixed value of the com- 
ponent nz = n3 = cos, where % represents the direction in which 
the radiation is emitted. It is easy to show that 


nite = 5 bial - n3), 





—_—_———. 1 ¢ 
AN Ml =F Oiu2im +88 om + Bima) (1 — 103), (2) 
n, = nnn, =0, 
where the subscripts i, k, 2 assume the values 1, 2. 
Using (2) and the equation 
€a3y C097 = B59" By” — Bay’ Bip, 
we have 
ar 1 he te 
s es Treas (Ss oa Q3s) cost) + 
+ + (Q:: —_— 3Q%3 + 6Q5 _— 90-:Q::) sin’ 1) cos" . 
442Gb — Oa — 38+ WW aJsintv (3) 
Substituting (3) into (1) we have finally 
dt, , : Jae ae 
as A+ BP, (cos) CP, (cos), (1) 


where I’) and Py are the Legendre polynomials (cf. Appendix Il) 
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and 


= Thos i / [ 3Q55 — (Qps)”| sds ae, 


—~—cO 


cia reat J ei [— 3Q55 + 2 (Qs) + 90s — 6QaaQjp] sds de, (5) 


OO 


c= ae S f [— 2035 + 26%, — Goo)? — 


686. The total effective emission is 
Pr dx, 
x= J Gy ae 
Using Eqns. (4) and (5) of the preceding solution, we have (cf. 
Appendix II): 


x= 4nA=— IJ | 3023 — Qia] sdsdt. (1) 


Let xq be the cartesian components of the relative position 
vector of the particles and vg = %q the cartesian components of 
the corresponding velocities. Hence, bearing in mind the equa- 
tion of relative motion of the particles, we have 





<s 207 X, ve Qe? rXqg@—3XaUy 
Xa mrs Xam" r6 , 


where Up= Yr. Substituting these expressions into (1) we have 


co oO 
2 


4ne® v? + 1lv? 
*= T5mrs j i r4 sds dt, (2) 
-o 0 


where v? = v, + Us 


In view of the conservation of energy and angular momentum, 
v2 = vi - 4e?/mr and vq = vgs/r. Inorder to evaluate the integral 
in (2) it is convenient to substitute di = dr/v ; = dr/ 2 aes 


The final result is 
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3. Interaction of charged particles with radiation 
687. The momentum of the field is 
G= fav, 


where g = E X H/4mc and the integral is evaluated over all space. 
The magnetic field of the moving particle is H = v X E/c, sincc in 
the rest system of the particle (S’) the magnetic field is zero. 
Hence, 


g = gig VE?—E(v - E)). 


Using Egn. (X.25) we have 


; Ey E, 
E,=E,, Ey Vine’ fe? yee 
where the x-axis is parallel to v. Moreover, in view of the 


Lorentz contraction, the relation between the volume elements is 
dV = dV'(1 - p*)'/2 and hence, 


(EY + EP) dV = +f Bea ay 


Vv 
~~ Ane? V1 — 6? if 4nc?V1— 6 a 
The last transformation is a consequence of the spherical sym- 
metry of the field in the S’ system. 
If it is assumed that the rest mass of the particle is of purely 
electromagnetic origin, 7.e. it is the mass of its electric field 


and is given by Einstein's relation W’ = moc’, then 
=4-“z/ E” av’. (2) 


The momentum of the field should then be equal to myv/(1 - 87)'/?, 
although it follows from Eqn. (1) that this cannot be sof. The 
momentum of the field depends on the velocity v just as for a 
particle, z.é. 

mov 


Vie (3) 


G= 





‘ 4 : me 
However, the “mass” is mj = 3 0 # mg, i.e. it is not equal to 


+ On this assumption the energy of the field should be equal to myo? / (1. - B°)"s 
it will be shown in the next problem that this is not correct. 
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the rest mass of the particle mg as given by Eqn. (2). 

The presence of the coefficient 4/3 in the expression for G 
shows that the energy and momentum of the electromagnetic field 
of the particle do not form a 4-vector and cannot be identified with 
the energy and momentum of the particle. 

It should be noted that the electromagnetic mass defined by 
Eqn. (2) is infinite for a point particle. 

1 mov" 
2 Viae 
where mg is defined in the preceding solution. 
The total electromagnetic energy of the particle is 


688. We=e f Hava 
Tk 


y — 1 2 2 a ) a or 3 
wad f (B+ H)av = mie’ ( =e F*) 


which is different from the velocity dependence m,c?/(1 - B*)!/? 
of the energy of a particle (cf. Problem 687). 

689. We shall neglect terms of the order of v/c and higher, 
and consider the effect of an element dé, on another clement dé». 
The Coulomb part of the electric field is spherically symmetric 
and does not contribute to the self-force. The quasi-stationary 
magnetic field cannot contribute to it either. Thus, it is suffi- 
cient to consider only that part of the electric field strength dE 
of the clement dé; which depends on the acceleration. The force 
acting on the element dé» is 


aF = — de,dE= ee [v— To(To° v)), 


where rp = r/y, andr is the position vector of de, relative to de. 
The total force acting on the particle is 


1 
where Wo = 2 fde,de,/r is the energy of the electromagnetic 


field of the particle at rest. The factor 4/3 is obtained as a 
result of integration over the directions rp. If the rest mass of 
the particle is defined by mj = 4W)/3c? (cf. Problem 687) then the 
total self-force is given by 


te 


F = — myov. 
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Thus, when retarded effects are neglected, this force becomes 
identical with the inertial force. 

690. The force acting on an element of charge de, duc to an 
element de, is determined by the acceleration v of the latter at the 
time t’: 


de, de, ,- 
dF (t) = ~a [Vv — ro (to- Mae t ‘ 
Expanding the acceleration v in powers of t’ - t = -v/c we 


have 


VEV=VON+Y —DVH=VvVH—~Vv. 


The required force is found by integrating with respect to e, and 
€y (cf. preceding solution): 


fed 2 92 » 
F=—mv+ 3a V: 


The second term on the right-hand side is the force of radia- 
tive friction. It is independent of the structure of the particle 
and retains its form as the size of the particle tends to zero. The 
proper energy Wo, and therefore the electromagnetic mass my, 
become infinite in the limit of a point particle. The terms which 
have been neglected are of the order of (t’ - t)", where nm 2 2, and 
are proportional to oe and tend to zero in the limit of a point 
particle (v9 is the radius of the particle). 

691. T= m’ c3a3/4e4 = 3.2x107% sec. The approxima- 
tions made in the solution will be valid if the energy loss per 
period is small in comparison with the total energy of the electron, 
i.e. tT|d&/dt| «|8&|, and hence ac/v > 79 = e*/mc*, where a 
is the classical radius of the electron. This condition ceases to 
be valid at distances of the order of 10°'3 cm, when classical 
electrodynamics breaks down. 

The very short lifetime obtained from the above calculations 
clearly shows that classical ideas about the motion of an electron 
in an atom (definite orbits and so on) are incorrect. These (and 
other) fundamental difficulties of classical physics have been 
removed by quantum mechanics. 

692. 8 ©) = metcotanh{ SF +5 In ete: 


2 


When t — © we have &(t) ~ mc‘, t.e. the particle comes to rest. 
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The radius of the orbit can be expressed in terms of 8 (tf) 


r(Q\=F = VEOH — mi, 


When t — © we have v(t) ~ 0, i.é. the particle moves on a 
closing spiral. 

693. Ber = me*{(3a?w/2cry)'/*] where 7) = e?/mc?. 

694. The equation of motion (including the radiative friction 
term) is 


or 2 2 e2 sos 
tr er= 5: ae te (1) 





The characteristic equation corresponding to (1) is 





2 @ 
+o z “mes Re. (2) 
Since the radiative friction force is small in comparison with the 
quasi-elastic force, Eqn. (2) can be solved by successive approxi- 
mations. On the zero-order approximation the right-hand side 
is neglected and k ~ ky = +iwo. Onthe first-order approxima- 
tion ky may be substituted for k on the right-hand side of (2) so 
that k ~k; = +iwy)- Zy where 


2° ¢7wr 
1=3' sa (3) 


Consider the solution corresponding to the negative sign: 


zt 
r=rye 2-e-ft (£>0). (4) 


This solution holds when y « wy and represents damped oscilla- 
tions. 

The energy of the oscillator falls off as the square of the 
modulus of its amplitude: 


W=Wye-". (5) 


The quantity 1/y can therefore be called the lifetime of the excited 
state of the oscillator. 
The electric field strength of the radiation is proportional to 
r so that 
+00 ae 
E= f Bae ida Ban : t> 0, 
0 t<0. 


—oco 
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and 
co 1 
ee fete) AON anne SEB ale, 
Qn, : Y 
0 anf (o—«)— 5 | 

Hence, the spectral distribution of the emitted intensity is 

Lae eee ele (6) 

dw 2 . 

* (oa) + 


+90 


where [9 = f al,, is the total intensity. The spectral distribu- 


tion (6) is of the characteristic resonance form (Fig. 97). 

The width of the spectral line is characterised by the quantity 
QSw= y. The natural width is very small [on the wavelength 
graph it is AA = A(2tc/w) = 4nr)/3 = 1.17 x 107 em]. 

If it is assumed that the radiation is emitted in discrete por- 
tions (this assumption does, of course, take us outside the frame- 
work of classical electrodynamics), then the uncertainty in the 


Ale 





Fig. 97. 


energy of the photons, A4& = HAw= hy, is related to the lifetime 
of the excited state, 7 = 1/y, by 


AS. t=h. (7) 


This is a special case of the very general quantum mechanical 
uncertainty relation for energy and time. 


695. ater ae 


oe = 
where Yp = ea 1/2 is the Doppler line width and I) is the 
intensity at w= wy. The line width is a function of temperature 
and may be used as a measure of the temperature of a gas. 
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696. 


+20 
where I = J dl, 


697. If the wave is polarised along the x-axis then 


Ly = — 5 (1) 


2 
where y = 3 w 2/mc?) 


The energy absorbed by the oscillating electron is 


+00 


AW = f{ eE Orb da fe,4f (02 i ae 


-oo 


ay 
Ca a 
since (X)y = -iwxyt. The integrand in the latter expression 
represents the spectral distribution of absorption. It follows 
that y is a measure of the width of the absorption line, just as in 
the case of emission. Since, by definition, the width of the 
spectral distribution is large compared with the natural line width 
y, it follows that 


2ne? 
aw = 21 F,, luster 
| Pam 200 (20 Ga Eo 
where § = W™ - Wg. The lower limit may be replaced by -° 
since y KX Wo. The result of the integration is 


aw = 72 





Bes, PS lrresas 


where 79 = e*/mc? is the classical radius of the electron. As can 
be scen, the result is independent of y. The dependence on fre- 
quency is indirect: the quantity 4W is proportional to the spectral 
density S., at the resonant frequency Wg of the oscillator. It is 
clear from the above derivation that the same result would be ob- 
tained for an unpolarised and curved group of waves incident 
on an anisotropic oscillator. The density S, would then be the 


t It is easy to show that 


oo 


+00 
f A()- B(t)at =2n f (A,B, + ALB,) do 
i) 


-ow 
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sum of the intensities of all the polarised waves of frequency 
entering into this group. 


698. a) AW = 2r’rocS., cos? 9; 
b) AW = r’r,cS.,, sin? 0; 
c) AW = 2 Tr cSw,- 


699. The equation of motion of the harmonic oscillator is 


o et a 
r+ wor = 55 r+ E,e fot (1) 





where it is assumed that the electric field is uniform in the region 
occupied by the oscillator, and the effects of the magnctic force, 
i.e. effects of the order of v/c, can be neglected. 
The solution of (1) which corresponds to forced oscillations 
is 
Cee ae 7 
~~ m og — @* — iwy 
Hence the time average of the intensity scattered in a given direc- 
tion is given by 
1 ——— cE w4 sin? § 

FH paler xah=— . 

dQ 4xc3 82 (a5 — © 4 wy 
where § is the angle between the direction of propagation of the 
scattered radiation, n, and the direction of polarisation of the 
incident wave. The time average of the energy flux density in 
the incident wave is Yop = cE?/8r. The differential scattering 
cross-section is given by 


ds] d _, w! sin? > 
q2 yp d2 (wp— oo")? oy? 


The total scattering cross-section is therefore given by 
Ce an 
7 dQ 3° (wp— wo?) + 07? 
For a strongly bound electron, when wy > w, 
82 rio 


re 
3 oN 





A characteristic feature of this relation is the dependence on the 
4th power of the frequency w. 
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For a weakly bound electron and small radiative friction 
y~0, w= 0, and o= 8rr?/3, 
Ae? 
mcr 


700. H=— (e, cos ¥ — fey) e-! (wt’-2), 


where ?, @ are the polar angles of the direction of propagation of 
the scattered wave (the incident wave is assumed to propagate in 
the direction of the z-axis) and A is the amplitude of the incident 
wave. 

It is clear from the expression for H that the scattered wave 
will, in general, be elliptically polarised. The waves scattered 
in the forward and backward directions will be circularly pola- 
rised, while the waves scattered into the xy plane will be linearly 
polarised. The differential and total scattering cross-sections 
are given by 


ds __ _2(1-+ cos? 9) __ 8x 2 
qq 1057 —_ oq Os 


701. p=cos?d. 
702. For a linearly polarised wave 
1 — 82) (1 — 8)? . 

dong1= 73 Sea Sa ((1 — Bcos 8)? — (1 — 6?) sin? $ cos? aj, 
where 4, @ are the polar angles of the direction of propagation of 
the scattered wave, the z-axis is parallel to the velocity v of the 
charge, B = v/c, and the azimuth angle @ is measured from the 
direction of the vector E in the incident wave. 

For an unpolarised wave 


d r? GaP) CD [EE 1 + cos? 8) — 28 cos 8]. 


Sunpol ~ "0 ~ ({ —f cos 98 


703. Consider the motion of the oscillator in a magnetic 
field H||z and suppose that 


eH 
9 > Ime L* 


Following the method employed in the solution of Problem 597, 
we have 
rT=A,(e,+ ley) ef (m~ ez) é + A, (e,— ieyye~! (40 +@z) # ae Ase,e 


where A;, A», and Ag are the constants of integration which can 
be determined from the initial conditions. 
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It is clear from the expression for r that when the oscillator 
is placed in the magnetic field it becomes anisotropic and the fre- 
quency of its oscillations splits into three frequencies wg and 
wo + wy. When the radiation is observed in an arbitrary direc- 
tion, the polarisation of each of the monochromatic components is 
in general found to be elliptical. In particular, two spectral lines 
are observed along the z-axis (along the field H). These lines 
are circularly polarised in opposite directions. All three mono- 
chromatic components are observed in the direction perpendicular 
to the field and are linearly polarised. In this situation, the 
electric vector of the undisplaced spectral line is parallel to the 
magnetic field, while the electric vectors of the two displaced 
lines are perpendicular to this direction. 


4. Expansion of an electromagnetic field 
in terms of plane waves 


705. Ey (r) = —gradg, (r) +i > Aw(t)s 
Ho(r)= curl A, (r), 
1: 
E,, (4) = — ike, (2) — > An 
H,, (t) = ik X A, (d), 
: .@ 
Eo = — EKP Ko +i 7 Axor 
Hy = ik XK Age: 
706. a) curl E,=—* H,,; divcE, = 4np,, 


iwe 











4x. . 
curl, = — Cc E,+—iu. div pH, = 0; 
b) ik XE, =—+B,, ik Dy = 4tp,, 
1 4n, 
ik XH, = —Dy +S jy k By = 0; 
on : ArH 
C) kK XK Exo = = Aye: ik: Ey. = : 
je 4n 
ik X Hy, = — fee Ev + ine k - H,.. =0. 
; ani ‘ uy? 4nuj 
Ua? CALPE a Gea AAG + oe Re ae 





div A, — ; -9, =0; 





b) ep, + h2e7@, = —* 
epA, + k?c*Ay = Aacpjy, —ick-A,+ ey 256: 
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enw? 4x 3 enw dit 
c) (# 772 ) Se = Che (42 — ms ) Axe a ee Jw 











k- Ay — = xo = 0. 
708. Consider Eqn. (XII.40’). Integration with respect to 
the angles yields 


fb 


1 ; ‘ 
Px =a fn ete (dry = oS [sin kr dr. 
U 
The last integral does not, in general, have a definite value, since 
the quantity 


N 


ly =f sin fer dr = 1— SOS AN 
C 


does not tend to any particular limit as N ~~. It is easy to see, 
however, that the indeterminate term containing coskN does not 
contribute to the potential g(r) when Iy is substituted into (XII.40) 
with N > ©, 

This follows from the fact that as N — ~, owing to rapid 
oscillations, 


ao 


f cos EN ell (dk) > 0. 
rf 


Thus, in effect, 


2 é 
a = Tear 


We note that the result [ = Fie Iy = 1/k maybe obtained. for 


cxample, if J is defined as the limit of - exp (-br) sinkrdr as 


0 
b 0. 


The same result can also be obtained in another way. The 
application of the Laplace operator 4 to both sides of the equation 


y(r) = Jor exp (tk-r)dk yields 


(Ag), = — 9%. 
On the other hand, the expression for the Fourier component 
(Ay), = -e/2 nr may be obtained from a Fourier expansion of hoth 


sides of Poisson's equation Ag = -4ned(r). The required rcsult 
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is obtained by equating these two expressions for (4¢)x.- 

709. Ey=— tke, =— Re. 

710. Since the volume density is p(r, t) = ed(r - vé) it fol- 
lows that 


— ax f 7 B(r — ve) e7! (Ff) (dr) dt = 


+00 


= Gyr [ el KW) dt = 5558 (k -V—v), 


Hence, using the results of the preceding solution, we have 


é é(k-v—o) 





Pee oar fa 
c2 
and similarly 
ev 5(k-v—o) 
Axo = Tne OT ato 





Using the expressions for the component of the field strength 
(cf. solution of Problem 705) we have 


2 2 C2 

: . @ ai(k-v—o 

Hyo = IK X Ayo = ! aa (kX V) ( —) 
oars 


All the field components contain the factor 6(k-v - w) which is due 
to the dispersion relation w=k-v. Hence, all the Fourier expan- 
sions of the electromagnetic field in this case are, in fact, thrcc- 
rather than four-dimensional. For example, the potential is given 


by 


o= | [eee al) “Y) giro) (dk) dw = fv (t) e'& (dk), 











S e Qn? m 
(k) vo BP 
wherc ; aie 
vy (f)= D2 2° 
Lu 12 a 
k ez 
712. Consider the scalar potential. According to cqua- 


tions (c) of the solution of Problem 707 (z=p=1), Qu = 
= Amp, /(k? - w*/c*), The Fouricr component of the charge 
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density is aoe by 


one = — os f {p - grad 6(r — vt)} e-!(k--%) (dp) dt = 


—i(k-er—w 
= he ftp - grad eM r= 20) 3 (6 — ve (dr) dt= 1K (ok: v), 
The dispersion relation w = k-v is identical with that for the 
field of a uniformly moving point charge (cf. Problem 710). 
Using the method given in the solution of Problem 711 we have 
P: fo 


e(r, = —p- grad — Pt, (1): 
r r 





where 


wa(e—a. 2. 4). P=VP ow torr: 


7? 


A similar calculation of the vector potential yields 


A(r, joe 4 Swe, (2) 
r cr 
713. 
— Mm xe se Ge 
a) A= ee a 9 =0; 
My X r* v-A 





716. Let us expand all the vectors in Maxwell's equations 
into irrotational and solenoidal partsT (or longitudinal and trans- 
verse; cf. Problem 715): 


E=E,+E,. j=J,+J,> | (1) 
H — Hy, Hy => 0. 
Equating the transverse parts of the vectors, we have from 
Maxwell's equations, 
col Ey =—-+ A, eae Ss 
divE,; =0, divH=—0. 


t The expansion of the electromagnetic field into longitudinal and transverse 
parts is used in one of the variants of quantum electrodynamics. In this expansion 
the transverse part of the field is quantised while the longitudinal part is not quan - 
tised; photons correspond to the former part. 
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The longitudinal (irrotational) part of the electric field is given by 


div E, (1, 4) = 4np(r, 9), | (3) 


curl E, (r, j= 0, 


which resemble the equations of electrostatics. The time enters 
into them as a parameter. It follows that Ej; is the Coulomb field. 
717. According to the solution of 707(b), 


Tea + OI = 0, (1) 


where w, = kc. 
This is the equation of a linear harmonic oscillator. Its 
general solution is 


9a (£) = aye tot by el. 
The coefficients ay, and by are related by 
* >» 2 
Cate =O ie en = Ola as 


which follow from the fact that A(r, ¢) = A*(r, ¢). 

If the unit vectors which describe the main states of polari- 
sation of waves with opposite wave vectors, k and -k, are such 
that 


= Ce (2) 


then 


— * — ” 
A =P % =e 


(3) 


— -lot * iwt 
Iya (E) = Ayge— PO! a™ ett 


The fields can be expressed in terms of the coordinates 
qn (t): 


1 OA 1 ; 
eC ian Tg] i ea ae* (dk), (4) 





ic ‘a 
H= curlA= a3 | KX @adae’** (dk). (5) 
Consider the energy of the electromagnetic field 


v= ~ if (E2 + H2) (dr). 
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Since E, H are real, we have 
a =e =i / -E’(dr)— 
=a ccs Eff {Xe Cra Carn Trier et KK)? (dr) (dk) (dk’) = 


25, M bee 
TD call G9 (dk), 
a 





where we have used Eqn. (15) of Appendix I and the orthogonality 
of the polarisation unit vectors belonging to the same k but dif- 
ferent A (ens eK? = 0). The energy of the magnetic field may be | 
calculated in a similar way. The total energy of the electromag- 
netic field is thus given by 


] én fe 
= f »y (VT + Ta Tia) (2K). (6) 
ry 
It consists of the energies of the separate field oscillators 
Ee: oy ‘ 
Win =F (VeTia + ONT): (7) 


The field energy (6) may be expressed directly in terms of the 
coefficients ay, with the aid of Egn. (3): 


Vv =2 f »> w2a,,a7, (dk). (8) 
a 
Similarly, the momentum of the field may be shown to be 


cag fexnanag, fexw+exman= 


4nxc 
= 3 7. » k CAC = 9339) (dk). (9) 
r 


The oscillator coordinates gy, are analogous to the coordi- 
nates describing the normal oscillations of a mechanical system. 
The main difference is that the field is a system with an infinite 
number of degrees of freedom. This analogy may be employed 
in the application of formal methods of quantum mechanics to the 
solution of problems in quantum electrodynamics. 

718. 


A(r, N= 5 (>> ia | Qa (A) cos k “r— + Qa sink - r |(dk), 
d 
1 v - ; 
E (r. h= ey oD aad Cn [Q,, cos k ‘© + oQo sink - r] (dk), 
a 


H(r, p=—e5 [ Saexew[Qasink . r+— Qpcosk . r | (ako. 
Xr 
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In deriving the expression for E(r, t) we have made use of the fact 
that 

Qa + 02 Q,, = 0. 
The expression for the field energy can be derived most simply 


from Eqn. (8) of the preceding solution by expressing the coeffi- 
cients @,), and ax) interms of Q,) and Qx: 


1 toa 
8 =F Qe! +5 Qel' 


1 i>: ; 
—_! —iwt  _t —iwt 
Oh => Mew — ZT QMaew i!" 
Hence, 


w=5d f G+ 92g) caw. 
a 


It is evident from the latter equation that the energy of a free 
electromagnetic field may be written as a sum of the energies of 
field oscillators, which is similar in form to the corresponding 
expression for a mechanical oscillating system: 


w= f Yaa. (9) 
a 
where 
Va= = (QB, cm of Qo) 
Evaluation of the field momentum G yields 


c= fYv_okaw=Z, fexuan. 
a 


The relation between the momentum of a single oscillator, 
Gx, and its energy is 
kW 


ee, (10) 


Gyo == ke 


A similar equation relates the energy and the momentum of par- 
ticles moving with the velocity of light in the direction k (photons!). 

719. If the equations given in the solution of Problem 707 (b) 
are multiplied by ex, then it is found that the transverse com- 
ponent of the potential Ax(t) is given by 


Von @+ Oe AN (j= Pa (), (1) 
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where 


Fo O= Fa [ea VOTE PO, (2) 


and ro(t) is the position vector of the particle and v is its velocity 
at time ¢. In the non-relativistic limit 


mry—=F + eE (rt), (3) 


where m is the mass of the particle, F is that part of the force on 
the particle which is of non-electromagnetic origin, and 


E(t) =— srg f endwe*(ak) (4) 


is the field strength at the point at which the particle is located. 
The force on the particle which is due to the magnetic field is neg- 
lected, since it is assumed that v <c. Egqn.(1) is, in fact, the 
equation of forced oscillations of the oscillator under the action of 
the external force Fy,(t). The motion of the particle and of the 
electromagnetic field which interact with each other is described 
by the system of equations (1), (3). 

720. The change in the energy of one oscillator is 


dw 1 “a a * 
ai =5(F wat PF 1b) 





The rate of change of the field energy is 


dw I PN “x a * 
a —? / > (Finda + FP ia%a) (ah). 
a 


721. The force Fy (t) is given by 
Fra (f) = b,, cos wt, 


where 


e 
6,4 = —= (Vv a = ) V, = fF 
kK nV Vo kA 0 0°0 


(for the sake of simplicity the discussion is confined to linearly 
polarised field oscillators, so that the unit vectors e,, are real). 
Integration of Eqn. (1) of Problem 719 yields 


bm 
Tr = ge (cos Wot —cos wf), 
™~*0 
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if the oscillators are not excited at ¢ = 0. Substituting this 
expression for 4, into the expression for the rate of change of 
the field energy dW,)/dt found in the solution of Problem 720, we 
have 


b2 


aW kh 


kA 
ae 2 
dat on — 





2 (,, COS wot sin wf — Wp) COS wot sin wf). 
9 


Integration of this expression with respect to t between 0 and t 
yields the amount of energy transmitted by the particle to the field 
oscillator (k, A) ina time ft: 


t 
62 1 — cos t 
Wra — i: an dt— kh , (% a @) ae 


2 2/2 ° 





10) 

@ 1— cos (o, — 4) t rm) 1—cos 2u,¢ 

Mg OG 4 “o 

When w, = Wy and t — © the second term in brackets is very 
large in comparison with the first and third terms. The excita- 
tion of the oscillators is therefore found to exhibit a resonance 
property: the oscillators whose frequency is close to the fre- 
quency of the exciting force Fy) are excited first. | We shall 
therefore retain only the resonance term, and sum the energies 
received by the field oscillators whose frequencies are near wy, 
with k lying inside a solid angle dQ and the polarisation unit 
vector €x4(€x2) fixed in ate 


322 
d2 Oe rN ; 1—cos(o, —a,)# 
w ava fy eet, 
k, A 


o,—w )j 
w,—5 ( k 0) 





The integrand in the latter expression has a sharp maximum at 
Wy = Wy. The maximum is particularly narrow for larget. For 
sufficiently large t the slowly varying factor ye weorr/ ( wk + Wa) 

d 
can be taken outside the integral sign and wy in it may be replaced 
by wy). Inthe remaining integral 6 may be allowed to tend to 
infinity so that (cf. Appendix I) 


| 8 ig a f—->oo. 
‘ a 
—o 


The final result is therefore 
AW (Bf, Hb) ; 


d2 2c3 
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Hence, the intensity emitted in a given direction is given by the 
following well-known formula 


dl 1 dW ewrv? sin? 9 
do ¢ d2) 4nc3 , 


where v? = 30? is the mean square velocity of the oscillating par- 
ticle and 9 is the angle between vy and k. In deriving the latter 
formula we have used the following relation, which can easily be 
proved: 


(Vo + C1)? (Vo + Cyn)? = V8 sin? 9. 


Integration with respect to the angles yields the total intensity: 





723. Consider the approximate solution of Eqns. (1) and (3) 
in the solution of Problem 719. Neglect the reaction of the radia- 
tion, and substitute the field strength E = Eycoswt of the incident 
wave into Eqn. (3). The solution corresponding to forced oscil- 
lations is 


e cos wt 
= chi 1 
ne m Eo of — w? (1) 


The motion of the particle under the action of the incident 
wave will excite radiation field oscillators in accordance with 
Eqn. (1) of Problem 719, in which the force Fy, should be 
expressed in terms of r(t) so that 


—_ er C1 * Eo 
= . 
as mnrV 2 ow? — 0} 








F sin wf. 
The polarisation unit vectors are chosen to be real. The solution 
of Eqn. (1) of Problem 719, subject to the initial condition q, (0) = 
= 0, is 

w (Eo - Cx) 


e? ‘ : 
Ia (f) = ao Goes (sin wf — sin w,f). 


Proceeding as in the solution of Problem 721, we obtain the 
following expression for the intensity in the direction k, corres- 
ponding to polarisation characterised by the unit vector ex: 

dl qy 1dWy at of (Eo + €y)? (2) 


dQ t d¥ 8nm?c3 (w? — 05) . 
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It follows from (2) that the scattered radiation is lincarly 
polarised in the plane containing Ey andk. If 3 is the angle 
between Ep and k, then 


oe ee SE eS sin? 3, 
a2 cE dQ s 


(=) 
which is in agreement with the result of Problem 699. Integration 
with respect to the angles yields the following expression for the 
total scattering cross-scction: 


ds 8x dl ( e? ) w 


mc? 


Sus we e? \2 w4 
~~ 3 ea) (o§ — 0”)? . 


Chapter 
13 


THE RADIATION EMITTED DURING THE 
INTERACTION OF CHARGED PARTICLES 
WITH MATTER 


726. By expressing the field vectors in the form of the 
Fourier integral over the space and time coordinates 


E(R, = f &k, w) ef K-R-f) (dk) dw ..., 


we obtain the following system of algebraic equations for the 
Fourier amplitudes from Maxwell's equations: 


wn X &(k, ©) = 3€ (k, 8), 
mn X 9 (k, ©) = — €(w) Bk, ©) gz 8 (Fav —1), 
x 1) 
xe(w)n- &(kK, w) = —i sige (> n-v—1), 
xn - 9¢ (k, ) =0, 


where 3€(k, w) is the Fourier amplitude of the magnetic field, 
= (w/c)xn, x is a parameter which can be expressed in terms 

of w and k, and n is a unit vector. In deriving (1) it must be 

remembercd that the Fourier amplitude of the funetion 6(R - vt) 


is equal to O(k-v - w)/87* and that 6(ax) = 6(x)/] a |. The sys- 
tem (1) yields fhe 
—, ¢c nN 
B(k, o) =— a8 BSW *a(Fn.v—1), 


(2) 








Qn2w? =x? — 
The fields may be determined by the inverse Fourier trans- 
formation. Consider E.(R, ¢) first. It follows from (2) that 


iec x cos 0 — Be 5 
2rAw? € (x? — «) 


af (k, ©) = = 3 (En-v—1). 


8,(k, ©) = — 8 (Bx cos 8 — 1), 


and hencc, 
ie are 9 x cos ) — 3z 
E, (R, j= — Darga frodwe t fra wf e (v2 EG a 


exp \ i = z{rsin 4 cos(P—<)—z cos §] \ 8 (84 cos 0-1) sin 9 dh a. (3) 





where r is the component of R inthe xy plane, gy is the angle 
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between r and the x-axis, B = v/c, and 0 and ® are the polar 
angles of n. 
The integral with respect to @ may be expressed in terms of 
the Bessel function Jp[(w/c) xr sin@] [cf. Egn. (11) of Appendix III). 
The integral with respect to 0 takes the form 
i Bx 
f £3 Gxcosd—1) sin 940 = | eoru—day. (4) 
0 —3x 
This integral has a non-zcro value only when Bx 2 1 and hence the 
lower limit of x is equal to 1/8. In (3) this is automatically 
allowed for because of the presence of the 6-function. However, 
after integration with respect to y, the 6-function will vanish, and 
it will be necessary to take into account explicitly the lower limit 
of integration. Integration of (4) with respect to y yields 


ay f (8) it 1° (5) 


Now substitute (5) into (3), and change the variable so that 
x = (x? - B7*)'/?_ Since x varies between 1/8 and infinity, the 
limit of x will be 0 and infinity. &,(R, t) will then be of the form 

a 2 Jy (—rx\xde 
: ie iw(=-t) 1 : ( c ) 
E,(R, ‘= oe e) w dw e v (1 ac) f pie 
—on uv 
Eqn. (16) of Appendix II] may be used to complete the integration 
with respect to x: 
; lw ay 
ELAR, =z (1 — air) Ko(sr)e (5 Vath, (6) 

where s? = (w 2/v?) - (w?/c?) «(w). The sign of s should be chosen 
so that Res > 0 since otherwise the integral with respect to w 
will diverge. The integration with respect to w in (6) can only be 
completed by specifying the precise form of the function «(w). 

In order to evaluate £,(R, /), let us again begin with integra- 
tion with respect to ©. 

Integration with respect to @ can be carried out with the aid 
of the 6-function, and the subsequent integration with respect to 
x = (x? - B7*y1? may be completed with the aid of the formula 


Jy (x 2d 
f{ aera = kK, (kr), 
0 


which is obtained in Appendix III [Egn. (16)] after differentiation 


464 ANSWERS AND SOLUTIONS. CHAPTER XIII 


with respect to 7 (Jj = -Jy, Ko = -K}). 
The result is 


é ef sx nee) 
rR. y= cosp—— f Ky (sre dw. 


£,(R, ) and H®, t) may be determined ina similar way. Ey 
differs from £, in that cosy is replaced by sing. Hence, in 
cylindrical coordinates 


ie Zz 
E,(R, )=— pm Ky (se. (S-)) ge, E,=0. (7) ° 
The result for H is 


HR, b= * [sk Ghee e ie Hen 6 (8) 
+ a TC : , 2 r : 

It follows from Eqns. (6)—(8) that the electromagnetic field is 
axially symmetric. 

The above formulae will hold only in the region vy >> a, where 
a is of the order of the interatomic distance. When r <a, it is 
necessary to take into account the spatial dispersion of the per- 
mittivity. 

727. It follows from Eqns. (6)—(8) of the preceding solution 
that the monochromatic components of the fields, E,(R, t) and 
HU(R, ¢t), are 


E.R. = —3-(1 — +) Ky(srye. (o7)) 4. (1) 
where 
w? w? 
P= ae), Res>0, (2) 


and Kp, are the modified Bessel functions. 
In the wave zone |s7v| > 1 and hence the asymptotic expres- 
sion given by Eqn. (8) of Appendix III may be used: 


K,(sr)=Y xe". (3) 


It follows from (2) that when €(w) is real s will also be real pro- 
vided Bp > <¢(w) or Bn(w) < 1 [n(w) is the refractive index at 
frequency w]. When Bn(w) > 1, the quantity s will be purely 
imaginary. 


CHARGED PARTICLES INTERACTING WITH MATTER 465 


For reals [s > 0 in view of (2)], the field will decay cxponen- 
tially in the wave zone, and there will be no emission of radiation. 
For a purely imaginary s, the field amplitude in the wave zone 
will vary as ye whieh eorresponds to cylindrical waves. We 
shall now show that these waves will diverge, i.e. radiation will, 
in fact, be emitted. 

Suppose that 


sate Vv a —e(o)= tin Vpn? —1 (4) 


and consider the sign in front of the square root. The lossless 
dielectric under consideration is the limiting case of a weakly 
absorbing dielectrie with a complex refractive index n =n’ + in”. 
In order that the imaginary part of the refractive index, n”, 
should, in fact, represent the absorption of energy (so that the 
amplitude of the corresponding wave will decrease rather than 
increase), it is necessary to satisfy the condition n” > 0 when 
w>0Oand n“ <0 when w<0. Assuming that n” is very small, 
we may write 

Vw pineal ~V pat 1 (11). 
It follows that the condition Re s > 0 will be satisfied provided the 
negative sign is taken in (4). Letting 2“ > 0, we have 


s=—i SV Pn — 1. (5) 


The negative sign corresponds to diverging waves, since the 
exponential factor in (1) will be of the form 


exp i(k - R— of) = expi[k(zcos 8+, sin 0) — of}, (6) 


where k = wn/c, cos@ = (Bn)"', sin@ = [1 - (Bn)~?]'/7, ecosé@ = 
=kz=k, and ksin@ =k, (the components of the wave vector). 
Thus, when the condition B2(w) > 1 is satisfied, a particle moving 
in the dielectric with a constant velocity v = Bc will emit electro- 
magnetic waves of frequeney w (Vavilov—Cherenkov radiation). 
The condition Bx > 1 means that the veloeity of the partiele 
should exceed the phase velocity of the wave of frequeney w in the 
given medium. It follows from the expression for the wave 
vector k that the radiation will be emitted at an angle @ to the 
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velocity of the particle, where 


1 
cos 6 = ante) (7) 
This characteristic directional property of the radiation is a con- 
sequence of the coherence of the waves emitted by the particle at 
the various points along its trajectory (cf. Problem 729). 
The phase velocity of Vavilov—Cherenkov waves 


is the same as for all the transverse electromagnetic waves. The 
polarisation of the radiation can easily be determined from (1). 
Thus, the vector H is perpendicular to the plane containing the 
trajectory of the particle and the wave vector k, while the 

vector E lies in this plane and is perpendicular to k in the wave 
zone. The fact that k and E are perpendicular may be verified 
by evaluating the scalar product k-E,,.. The total energy per unit 
path length of the Vavilov—Cherenkov radiation, wy—cp, is equal 
to the time integral of the flux of the Poynting vector through an 
infinitely distant cylindrical surface of unit length, surrounding 
the trajectory of the particle: 


fo) 


Wy che 2ur f£exw,a=—+ ie (8) 
This equation may be rewritten with the aid of the formula given 
in the solution to Problem 697: 


Wy.ch= — 2ncr Re f HiyEo, do, (9) 
Ba (wo) >1 


where the monochromatic components Hiyy, E27 should be taken 
in the wave zone, and the integration should be carried out over 
the frequency region in which the radiation condition Bn(w)> 1 is 
satisfied. From (1)—(38) we have, finally, 


e i c? 
wy | (1—gqz) ede. (10) 
§2(@)>1 


' » 9 
1 eos 


728. Wy.Cch— Op? > (92 — 1) 4+ — ye ~G= I)lne — . 





Under the conditions given in the ea. Wy—ch =~ 5000 eV/cm. 


CHARGED PARTICLES INTERACTING WITH MATTER 467 


The radiation is largely concentrated in the angular range @) < 
< @ < 1/2 where Bc) cos’6y = 1. 

729. Each point of the trajectory may be regarded as a 
source of elementary excitation propagating in the form of a 
spherical wave with a velocity 
vy=c/n (Fig. 98). The resultant 
wave front will be the envelope of 
the elementary spherical waves. 
The normal to the wave front will 
be at an angle @ to the trajectory. 
It follows from the figure that 
cos @ = 1/Bn. 

730. The field due to a uni- 
formly moving charged particle 
is a result of the superposition of 

Fig. 98. plane waves with frequencies 
w=k-v, where v is the velocity 
of the particle and k is the wave vector (cf. Problem 710). Inan 
infinite dielectric, the possible oscillations have frequencies w = 
= kc/n, where n is the refractive index of the medium. It follows 
from the resonance condition 








Me =k v= kucos) 


that cos@ = c/vn. Since cos@ <1, it follows that vn/c 2 1, 
which is the condition for the existence of the Vavilov—Cherenkov 
radiation. 

732. When Bn < 1, 71.@. when v < Vg, 


é 
SSS = 1 
ar, V(z—vtP +P? (1 — Bn?) (1) 





This expression may be obtained by the method used in the solution 
of Problem 711. 

When Bn > 1, this method cannot be used, since the integrand 
will then have a pole at k? = ey (k-v)*/c?. 

In terms of cylindrical coordinates in k-space, 


Z git ele ts, cos a 
P(R, t) => One ‘i we — (Bn? — 1) ky dk, dk da, 


The integral with respect to kz may be evaluated by the method of 
residues. The denominator will have zeros at kz = +k, /(B'n? - 1)1/2, 
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Suppose that n has a small imaginary part n” > 0 when kz > 0 and 
n" < 0 when kz < 0 (cf. analogous analysis in Problem 727); here, 
the sign of w is the same as the sign of kz, since w = k-v. Hence, 
both zeros will be displaced into the lower half-plane of the com- 
plex variable kz. When z > vt, the contour of integration may be 
completed by an arc of infinite radius in the upper half-plane (on 
which the integrand will be zero). Since the denominator has no 
zeros in the upper half-plane, the integral with respect to kz will 
then vanish. When z < vt, the contour of integration will be 
closed in the lower half-plane. Both poles will then contribute to 
the integral and the result will be 


f lk, (z—vt) a Qn _ &, (z—vt) 
A Ri — kz (Bn? — 1) a= <>, ky, Vn 1 si Veen? —1 

The integral with respect to @ may be expressed in terms of the 
Bessel function Jo(kiv) [cf. Appendix III, Eqn. (11)]. Thus, 


when Bn > 1 


2e ——s 
ee Cwhen 2 < ot—rV B'n?—1, 
o(R, OD= | e V (z — ut)? — r? (B?n? — 1) * < a 2) 
0 in the remaining space. 


The vector potential A may be obtained by multiplying ¢y by 
epv/c. 

Eqn. (2) shows that when the Vavilov—Cherenkov condition 
Bn > 1 is Satisfied, the field is discontinuous. It exists only 
within a cone whose surface is described by the equation 


z—vot +r) pn? —1=0. (3) 


The normal tothe surface of the cone is at anangle @ = cos ! (1/Bn) to 
the direction of motion of the particle. It follows from (3) that 
the conical wave propagates along the z-axis with the velocity of 
the particle. 

Electromagnetic waves are not the only waves which may have 
the above structure. For example, discontinuous acoustic waves 
of theabove type may be excited by a projectile moving in air with 
a velocity greater than the velocity of sound (ballistic shock wave). 
Similar waves may be produced on the surface of water by a fast 
moving vessel. 

733. The Vavilov—Cherenkov radiation will be emitted pro- 
vided Bn > 1 where n(w) = [e(w)p(w)]'/?; the vector potential is 
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of the form 


a _ig expi — (y—vt + V Ba? — 121) Elo) do, 


a ah oe Vwne—t w 


iy 27? p(w) dw 
V-Ch™ “2p an ae 
Ba>1 ve se : 


The retarding force may be calculated from the formula f = 

= (j x B)/c where B should be taken at the point z= 0, y =vt. 
The force acts in the negative direction of the y-axis, and its 
absolute magnitude is equal to the energy loss per unit path length: 
Fy = -wy—ch- This result is a direct consequence of the law of 
conservation of energy. 


2e? l wl 
734. Wy .Cch> @ fi — gaz)(I + cos <) w de. 
Ba>1 


The positive and negative signs correspond respectively to the two 
cases quoted inthe problem. The spectral density of the radia- 
tion emitted by two identical charges differs from the spectral 
density of the radiation emitted by a single charge by a factor of 
2([1 + cos(wl/v)]. Hence, the intensity of the harmonics with 
frequencies w = (2mv/l)n (n = 0, 1, 2, ...) will increase by a 
factor of 4, while harmonics with frequencies w = (mv/l)(2n + 1) 
will vanish. The reverse situation will occurs when the charges 
differ in sign. 

In order to obtain the energy loss for a point dipole lying 
along the direction of motion, the quantity 1 - cos (wl/v) should 
be expanded into a series. This yields 


p 1 
Wy -Ch™ [2p oa ale" ahs 


ba>1 : 








where Pp is the electric moment of the dipole in the laboratory 
system. 


735. Wich = a fi _ agi) [Cosa 5 sin? a (B2n?— 1)| w> dw, 


cu? 
fa>1 





where n =<? and p is the electric dipole moment in the labora- 


tory system. 
2 
736. WY Ch sgt f — ga) 02? doo. 
ba>l 
737. The energy loss per unit path length is given by the 
time integral of the energy flux through a cylindrical surface of 
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unit length and radius @, which surrounds the trajectory of the 
particle. The losses may be calculated with the aid of Eqn. (9) in 
the solution of Problem 727, in which the fields should be taken at 
y = a and the integration should be carried out over all frequencies 
between 0 and infinity. Using the expressions for the field com- 
ponents obtained in the solution of Problem 726, we have 

aes i sh °9 Re if ( i= = — 8°) s*aK, (s*a) Ky (sa) x dx, (1) 
where x = w/w o, €(0) = 69 = 14+ wi/w5 is the static permittivity, 
and 

2 eg? 2. 2 
eae ose, Soe. e 

It follows from (1) that the imaginary part of the integral is 
the only one to contribute to the losses. The functions Ky and K, 
are real for a real argument, and hence the imaginary part of the 
integral will be determined by the range of values of x for which 
s is complex. As can be seen from (2), this range will depend 
on the sign and magnitude of the parameter 6. When b> 0 (this 
means that v < c/ery, Ss will be purely imaginary for x in the 
range (oi, 1), and real outside this interval. When }b < 0 (this 
corresponds to v > c/r//?), s will be imaginary for 0 < x < 1 and 
real for x > 1. 

In addition to the above intervals of x, certain individual 
points at which the denominator € 9 - x* is zero will contribute to 
the imaginary part of the integral. At these points x = tel? and 
since the integration in (1) is carried out for x > 0, it is sufficient 
to consider the single pole at x = Fs > 1. When losses are 
neglected this pole will lie on the real axis. It will be displaced 
into the lower half-plane of the complex variable, w, when the 
losses are taken into accountt. This can easily be seen from the 
explicit expression for e(w) [cf. (VI.12)}.. The integral may be 
evaluated either by introducing a damping parameter which tends 
to zero after the integration, or by slightly deforming the path of 
integration and by-passing the pole by a circle of infinitely small 
radius in the upper half-plane. Denoting integration over this 


t This is in accordance with the general theorem according to which e(w) has no 
zeros in the upper half-plane. 
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half-plane by ©, we have 





fES staK , (sta) Ky (sa) xdx = 
0 
-l—eg waVeg wa V &> 9a V ey 
ae © K,(2o) 2) x (ete) 


an 


= 





(3) 
Next, consider the integral over the region in which s is purely 
imaginary. We note that for purely imaginary argument the 
cylindrical functions Kg and Ky are related by 


s*aK , (s*a) Ky (sa) — sak, (sa) Ky(s*a) = po; 


which follows from the properties of the Wronskian of the system 
of solutions of the Bessel equation. Hence, 





Ep — x? 


Rei [= — 8) s*aK, (s°a) Ky (sa) xdx = 





=-§ [(Se-P)ree & 
<u 
The latter integral may be evaluated by elementary methods. The 
limits of integration are chosen as indicated above. 
Substituting (3) and (4) into (1), we have for v < c/e§”, 


_ 48 _ 2retN [Paves K ,(2e¥ 2) k, (2¥ 2) — B2—In(1 —6)| (5) 


and for v > c/:¥/?, 





d& __ 2netN [2aee V & K,(* Ys) K, (228 Vs) = 
v 


“dl mu? v v 








1— ? £9 
ere: ©) 
The part of total losses which does not vanish when a > © 
{terms which do not contain @ in (5) and (6)] will represent the 

energy loss by the emission of transverse waves (Vavilov— 
Cherenkov effect): 


d 2 2 
~(F), = ee wy ch “Bok IH 6? — In (1 —8)} (7a) 


c 
a ol 
Eo 





ee res 


i) 
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The latter expression was obtained in the solution of Problem 728. 

The terms with Kg, K, in (5) and (6), which depend ona, enter 
as a result of integration round the pole w= Q = (wi + wi)? at 
which € becomes equal to zero. Longitudinal oscillations are 
excited at these frequencies (cf. Problem 456) and hence the 
expression 


v uv 


(#4), = SS KE) 


describes the losses on excitation of longitudinal oscillations 
(polarisation losses). When 2q/v «1, Eqn. (8) assumes the 
simple form [cf. Eqn. (6) of Appendix III] 


—(%),.. = aie (9) 








dl v2 Qa ° 


When Qa/v > 1, the quantity -(d&/dl),o, becomes very small [it 
is proportional to exp (-Qa/v)]. This shows that the effect of the 
polarisation of the medium is small at low velocities. 

The above macroscopic method of calculating the losses is 
due to Fermi (1940). 

ag erwa pa pa 

738. see gl) K, (22) (1) 

When w pa/v « 1, which occurs when the velocity of the 
particle is sufficiently large, one can use the approximate formula 
for Kp, [E£qn. (6) of Appendix JIIj. Eqn. (1) will then become 

2,2 
d% e“w, ' 2u (2) 


at = |" apa 





It follows from (1) and (2) that the losses experienced by the 
particle will be very dependent on wp [the frequency of longi- 
tudinal plasma oscillations (cf. Problems 456 and 739)]. 

Vavilov—Cherenkov radiation is not emitted by a plasma, 
since the condition 87 = 1 is not satisfied, in view of the fact that 
“(w) < 1 at all frequencies (however, Cherenkov emission will 
become possible if the plasma is placed in a magnetic field). 

On the quantum mechanical interpretation, the excitation of 
plasma waves is equivalent to the appearance of certain discrete 
clementary excitations (these are the quasi-particles known as 
plasmons). The energy of each plasmon is equal to tw p where 
kt = 1.05 x 107" erg sce (Planck's constant). For metals, the 
cnergy hw) lics between 5 and 30 eV. Thus, when plasma 
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oscillations are excited, the particle will lose energy in discrete 
steps. Studies of these discrete energies yield valuable informa- 
tion about the properties of solids. 

739. The electron density is given by 


p(r, =e Dd(r—r, (I. 


where r,(t) is the position vector of an electron, and the summa- 
tion is carried out over all the electrons. The Fourier com- 
ponents are of the form 


nO=+t fee. ter (dr) = TV e-eyO, 
t 


where ky = (2m/a4) m1, Ry =(21/aq)n2, kz =(20/a3) 3, and ny, ng, 23 
are integers. The equation of motion of the /-th electron under 
the action of all the remaining electrons may be written in the 


form 
= (Bete. (1) 


m 





a,k 


The summation on the right-hand side represents the Coulomb 
force acting on the /-th electron due to all the remaining elec- 
trons. The prime on the summation sign indicates that terms 
with » = 1 and k=0 should be omitted (the term with k= 0 is 
omitted since the component p, of the electron charge for k = 0 

is compensated by the charge on a positive ion). When p,(é) is 
differentiated twice with respect to time, we have from (1) 





d%p lu 
ai =i Vv » (k . Vv) eaiker, —— 
1 
4 : , ‘_ . ; ’ 
— " >, — (k-k’) ef (K! — bt ye ef (or), 
tf], #0 
eo Cusioeeanerouin )) (4me?/mk”)(k-k’) exp [i(k’ - k)-rj]. Since 
x’ 1 


the position vectors of the electrons, rj, vary randomly, it fol- 
lows that the various terms in the sum will cancel out when k’ # k. 
The values of )) exp [i(k’ - k)-rz] for k’ # k will be much smaller 


than its value for k’ = k, which is equal to the total number of 
electrons, N. Hence, in the sum over k’ it is possible to reject 
terms with k’ # k. The final result is 


d* Py ry 2 p-i (k- 2 
Tha — 8m 7 UE ef (Kr), ( ) 
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The first term on the right-hand side of (2) contains the 
quantity wp, which charactcrisces the collective properties of the 
plasma, since it represents the frequency of oscillations of the 
electron gas as a whole. The second term includes the quantitics 
(k-v,). which contain the velocities of the individual particles. 
Collective properties will predominate when wp is much greater 
than the mean value of (k-v)?. Under these conditions, the second 
term may be neglected, and the electron density will execute 
harmonic oscillations with the frequency wp. 

Consider now the range of values of Rk for which the inequality: 


aro} SD omen, Sle 
w > (k-v)? will be satisfied. Since (k-v)? = )' RmknUm¥n = ghey? 
= m,n 
we have k? « 127e?N/mv?, If the electrons follow the Maxwell 
a ee, 

distribution then gm = oot and thus k « x, where 1/x = 
= ky T/4ne*N is the Debye radius (cf. Problem 308), ky is Boltz- 
mann's constant, and T is the temperature. 

740. Consider the expansion of the current density (Fig. 99) 


; F — evd(z — vt) 8 (x) &(y) z> 0, a) 
J=h= | Sae4bworoy z<0 
into the Fourier integral 
— 5 e 8 (x)d(y) zs 0: 
f= f hoeat, jo= pis (2) 
— sre ¥ “8 (x) 8(y) 2 <0, 


Next, introduce the polarisation vector (XTI.9) 


to 
Po = To : (3) 
and suppose that Pw lies along the z-axis. 
Eqns. (2) and (3) show that the charge and current densities 
duc to the moving particle can be represented by a set of harmonic 
oscillators whose spatial distribution is of the form 








—_ ie e  8(x) 8(y) z> 0, 
Pe es (4) 
aye ¥ 8 (x)8(y) z<0. 





The presence of 6(*)6(y) in (4) shows that the oscillators are, in 
fact, distributed along the line of motion of the charge. 
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The oscillators lying along the element dz will produce at a 
point M in the wave zone a magnetic field (cf. Fig. 99) 


wrelh 





di, = — apr " P, x R)dz= 
ate FF of 
=—-—ap ?. sine, dz. (5) 


After integrating (5) with respect 
to z the following expression for 
the total field is obtained: 


8 i (Seene) | r 
féu 2 sin 
= ies | =e a2 


ora cea ee 
oe a F 


In the latter expression the inte- 
grands are the products of oscillating and decreasing functions, 
and therefore the main contribution to the integral will be that due 
to the region near z=0. This is duc to the fact that the emission 
takes place at the boundary between the vacuum and the metal. To 
evaluate the integrals approximately. let R = ry - zcosé@ in the 
exponentials. Expressing sind in terms of R we have 


these ot 9 i (1=fcos8) 2 so 12 (148c089)z 
tewme'”'r sin e / e 
How = Fae? ftp «4 [ +-y— a| , 


—-o 





Fig. 99. 


These integrals can be expanded into series in powers of R™ after 
integrating by parts. Retaining only terms up to 1/R, we have 


l 1 sin Oe! 
H,=Ey= qo oe ae os - : (6) 
- = (18 cos 0) = (1 +8 cos 0) 





The second term in this expression represents the radiation field 
due to the sudden deccleration of the charge. while the first term 
represents the radiation duc to the image. 

The intensity of the radiation of frequeney w which is emitted 
into a solid angle dQ is given by 


dI(w, 0) =clE(o, |? 2dQ— He, __ sin’ 00 (7) 


“R23” (1 — f? cos? b)? * 


In the non-relativistic limit (8 « i). Eqn. (7) gives the dipole 
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radiation 


dl (wo, 0) = © sin? 0 a9, (8) 


n%c3 





whose intensity is proportional to the square of the velocity of the 
particle. We note that the intensity of the radiation is independent 
of the mass of the particle. 

The integrals of (7) and (8) with respect to w, which repre- 
sent the angular distribution of the total radiation, will be found 
to diverge. This is due to the fact that the metal is regarded as 
a perfect conductor. In reality, the metal cannot be looked upon 
as a perfect conductor even in the infrared region, since at high 
frequencies both (7) and (8) will not hold. 

The spectral distribution of the total radiation may be cb- 
tained by integrating (7) over the upper hemisphere: 





__ 4e%2 (3 B?—1, 148 3 
10) =r (go inte as): (9) 
In the ultra-relativistic limit, when the total energy, &, of the 
particle is much smaller than the rest energy mc’, Eqn. (9) may 


be simplified to read 





_ 2e? & 
Iw) = Ine. 
The intensity of the radiation increases logarithmically with the 
energy. : 
In the non-relativistic limit the cxpression in brackets in 
Eqn. (9) becomes cqual to unity and 
4e7y? 


I@)=z>. (10) 


741. The Fourier component of the polarisation vector is 
i -i22z 
Po=— zee % B(x) diy). (1) 


To begin with, consider the field at the point A duc to oscillators 
lying in the region z > 0 (Fig.100). It is sufficient to consider 
the oscillators lying near z = 0, since they will be largely res- 
ponsible for the radiated field (cf. preceding problem). 

Consider an oscillator Pg on the z-axis near z = 0 (point B) 
and an oscillator p, at the point A at which the ficld is to be 
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calculated. Suppose they are equal in absolute magnitude and 
parallel to the z-axis, and that the distance between them is large 
compared with the wavelength. The oseillator p, will produec 

a field at A whose amplitude E+ will be at an angle tothe z-axis 
which is approximately equal to 37 - @ (Fig.100).. The waves 





Fig. 100. 


from A and B will arrive by two routes, namely, directly and 
after reflection from the boundary of the dielectric. In the figure, 
the corresponding amplitudes are denoted by E’ and E”. These 
two amplitudes are at angles 37 - 0’ = $m - 0 tothe z-axis. 
Hence, according to the reciprocity theorem, E, = E’ + E” or, 
since in the wave zone H =n E, we have H: = -H’ - H” (all the 
three vectors H+, H’, and H” are perpendicular to the AUz plane. 

The wave emitted by A and rcaching 8 directly will give rise 
to a field 

dH’ = °<™ Pp, sin 6 dz. (2) 

The amplitude of the reflected wave may be determined with the 
aid of the Fresncl formulac. since the distanee AC is large and 
the wave cmitted at A may be looked upon as a plane wave near 
the point C. Using (VITT.20), and remembcring that there is 
a phase change and that 1’ ~ @. we have 





a2 forkh : 
; Lm 2, sin 4 dz, (3) 


dH" = 
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where 


_ e cos 0— Ye — sin? 0 


—_ 
_ ecos 0+ YVe— sin20 RACE 


The field H+, which is produced at A by all the oscillators lying 
in the region z > 0, may be obtained by integrating the sum 
-(dH' + dH”) with respect to z between 0 and ~. The integration 
may be carried out precisely as in the preceding problem. The 
result is 


_ ev 1 f sin Oefar 
+=sorlagpest tio) feo) (4) 


This formula may easily be interpreted by comparison with the 
analogous formula (6) in the solution to the preceding problem. 
The first term represents the field of the particle moving in the 
vacuum and suddenly coming to rest at the point z=0. The 
second term represents the field due to the image (-ef) which 
moves in the dielectric towards the particle and also comes to 
rest at z=0. In contrast toa perfect conductor, the strength of 
the image is reduced by a factor f and its magnitude depends on 
the frequency w of the particular harmonic [through «(w)] and on 
the position of the point of observation (through the angle 6). 

The field H- due to the dipoles at z < 0 can be determined in 
a similar way. The wave leaving A will arrive at B after refrac- 
tion at the separation boundary. Using the Fresnel formulae 
again, we have ; 


dH_=— Far (IA S)P, sin Welr az, (5) 


where R” = 1’ + 1” is the length of the broken line ACB’ (cf. 
Tig. 100). The phase w is retarded, so that 


ye ey PF 
earl + sVel". 


When |z| « rv (z < 0), we have l’ = y + z tani” sin@. 1” = 
= -z/cos#”. Since the law of refraction is sing” = ©7'/? sing’ 
we have, on substituting @ for 90’ 


o oO tn): 
Ge pee eV ea sii? Hs 


¢ c 


The field due to the dipoles at z < 0 may be obtained by intcerating 
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(5) between -* and 0. and the result is 


1 sin bet *r 


—  —————— 6 
1—8Ve—sin?6 r 0) 


H_=— 5S (+f) 


The total field at A is equal to H++ H-. The intensity of the 
radiation of frequency w which is emitted into a solid angle d& is 


ev? 


di(o, 0") = Tay A?(w, 9) sin? 6 dQ, 
where 
A(w, ) = pS + 
+042) [=p — ees): (7) 


The quantity A depends on the frequency through <(w). 
In the non-relativistic limit B « 1, and hence 


eeu? (¢ — 1)? sin? 6 cos? 6 


Ce ae” (2 cos U+Ve—sin? 0)? = (8) 
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THE 6-FUNCTION 


Dirac's 6-function is defined byt 


b(e—ay—{ ° ee (1) 
fi(e—a)dx = 1. (2) 


The integration in (2) is carried out over an arbitrary interval A 
which includes the point x = a. 
The 6-function has the following properties 


3(x) =8(— *), (3) 
ff@r(~e—adx=f(a), (4) 
3(ax) =e), (5) 


where f (x) is a continuous function. The three-dimensional 
6-function is defined in an analogous fashion: 


0 t#a, 
8(r—a) = 8(x—a,) 3 (y—a,) 8 (z—a,) = is see (6) 
f(a), if ais inside the volume V, 


0, if ais outside the volume /, 


fromre—aav—| (7) 
Vv 


where f (r) is a continuous function. 

The 6-function may be of use to describe the charge distribu- 
tion of a point particle in space. The volume density of this dis- 
tribution is given by 

p(r) == ed(r —a), (8) 


where é is the charge and a is the position vector of the particle. 


¢ A mathematically correct definition of the 6-function requires a generalisation 
of the usual concept of a function. 
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It is also possible to define a derivative of the 6-function: 


0b (x — 0 
fio 2@2 a= —- LO. (9) 
4 
where the integration is carried out by parts. Higher-order 
derivatives are defined in a similar fashion: 
A ff (2) 8 (xa) dx = (—1)" f"(@). 
ry (10) 





The 6-function may also be 
looked upon as the derivative of 
a function whieh exhibits a finite 
diseontinuous ehange 0 at the 
point x = a. Thus, if f(a + 9) - 


' 
| 
I 
! 
| 
I 
t 
I 
I 
t 
I 
! 
! 
- f(a - 0) =b then 
‘ 





Ke r GE = 38 Gre) boundary function, 


Ox 
(11) 


A convenient representation of 

GO z-0,2 the 6-function and its derivatives 
may be obtained by considering a 
graph of the continuous function 
6(x - a, @) which is illustrated 
in Fig. 101. The parameter @ 
represents the-width of the inter- 

Fig. 101. val within whieh 6(x - a, @) is 

different from zero. The 

6-function and its derivatives are then defined as the following 
limits: 


Tore 


wee ewe ee 


<_< 


3(x — a) = lim 3(x« —a, a), 


0b (x — a) 


03 (x —a, a) 
Ox S 


= lim 
Ox 


a>O 


The following are some useful representations of the 6-function 
1 





8(x) =lim = aaa ray (12) 
oie 

B(x) = lim > ——, (13) 

B(x)= lim 1. So * (14) 





k-yw © ee. 
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These representations may be used to establish the propertics of 
the 6-function which are given by (3)—(5). In evaluating the 
integral fF (2)6 (x - a)dx with the aid of (12)—(14) it should be 
remembered that the limit corresponding to a — 0 should be 
taken after the integration: 
f f()8(«—a)dx = lim ffs a, a)dx. 
a0 


A consideration of the Fourier integral leads to a further use- 
ful representation of the 6-function: 


co 


1 e Lf 
swat fer dk =1 | coskxdk. (15) 
—o 0 
The two generalised functions 64(x) and 6-(x) are similar to 
the 6-function. They are defined by a relation which is similar 
to that given by (15): 


i= ~ i: exthx dp. (16) 
0 
The generalised functions are related to the 6-function: 
1 
8. (x)= 5 B(x x) + iP, (17) 


so that 6(x) = 6+(x) + 6-(x). The symbol P in (17) represents 
the principal value of the integral 


ff@ts—aax=Zs@tEP f Lax= 
1 Le) Sx) 
strosg inl f 4 dx + ft ae], 
6 


where a, <a@<a@), €>0. The symbol f is frequently used instead 


6 
of PI. 


oe 
a 


a 
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SPHERICAL LEGENDRE FUNCTIONS 


The spherical function of order J, m is defined by 


2i+1 i— { 
Vim (2, a) = 8,7 GEEY EE Ti Pim (6089) 6, (1) 


where § and @ are the polar angles and the integers J, m are such 
that 120, -1 <m<1 and 6,7,= (-1)" when m = 0 and 6,,= 1 when 
m<0Q. Inthe above definition P ,,, (cos$) represents the asso- 
ciated Legendre polynomial 





|m) 
—z- almlp 


(2) 


where P1(x) is the ordinary Legendre polynomial which is iden- 
tical with Py,(x) when m = 0 since 


NOs ga ee (3) 


The associated Legendre polynomials are the solutions of the 
following differential equation: 


m 


4 [ep Se) 4[1¢4)— a ]Pim (x) = 0. (4) 


x 





The following formulae are useful in practice: 


Fie (0, 0) — at : 80s Vin (3, a)=(—1)'¥ (x—}, t+), 





n (2n— I) (9) 


~Qnyi’ 





P,A)=1, Pog) =(—1) Pony, (0) =0; 


(L- 1) Pig, (%) = (21 + 1) x P, (x) — IP, (), ‘as 


(x? — 1) EL) — xP, (x) — Py (2). 


where the symbol n!! represents the product of all the successive 
integers having the samc parity as n between 2 and #2 when » is 
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even, and between 1 and ” when 7 is odd. The spherical func- 
tions with / = 0, 1, 2 are of the form 


1 3, 
Yo = Ta’ ¥o=V cos $, 


Vi = EV oe sindet®, Y= 


Sea Fe, 
5 ., 3cos?d Ll (7) 


an 2 


You=F es sindcosbet!*, Yo 49== gus sin?}et2!a, 


The spherical functions form a complete orthonormal set of 
functions on the surface of a sphere. This means that 


f Vin. a) Yar (8, a) dQ = B8am’, (8) 


where dQ = sin§d$dx is an element of solid angle. It also means 
that an arbitrary function of $ and @ which has an integrable 
square may be expanded into a series in terms of the spherical 
functions, 7.é. 


fQ, 2) = © FinY im (®, a). (9) 
The coefficients ajm are given by 
Gin = f Yin(®, a) f (9, a) dQ. (10) 


Functions of the form 7/7} Yim($, @) and r Yim, @) are 
called spherical harmonics. It is easily shown with the aid of (4) 
that spherical harmonics are special solutions of the Laplace equa- 
tion at all points other than 7 = 0: 

Y,_ (8, 2) 
4 [rm |=. Alr'Y iq (9, 4)) =0. (11) 


The superposition of spherical harmonics with arbitrary coeffi- 
cients 


co f 
@= DD Gime + bial) Yim. 2), (12) 


is also a solution of the Laplace equation. If r(v, 3, a) and 
r(r’, 9’, @’) are the position vectors of any two points in space 
which are such that y > r’ (cf. Fig. 7) then 


yl 


1 1 1 . r 
Ss i —_P (cos 7). (13) 
Ro jem] Veter’ cosy pr” » pao 
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The function R~! is referred to as the generating function for 
the Legendre polynomials. The following addition theorem holds 


for spherical functions: 


4 
P, (cos 7) = Tl 





Yim. a) ¥*, (8, a’). 


The angles 8, a and 9’, @ enter symmetrically into (14). 


stitution of (14) into (13) ee the following expansion: 
——_—_ = 4n 
Ie—r’| $Y ooo f+1 im ( 
It follows from (13) that 
aia y ~(H+z) IE ' P, (cos), 


t=0 


Ycosh = cos 7} 


where r’/r = exp (-|& |). 


$, a) 78, @+). 


(14) 


Sub- 


(15) ° 


(16) 
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CYLINDRICAL FUNCTIONS 


The cylindrical functions Z,(#r) are the solutions of the 
Bessel equation 
aZ 1 dZ 
Tat, Get(!— B)z=0. (1) 
The solution which is bounded at rv = 0 for p 2 0 is known as the 
cylindrical function of the first kind (or the Bessel function of the 
first kind). It is given by 


2k 


J, W=5 Yev' = (2) 
k=9 


2* RIT (p+k+l) - 
Since the square of p enters into (1), it follows that J_p is alsoa 
solution of the above equation. Any linear combination of Ip and 
J_p Will also be a solution. The cylindrical function of the second 
kind (Neuman's function) is defined by 


__ Jp (x) cos pr—J-p (x) 
NO) a eS ager (3) 


This function is occasionally called Weber's function and is denoted 
by Y p(x). Cylindrical functions of the third kind (Hankel's func- 
tions) which are defined by 


H$ (2) = Jp (x) + IN (2), ri 
Hy” (x) = Jp (x) — iNp (x), " 
are also frequently employed. 

Any linear combination of any two linearly independent cylin- 
drical functions will be a general solution of the Bessel equation. 
Such linearly independent functions will, in particular, be the 
Bessel functions J p(x) and J_p(*) when /p is not an integer. When 
pb = n, where a is an integer, the functions J,(x) and J_,(x) are 
linearly dependent since J_,(x) = (-1)"Jp(x). When this is so, 
the general solution will be a linear combination of, say, J, and Np. 
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Cylindrical functions of a purely imaginary argument are 
known as modified Bessel functions. When 7 is an integer they 
are defined by 


[, (x)= t- 4, (ix), Ky (x)= F im (x), (5) 


The function K,(x) is referred to as the Macdonald's function. 

In physical problems it is frequently necessary to have 
approximate cxpressions for the cylindrical functions of small 
and large values of the argument. When |x|<« 1, we have 


cP 





J a J x l xt 
po) Ea" A(X) sa od ea Pr 
x? x2 
M(x) =1—-. {\(x)~ 1+, 6) 
2" (n— 1)! 2"-'(n—1)! 
N= — 2S" Koj e ZG 


2 2 
No(x) = = In, Ko(x) =in—=, 


where n 2 1, Iny = 0.5772. 


The expressions for the Hankel functions for |x| « 1 may be 
obtained from (6) with the aid of (4). In particular, 


Hy? (x)= 1 + In = =< in(-5-). (7) 


Asymptotic expressions for the cylindrical functions (|x | <«<1) 
are 


The following relationships may be shown to hold: 
2D: s 
Zp.) Z, OS = ZO, 
Z-1 (0) Z p44 (8) = 22! (2), Z4(x) = — Z, (x): 


Ly) Tyas = Ey (0), by Mpg (2) = Up (0), 


Ky) — Kp @O=— 2K, (0), (10) 


Kp-\(4) + K p41 (4) = —2K p(X). 
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where Zp represents J ps N p; or Aor. 
The Bessel functions may also be written in integral form: 
a+2n a+2n 


1 el | i =r" e! 
where a@ is a real number. 
Integrals involving Bessel functions may be evaluated with the 
aid of (9) and (10). In particular, 


f #?Z,(x)ax=x?Z,_,(x), f #7?Z,(x)dx=—x-PZ,,1(2), (12) 


1 
al, (2) J, (8) — BY, (8) Jp (a 
f pa JpGx)dx = “AO O-H OO yy 


0 


The following integral formulae are also employed in the present 
collection (Rek > 0): 


1 co 
(P42) FH fe *l* J cepyae, (14) 
0 
a d eat KL 
cospxdx __y/7/( p\**2 . 2 
i Graal! Go) aaa (15) 
J d. 
aor e= kK, (hr). (16) 


Spherical Besscl functions of the first kind and sphcrical 
Hankcl functions of the first and second kind [denoted by the 
common symbol z)(p)] are defined by 


i= Hi,,1 A= a 2 ©. (17) 
2 2 


For small p, 


je) = ar’ hyp) diverges as p=! (18) 
For large p, 
j@) == cos[p— SF 9*], 
AP qatel ee), ae 
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When R = |r-r’'| (cf. Fig. 7) then 


iRR 


Fmt YS (br AMEN Vig Os VG, Oa) (> r’). —— (20) 
l,m 





The functions z ,(kv) Y1m(%, @) are special solutions of the 
wave equation for monochromatic waves: Ag + ko =0. Any 
linear combination of these functions is also a solution. 
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of matter. Ch. VI (1) and (2) 
of waves. Ch. VIII 
Polarisation tensor, 
Potential due to 
axially symmetric charge distribu- 
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Reflection coefficient, 398, 401 
Relativistic electrodynamics, Ch. X (3) 
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coaxial line, 262, 263 

finite solenoid, 268 

long solenoid, 267 

ring, 271, 272 
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two parallel conductors, 270 
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three-dimensional, Ch. I 
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